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Introduction, Euler system




Prologue - Lax equivalence principle

Formulation for | LINEAR | problems
-

e Stability - uniform bounds of approximate solutions

e Consistency - vanishing approximation error
Peter D. Lax

=

exact solution

e Convergence - approximate solutions converge to
L




Leonhard Paul
Euler
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Euler system of gas dynamics

Equation of continuity — Mass conservation

0:0 + divim =0, m = gu

Momentum equation — Newton’s second law

m®m

9em + divy ( ) + Vp(0) =0, p(0) = ao”

Impermeability and/or periodic boundary condition

u-njgo =0, QcRrRY orQ=T1¢

Far field conditions for unbounded domains

M — Mu, 0 — oo aS |X| = 00

Initial state

9(07 ) = 0o, m(07 ) = Mo




Classical solutions

m Local existence. Classical solutions exist locally in time as
long as the initial data are regular and the initial density
strictly positive

m Finite time blow—up. Classical solutions develop

singularity (become discontinuous) in a finite time for a
fairly generic class of initial data

[m] = = = = o>



Mythology concerning Euler equations in several dimensions

m Existence. The long time existence of (possibly weak) solutions is
not known

m Uniqueness. The is no (known) selection criterion to identify a
unique solution (semiflow)

m Computation. Oscillatory solutions cannot be visualized by
numerical simulation (weak convergence)
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Weak (distributional) solutions

Mass conservation

t2
/ [Q(tL ) — o(t, )] dx = —/ / ou - n dS,dt
B y JoB
t=71 T
[/ op dx} :/ / [,Q(“?tgo+m~vx<p] dxdt, m = gu
Q t=0 0o Ja

Momentum balance
/ [m(tg,-)fm(tl,-)] dx
B
ty
:f/ / [m®u~n+p(g)n] dSx dt
ty oB

t=1
{/ m- ¢ dx}
Q t=0

= / / {m - Orp + m (j m :Vep + p(g)divxcp] dxdt
o Ja

[m] = = =

DHa



Time irreversibility — energy dissipation

Energy

E=2"0+P(o), P'(0)o— P(0) = p(o)

1m? 4 p(g)if o> 0
p'>0=[o,m]— P(o) if [m| =0, o> 0 is convex |.s.c
oo otherwise

Energy balance (conservation)

8:E + divx (5%) + dive (p%) -0

Rudolf
Energy dissipation Clausius
1822-1888
O:€ + divy (Em) + divy (pm) O
4 4
1 [mo|?

E:/de, oE <0, E(0+):/{ +P(Qo)} dx
Q al2 oo



Il posedness

Theorem [A.Abbatiello, EF 2019]

Let d = 2,3. Let go, mg be given such that
0 €R, 0< o< 0 <P,

my € R, divimo € R, mg - n|aQ =0.

Let {7i}2; C (0, T) be an arbitrary (countable dense) set
of times.

Then the Euler problem admits infinitely many weak so-
lutions g, m with a strictly decreasing total energy profile

Anna such that

Abbatiello 2y J

(TU Berlin) 0 € Cueax([0, TT; L7(R)), m € Cueax([0, T]; L71(2; R))
but

t— [o(t,-),m(t,-)] strongly continuous at any 7;
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Numerical analysis




FV numerical scheme

.
0 0
(oh,up) = (”TQO, M7uo)
D:ok + Z Fh(QmUh) 0
oce&(K)
Delehul)i + 3 |'K'| (Falehu, uf) + p(o)n — H°[1w]]) = 0
ceE(K

.

Discrete time derivative
K k—1

k 'k —
N

Upwind, fluxes

lmhﬂ:Fan%Wmmm
Fu(r,v) = Up[r,v] — h*[[r]]

L .
Maria
Lukacova

Hana
Mizerova
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Consistent approximation

Continuity equation

T
/ / [0n0:p + My, - V] dxdt = / 00,n¢(0, ) dx + e1,n[¢]
o Ja

for any p € CX([0, T) x Q)

Momentum equation

n

-
/ / {m,, - Orp + lg">o@ : Ve + p(on)divep | dxdt
Q

/mOn' ) dx + e2,n[¢]

for any o € CX([0, T) x 2, RY) @ - njag =0

Energy dissipation

2
/ [1M T P(gn)} (r,-)dx < o,
al2 on




Stability and Consistency

Stability

limsup &,n < 00
n—o0

Data compatibility

/ 00,np dx — / oo dx for any ¢ € CZ°(Q)

Q Q

/mo,,,-cpdx—>/mo-cpdxforanycpe (2 RY)
Q Q

. 1 |mo|?
limsup &,n < / {,M + P(Qo):| dx
n—oo Q 2 0o

Vanishing approximation error

e1,n[¢] — 0 as n — oo for any ¢ € C°([0, T) x Q)
e,[¢] — 0 as n — oo for any ¢ € C([0, T) x 2, R?), ¢ -nlag =0




Weak vs strong convergence

Weak convergence

on — 0 weakly-(*) L=(0, T; L. .(Q))

loc

2y
m, — m weakly-(*) L*(0, T; L 7* (Q; RY))

loc

Strong convergence (Theorem EF, M.Hofmanova)

e Suppose
Q c R\ B, B convex

0 = 0o, M — My as |x| — 00

e Then the following is equivalent:

0, m weak solution to the Euler system
=4

on — 0, m, — m strongly (pointwise) in Q

( )

A
Martina

Hofmanova
(Bielefeld)



Identifying the limit system, weak convergence

Isentropic pressure
p(o) = a0, v>1

Energy bounds

on bounded in L=(0, T; L"(€2)), m, bounded in L*°(0, T; L%(Q; R%))

Convergence (up to a subsequence)
On, — © weakly-(*) in L%(0, T; L7 ()
m,, — m weakly-(*) in L(0, T; L"(Q; R"))

—— + P(on,) — (; [m? + P(g)) weakly-(*) in L>(0, T; M+(§))

m,, @ mp,, m
Loy so——— = | 1o>0

p(en,) — p(o) weakly-(*) in L(0, T; M*(Q))

'") weakly-(*) in L(0, T; M*(Q; R%:Y))



Convergence via Young Measures

Identification
(00 M) (, X) R Sgpeymyey = Voo Va i (0, T) x Qi P(R)
Vi € Lagai—(»((0, T) x @ M*(RTH))

Vi, = V weakly-(*) in Lo%a ) ((0, T) x Q; MT(RT))

=

Young measure
b(on,; My, ) — b(o, m) weakly-(*) in L=((0, T)x Q) for any b € C.(R*™)

(Ve x; b(0,m)) = b(p, m)(t, x) for a.a. (t,x) € (0, T) x Q

Basic properties:
Vix € B(R™) for aa. (t,x) € (0, T) x Q

Vi x admits finite first moments and barycenter o = (V; g), m = (V; m)



Limit problem, |

Continuity equation

.
/ /[gathrmVx@} dx:f/goso(ow) dx
0 Q Q

/OT/Q [O}t»xi 0) Orp + (Ve m) - Vx@:| dx = — /Q 00(0, ) dx

for any p € C([0, T) x Q)
Energy inequality

/ﬁdW(rk/ (;‘";'2 +P(go)) dx for a.a. 7> 0

/Q<v7,x; (; m P(~)>> dx+/§d€(7) < /Q G‘T}‘;'z —|—P(go)) dx

Energy concentration defect

o () (s (12 0)




Limit problem, Il

Momentum equation

LT S——

T
—/mo-cpdx—/ /wa:d%(t)dt
Q 0 Q

Reynolds concentration defect
Shone = (1050 ™ 2 ) = (Vi1 ™2 ) 1 (5] - (Vi p(2)
9%conc : (5 ® €)
——
= (10 ™) - (Vi1 0 o (50— v pla) e 2 0

= Reonc € L7(0, T; MF (2 RYYY))
Defect compatibility

1
min {fy —1; 5} Ceone < trace[Reonc] < max{y — 1;2}Econc

. A0 AaF ) A= 4 =r =Y



Dissipative measure—valued (DMV) solutions

Continuity equation

// (V; ) 0rp 4+ (V;m) - V /moso(O

Momentum equation

/ / { ) Oep + <v 1p,mEM f m> L Vo + (Vi p(8)) divx¢:| dxdt

T
—/ mo - p dx — / / Vi : dRconc(t)dt
Q 0 Q

Energy inequality

/Q<v”, (; |";‘2 + P(“))> dx+/§deconc(7) < /Q (%'";Z'z +P(go)) g

Defect compatibility

g@conc < tI'ace[g%conc] < Eeconc




Oscillation defect

Energy oscillation defect

Cose = <v, (; '";'2 + P(~)>> @ '";'2 +Po )) >0e 170, T: L1(Q)

Reynolds oscillation defect

R — <v 1, m o '“> ~1020™ 2™ 4 (V@) - Pl

Convexity:

2 2
e : (£ ) = <v 1501 f' > L

+ (Vi p(2)) — p(0) €1 >0

Defect compatibility

1
min {’y -1; E} Cose < trace[Rosc] < max{y — 1;2}€osc




Dissipative solutions

Continuity equation

-
/ / [g@gp +m- ngo] dx = f/ 00p(0, ) dx
o Ja Q

Momentum equation

-
/ / {m - O0rp + 1g>0&? Ve + p(g)divxcp] dxdt
Q

T
—/mo~<pdx—/ /anp:diﬁ(t)dt
Q 0 Q

Energy inequality

/g)(;'“;'z +P(g)) dx+/§d€(7)§/ﬂ(%‘n;—zlz+P(go)) dx

Defect compatibility

de < trace[R] < d¢




Basic properties of dissipative solutions

Well posedness, weak strong uniqueness

m Existence. Dissipative solutions exist globally in time for any finite
energy initial data

m Limits of consistent approximations Limits of consistent
approximations are dissipative solutions, in particular limits of
consistent numerical schemes.

m Compatibility. Any C! dissipative solution [o,m], o > 0is a
classical solution of the Euler system

m Weak—strong uniqueness. If [g,m] is a classical solution and [, m]
a dissipative solution starting from the same initial data, then
R, =R,=0and gp=9, m=m.




Dissipative solutions — limits of numerical schemes

Equation of continuity
8,_»@ + diVXm =0

Momentum balance

. mg@m .
(9 + d X + VX — _d « mv + 9% H
Dominic Breit {{m]+div ( 0 > p(0) v ( oL)

(Edinburgh) Energy inequality

2

SE0 <0 B < B B = [ [0 4 pan] ax

/ dt ql2
2

o A E </ [lﬂ—i—P(g)} dx—i—/d}trace[%./]—i—/diﬁp)
Martina al2 ¢ a 2 a 7-1
Hofmanova Turbulent defect measures
(Bielefeld)

R, € L=(0, T; MH (4 REL)), |y € L7(0, T; MT(Q))



Semiflow selection
Set of data
2
D= g,m,E\ /Lm' +P(o) dx < E
a2 o
Set of trajectories

7 = {olt, ), m(t, ), E(t=,)|t € (0,00) }

Solution set
Andrej Markov
U[go, mo, Eo] = {[Q, m, E] ‘[g, m, E] dissipative solution (1856-1933)
0(0,2) = oo, m(0,") = mo, E(0+) < Fo

Semiflow selection — semigroup

Uloo, mo, Eo] € Uoo, mo, Eo], [00, Mo, Eo] € D N. V. Krylov

U(ti+12)[00, mo, Eo] = U(fl)O[U(fz)[Qoymm EO]}, ti,t2 >0




Janos Komlos
(Ruthers
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Strong instead of weak (numerics)

Komlos theorem (a variant of Strong Law of Large
Numbers)

f )
{Un}72, bounded in L*(Q)

=

N
%ZUnk—)Ua.a. in Qas N — oo
k=1

\ J
Convergence of numerical solutions - EF, M.Lukacova,
H.Mizerova 2018

%ZQW — 0in L'((0, T) x Q) as N — oo
k=1

N
%Zmnk —min L'((0,T) x Q) as N = oo
k=1

NZ [1 Imoil” P(gnk)] S E e 1((0, T)xQ) a.a. in (0, T)xQ

[m] = = = = o>



Computing defect — Young measure
Generating Young measure

U, = [0n,m,] € R%™" phase space
{Un}21 bounded in L'(Q; RY) = v, = du,(t.0)

=

N
1 .
N E vk — Ut x narrowly in Q as N — oo
k=1
Young measure

(t,x) € Q = vix € P[R?™] weakly-(*) measurable mappin Erich J. Balder
(Utrecht)
R, = (vi p(e)) — Ple)
R, ~ <1/; m(jm>  mam

%

o>



Computing defect numerically -EF, M.Lukacova, B.She

Monge—Kantorowich (Wasserstein) distance

r

for some g > 1
\

Convergence in the first variation

Maria
Lukadova

Bangwei She
(CAS Praha)



A bit of publicity

Numerical
Analysis

of Compressible
Fluid Flows

=
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Statistical solutions




General setting

Random (stochastic) process

telxweQ— U(t,w) e X
I C R time interval
Q = (Q, B,B) probability space (basis)
X phase space

.

Applications to evolutionary problems

U = U(t,Uo), Uo € D — data space

w € Q — Ug(w) € D random variable

Statistical solution of an evolutionary problem P

~
~

random process that solves P P-a.s.




Rayleigh—Bénard problem

Field equations - Navier—Stokes—Fourier system

Oro + divi(ou) = 0
Ot(ou) + dive(ou @ u) + Vip(p,¥) = divsS + oV, G
81*(@6(@7 19)) + divx(ge(g7 19)[]) + vXq = S : DXU - p(97 ﬁ)diVXu

Boundary conditions
u‘X3:0 - u‘X3:1 =0
V=0 = Op, V=1 = Ou
Newton'’s rheological law
2
S(9, Dxu) = u(V) (qu + Viu — gdivxul[) + n(¥)div,ul
Fourier’'s law

q(0, Vd) = —k(9) V0




Why weak solutions?

far from equilibrium (not “small”)
global in time solutions ~ weak solutions

Possible formulation of the energy balance:

-
Internal energy balance ~ “heat equation”

Ot(0€) + divx(peu) + diviq = S(?, Vxu) : Viu —

Energy balance ~ First law

O:E +| divi(Eu) |+ divk(pu) + divig — | divk(S - u) |= ¢VxG - u

Entropy balance ~ Second law

O:(os(0,9)) + divk(os(o, ?)u) + divy (%) E]% (S V.o q- Zxﬁ)




Weak solutions — basic idea

Entropy inequality ~ Second law

. . 1 V.
:(0s(0,9)) + divx(os(0, 9)u) + divy (%) B (s Veu— 9 : )

Total energy balance ~ First law

i/ E dx < / 0g dx—l—’ boundary energy flux




Weak solutions - basic definition

-

Equation of continuity

Oro + divx(ou) =0
Momentum balance
Ot(ou) + divi(ou ®@ u) + Vip(o,9) = divsS + oV« G
Entropy
Du(0s) + divi(osu) + dive (1) > % (S V- Zxﬂ)

\

Some form of total energy balance must be added
for the system to be (formally) well posed



Main problem with the Dirichlet b.c. for the temperature

Boundary heat flux in the energy balance

/ q-ndox
aQ

Solution — compensation with the entropy flux

/ q-ndoy :/ H195d0x, Y]oa = I8
o9 oo U

54
Replace energy by ballistic energy!




Energy balance — Dirichlet b.c. for temperature

Ballistic energy inequality

e

d 1 5
I Q|:§Q|U‘ —&—ge—z%ggs} dx

Us . _q-VX19
+/§;?(S'qu 3 )dx

§/Qu-Vdex
Q

—/ [gs(atﬂ,; tu-Vdg)+ 3. vxﬂg] dx.
Q 19




Long—time behavior, turbulence

Closed system:

©s =0y
U(t) =[o,m = ou, S = ps] — [ps, 0, Ss] as t — oo static equilibrium

Open system:
©g >> Oy
bounded energy? / |:%Q|U‘2 + oe(p,9)| dx < &
Q

stationary measure?




Space of global trajectories

(o(r—,") 5'3&5/ / (t,-)¢ dxdt
(o(T+,-); 9) 76@&%/:”/9 (t,-)¢ dxdt
(m(r—.-) ) :6%% | / m(t.-) -  dxdt

0 € Cuear(R; L7(R)), m = ou € Cuear(R; L7111 (Q; RY))
S e D(R; L"), B <~ — Skorokhod space (weakly caglad)




Trajectory space

T = Ufil717

To={(e.5:m) | e € L*(RiW (@), (e:6,) € C(R), n

sup[lo(t, )l w-r2(@) < L,
teER

1,2,..

i

me LR, W (Q; R*), (m;¢,) € C(R), n=1,2,...

sup Hm(t’ ')||W*’<=2(Q;R3) < L7
teER

S e L®(R, W %(Q)), (S;¢n) cigladin R, n=1,2,...
sup [IS(¢, w2y < L}-
teER



Krylov—Bogolyubov method

Ergodic averages

%/OT F(le.m, SI( + 1)) dt, F e C(T)

Invariant measure

1 [T
- F([o,m,S](- +t))dt — (V; F)
Sl )
V € P[T] — probability measure on the set of global trajectories

V — time shift invariant




Stationary statistical solution — Birkhoff-Khinchin theorem

~

Probability basis
(T.B,V)

Random process (stationary statistical solution)

w:(g7m7$)>< te RH(g7maS)(t7')

Birkhoff—-Khinchin theorem

/T F(0(0, ), 5(0, ), m(0, )] dV < o0

F — Borel measurable
=

% /T Flo(t,), S(t,-), m(t,-))dt — F as T — oo

V —as. and in LT, V)




