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Euler system for a barotropic inviscid fluid

Equation of continuity

∂t%+ divxm = 0

Momentum equation

∂tm + divx

(
m⊗m

%

)
+∇xp(%) = 0, p(%) = a%γ , a > 0, γ > 1

Impermeability boundary conditions or periodic boundary conditions

m · n|∂Ω = 0, or Ω =
(
[−1, 1]|{−1,1}

)d
, d = 2, 3

Initial conditions

%(0, ·) = %0, m(0, ·) = m0



Admissible solutions – energy dissipation

Energy

E =
1

2

|m|2

%
+ P(%), P ′(%)%− P(%) = p(%)

p′ ≥ 0⇒ [%,m] 7→


1
2
|m|2
%

+ P(%) if % > 0

P(%) if |m| = 0
∞ if % = 0, |m| 6= 0

is convex l.s.c

Energy balance (conservation)

∂tE + divx

(
Em

%

)
+ divx

(
p

m

%

)
= 0

Energy dissipation

∂tE + divx(Eu) + divx(pu) ≤ 0

E =

∫
Ω

E dx , ∂tE ≤ 0, E(0+) =

∫
Ω

[
1

2

|m0|2

%0
+ P(%0)

]
dx



Known facts about Euler equations

Well/ill posedness

Local in time existence of unique smooth solutions for smooth initial
data

Blow–up (shock wave) in a finite time for a generic class of initial
data

Existence of infinitely many weak solution for any continuous initial
data

Existence of “many” initial data that give rise to infinitely many
weak solutions satisfying the energy inequality

Existence of smooth initial data that give rise to infinitely many weak
solutions satisfying the energy inequality

Weak–strong uniqueness in the class of admissible weak solutions



Dissipative solutions

Equation of continuity

∂t%+ divxm = 0, %(0, ·) = %0

Momentum balance

∂tm + divx

(
m⊗m

%

)
+∇xp(%) = −divx (Rv + RpI) , m(0, ·) = m0

Energy inequality

d

dt
E(t) ≤ 0, E(t) ≤ E0, E0 =

∫
Ω

[
1

2

|m0|2

%0
+ P(%0)

]
dx

E ≡
(∫

Ω

[
1

2

|m|2

%
+ P(%)

]
dx +

∫
Ω

d
1

2
trace[Rv ] +

∫
Ω

d
1

γ − 1
Rp

)

Turbulent defect measures

Rv ∈ L∞(0,T ;M+(Ω;Rd×d
sym )), Rp ∈ L∞(0,T ;M+(Ω))



Basic properties of dissipative solutions

Well posedness, weak strong uniqueness

Existence. Dissipative solutions exist globally in time for any finite
energy initial data

Compatibility. Any C 1 dissipative solution [%,m], % > 0 is a classical
solution of the Euler system

Weak–strong uniqueness. If [%̃, m̃] is a classical solution and [%,m]
a dissipative solution starting from the same initial data, then
Rv = Rp = 0 and % = %̃, m = m̃.

Semiflow selection. There exists a measurable selection of
dissipative solution that forms a semigroup



Stability properties

Stability - energy balance

d

dt
En(t) ≤ 0, En(t) ≤ E0,n + e1,n, E0,n =

∫
Ω

[
1

2

|m0,n|2

%0,n
+ P(%0,n)

]
dx

Consistency - equation of continuity, momentum equation

∂t%n + divxmn = e2,n, %n(0, ·) = %0,n

∂tmn + divx

(
mn ⊗mn

%n

)
+∇xp(%n) = e3,n, mn(0, ·) = m0,n

Convergence (up to a subsequence), e1,n, e2,n, e3,n → 0 ⇒

%n → % weakly-(*) in L∞(0,T ; Lγ(Ω))

mn → m weakly-(*) in L∞(0,T ; L
2γ
γ+1 (Ω;Rd))

En ≡
[

1

2

|mn|2

%n
+ P(%n)

]
→ E in L∞weak(0,T ;M+(Ω))

%, m, E =

∫
Ω

dE is a dissipative solution



Komlos (K) convergence

Komlos theorem

{Un}∞n=1 bounded in L1(Q)

⇒

1

N

N∑
k=1

Unk → U a.a. in Q as N →∞

Conclusion for the approximate solutions

1

N

N∑
k=1

%nk → % in L1((0,T )× Ω) as N →∞

1

N

N∑
k=1

mnk → m in L1((0,T )× Ω) as N →∞

1

N

N∑
k=1

[
1

2

|mn,k |2

%n,k
+ P(%n,k)

]
→ E ∈ L1((0,T )× Ω) a.a. in (0,T )× Ω



K–convergence of Young measures [Balder]

Young measure

{Un}∞n=1 bounded in L1(Q) ≈ νnt,x = δUn(t,x)

⇒

1

N

N∑
k=1

ν
nk
t,x → νt,x narrowly a.a. in Q as N →∞

Lévy–Prokhorov distance∥∥∥∥∥r
(

1

N

N∑
k=1

ν
nk
t,x ; νt,x

)∥∥∥∥∥
Lq(Q)

→ 0

for any 1 ≤ q <∞.



Energy defect

Energy defect

[
1

2

|m|2

%
+ P(%)

]
≤ E ∈ L1((0,T )× Ω) ≤ E ∈ L∞(0,T ;M+(Ω))

Oscillation defect

E −
[

1

2

|m|2

%
+ P(%)

]
∈ L1((0,T )× Ω)

Concentration defect

E − E ∈ L∞(0,T ;M+(Ω))

Total energy defect

E −
[

1

2

|m|2

%
+ P(%)

]
=

1

2
trace[Rv ] +

1

γ − 1
Rp ∈ L∞(0,T ;M+(Ω))



Strong convergence

Strong convergence

oscillation defect = 0 ⇒

%n → % in L1((0,T )× Ω), mn → m in L1((0,T )× Ω;Rd)

Equi–integrability

concentration defect = 0 ⇒

%γn equi–integrable,
mn ⊗mn

%n
equi–integrable

Convergence to a strong solution

total energy defect = 0 ⇒

%n → % in Lγ((0,T )× Ω), mn → m in L
2γ
γ+1 ((0,T )× Ω;Rd)

[%,m] is a strong solution of the Euler system



Weak convergence

Conditional result (EF, M.Hofmanová 2019)

total energy defect = 0 on a neighborhood of the boundary ∂Ω

[%,m] is a weak solution to the Euler system

⇒

total energy defect = 0 in (0,T )× Ω

convergence is strong in (0,T )× Ω

Corollary

total energy defect = 0 on a neighborhood of the boundary ∂Ω

convergence is only weak in some part of Ω

⇒

[%,m] is not a weak solution of the Euler system



Numerical scheme, I

Mesh

Td =
⋃
K∈T

K ,K =
d∏

i=1

[0, hi ]+xK , 0 < λh ≤ hi ≤ h, i = 1, . . . , d , 0 < λ < 1

Function spaces

Qh =
{
v ∈ L∞(Td)

∣∣∣ v |K = vK
}

ΠT : L1(Td)→ Qh, ΠT v =
∑
K∈T

1K
1

|K |

∫
K

vdx .



Numerical scheme, II

Notation

vout(x) = lim
δ→0+

v(x + δn), v in(x) = lim
δ→0+

v(x − δn)

v(x) =
v in(x) + vout(x)

2
, [[v(x)]] = vout(x)− v in(x)

Upwind

Up[r , v] = rupv · n = r in[v · n]+ + rout[v · n]− = r v · n− 1

2
|v · n| [[r ]]

[f ]± =
f ± |f |

2
and rup =

{
r in if v · n ≥ 0,

rout if v · n < 0.

Numerical flux

Fh(r , v) = Up[r , v]− hα [[r ]] = r v · n− 1

2

(
hα + |v · n|

)
[[r ]] , α > 0

(1)



Numerical scheme, III

Time discretization

Dtv
k =

v k − v k−1

∆t
, for k = 1, 2, . . . ,NT .

Numerical scheme

∫
Ω

Dt%
k
hϕh dx −

∑
σ∈E

∫
σ

Fh(%kh , u
k
h) [[ϕh]] dσ = 0 for all ϕh ∈ Qh,∫

Ω

Dt(%
k
huk

h) ·ϕh dx −
∑
σ∈E

∫
σ

Fh(%khuk
h , u

k
h) · [[ϕh]] dσ

−
∑
σ∈E

∫
σ

p(%kh)n · [[ϕh]] dσ = −hβ
∑
σ∈E

∫
σ

[[
uk
h

]]
· [[ϕh]] dσ (2a)

for all ϕh ∈ Qh(Td ;Rd), β > −1



Properties of numerical solutions, I

Positivity of the discrete density

%kh > 0

Discrete energy balance

Dt

∫
Ω

[
1

2
%kh |uk

h |2 + P(%kh)

]
dx +

∑
σ∈E

∫
σ

(
hα%kh

[[
uk
h

]]2

+ hβ
[[

uk
h

]]2
)
dσ

= −∆t

2

∫
Ω

P ′′(ξ)|Dt%
k
h |2 dx − 1

2

∑
σ∈E

∫
σ

P ′′(η)
[[
%kh

]]2 (
hα + |uk

h · n|
)
dσ

− ∆t

2

∫
Ω

%k−1
h |Dtu

k
h |2 dx − 1

2

∑
σ∈E

∫
σ

(%kh)up|uk
h · n|

[[
uk
h

]]2

dσ,



Properties of numerical solutions, II

Consistency

−
∫

Ω

%0
hϕ(0, ·) dx =

∫ T

0

∫
Td

[
%h∂tϕ+ %huh · ∇xϕ

]
dxdt

+

∫ T

0

∫
Td

e1(t, h, ϕ)dxdt

for any ϕ ∈ C 3
c ([0,T )× Td)

−
∫
Td

%0
hu0

h ·ϕ(0, ·)dx

=

∫ T

0

∫
Ω

[
%huh · ∂tϕ + %huh ⊗ uh : ∇xϕ + p(%h)divxϕ

]
dxdt

− hβ
∫ T

0

∑
σ∈E

∫
σ

[[
uk
h

]]
· [[ΠT ϕ]] dσdt +

∫ T

0

∫
Ω

e2(t, h,ϕ) dxdt

for any ϕ ∈ C 3
c ([0,T )× Td ;Rd)



Conclusion

Basic properties of the numerical scheme

Unconditional convergence to a dissipative solution (up to a
subsequence)

Strong (pointwise) convergence to the strong solution as long as the
latter exists

Pointwise convergence of Cesaro averages of Young measures


