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Wild solutions?

In a letter to Stieltjes

| turn with terror and horror from this lamentable
scourge of continuous functions with no derivatives

Charles Hermite [1822-1901]

m Past: What is not allowed is forbidden

m Present: What is not forbidden is allowed
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Oscillations

Oscillatory sequence
g(x+ a) = g(x) for all x € R, /ag(x)dx =0,
0
gn(x) =g(nx), n=1,2,...
Weak convergence (convergence in integral averages)

/Rgn(x)np(x) dx, where ¢ € CZ°(R).

6t = [ “g(2) dz

/Rgn(x)ap(x) dx = /Rg(nx)<p(x) dx = f% /R G(nx)dxp(x) dx — 0

Beware

g — &g imply H(gn) — H(g) if H is not linear.




Concentrations
Concentrating sequence

gn(x) = ng(nx)

geCT(LD7d—ﬂ=g&%g207/gwﬁh=l

gn(x) = 0 as n — oo for any x # 0, in particular g, — 0 a.a. in R;

llgnllizr) = /Rg,,(x) dx = /Rg(x) dx=1forany n=1,2,....

Convergence in the space of measures

ot ax= [

gn(x)p(x) dx
—1/n

min X), max x)| = ©(0) = g, — 6
|:x€[*1/n4,l/n](p( ) Xe[fl/n,l/n]<p( )} #(0) & 0

A4O0>» «4F > «E» «=>»



Equations preventing oscillations

Elliptic problems

—Axu = f in a bounded domain Q, u|sg =0

Compactness argument

m A priori bounds:

/ Vul? dx = / fu dx < | Fllzollull 2
Q Q

m Poincaré inequality

<
lullz@) ~ Vxull ),

m Rellich—-Kondraschev theorem

W (Q) ——s L*(Q)




Scalar conservation laws

Burgers equation

Oru + Oxf(u) =0, u(t,0) = u(t,1), t€(0,T)

Entropies

0:S(u) + 0xF(u) = 0, where F'(z) = f'(2)S'(2)

Maximum principle

0forz<L
S(2) =
>0forz>1L

%/0 S(u(t, x)) dx = 0.

Entropy inequality

0:S(u) + 0xF(u) <0, where S is convex, F'(z) = f'(2)S'(2)




Example of blow up

Burger’s equation

Oru(t, x) + u(t,x)0xu(t,x) =0, u(0,x) = up(x)

Characteristics

u(t, x + tug(x)) = wo(x)

Schock development in finite time

UO(X1) > uo(Xg)7 X1 < X2

u(t,x1 + tug(x1)) = wo(x1) # wo(x2) = u(t, x2 + tug(x2))

X2 — X1

Llo(Xl) — UO(X2) >0

X1 + tUO(Xl) = X2 + tUO(Xg) S t=




Compactness for scalar conservation laws

Entropy formulation

0:S(u) + 0xF(u) <0, where S is convex, F'(z) = f'(z)S'(z)

Solution sequence

|un(t, x)| < ¢ for all (t,x)
Weak convergence

up — u weakly-(*) in L™,
S(un) — S(u) weakly-(*) in L™,
F(un) — F(u) weakly-(*) in L™

for any convex entropy S with the corresponding flux F




Compensated compactness

Div-Curl Lemma

Let {Un}521, {Va}32; be two sequences of vector valued defined on a set
@ C RY such that

U, — U weakly in L°(Q; R"),
V, = V weakly in L9(Q; R"),

1 1
-+ -<1L
p q

In addition, let

{divU,}>°, be precompact in W~ *(Q),
{curl V,}°°, be precompact in W~ °(Q; R"*")

for some s > 1.
Then

Un - Vo = UV weakly in L(Q), % _




Application to scalar conservation laws, |

Ansatz for Div-Curl Lemma

N = 2, din,X[Sl, F1] = 8t51 + (9)<F1, Curlt,X[Fz, —52] = at52 + 8)<F2

Conclusion — Tartar’s identity

Si(un)Fo(un) — Fi(un)S2(un) — Si(u) Fa(u) — Fi(u) S2(w)




Application to scalar conservation laws, Il

Ansatz for Div-Curl Lemma

Si(u) =u, Fi(u) = f(u)
So(u) = |u—Ul, F(u) =sgn(u— U)(f(u) — f(U)), U— constant

lim [u,,sgn(u,, — U)(F(un) — F(U)) = |un — U|f(un)]

= lim u, lim [sgn(u —U)(f(Un)—f(U))}

n— oo n—o00

— lim |un—U| I|m f(un)

n— o0

Conclusion

lim [|u,, - w(ﬁ- f(u))} = (u— U)sgn(u — U)(F(u) — F(0))




Application to scalar conservation laws, Ill
Lebesgue points

U=u(r,y), (1,y) — a Lebesgue point of u

lim ———— |lu—u(r, y)| dxdt = 0.
r—0 |Br(7—7.y)| Br(7,y)

1 ) -

rlm By 5 (nli[go |un — u|) (f(u) - f(u))dxdt

=l ey o, L [lae = a1 (7 = #utroy) | axcte

1

= (] o, (0 YR o @) ol ) dxde = 0
Conclusion
For a.a. (7,y):

m either

(weak) — nILm |up —u| =0,
m or

u) = f(u).



Perfect fluids

Who is who in fluid mechanics...
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Iconic model of compressible inviscid fluid

Equation of continuity

Oro + divi(ou) =0

Momentum equation

Ot(ou) + divi(ou ® u) + Vip(p) =0

Impermeable boundary

Initial conditions




First and Second law — energ

1 1|m)?
E=Soluf + P(o) = 5“ Q‘ + P(g), m= ou

P'(0)e — P(o) = p(0)

2
3+ P(o) if 0> 0
p'>0=[o,m]— P(o) if j[m| =0 is convex l.s.c
oo if o=0,lm| #0

Energy balance (conservation)

OtE 4 divi(Eu) + divk(pu) =0

Energy dissipation

O(E + div,(Eu) + div.(pu) < [0

1mof?
3mh 4 P ax

0.E <0, E(0+) :/

Q



Possible singularities

Toy model

oU+UokU=0,t>0, xeR
U(0) = Up

Explicit solution

U(t, x + tUo(x)) = Uo(x)

Shock at finite time

Uo(x1) > Uo(x2), x1 < x2 = U(t,x1 + tUo(x1)) > U(t, x2 + tUs(x2))

X2 — X1

tshock = m = X1 + tUO(Xl) = X2 + tUO(X2)




Weak solutions

Field equations

/OOO/Q[QGWer-vch] dxdt:—/gw( ) dx, ¢ € CX([0,00) x Q)

/ / [m - Orp + m ? m : Ve + p(o)divep | dxdt
o Ja

—/ mo - p(0,-) dx, ¢ € CX([0, T) x % RY), ¢ -nlaa =0
Q

Dissipative weak solutions

/ / [1 mf® P( g)} dx 8 dt > o o)/ L ‘m°|2 + P(00) dx

b € Ce[0,00), ¥ >0




Admissible (dissipative) solutions

Energy inequality

/ / [E(g, m)d:p + E(p, m)% - Vip + p(g)% - Vxp| dxdt
o Ja

> [ 3L 4 pe)] of0. ) ax

0 € CH[0,00) x Q), >0




Well posedness

Classical solutions [Matsumura—Nishida], [Tani]

00 € W*2(Q), 00 >0, mg € W**(Q; R") 4+ compatibility conditions

=

classical solution

0 € C([0, Tmax); W¥2(Q)), m € C([0, Tmax); W*2(Q; RY)), N

Tmax < 0o for a “generic” class of initial data

Weak-Strong uniqueness [Dafermos]

An admissible weak solution coincides with the strong solution emanating
from the same initial data on the time interval [0, Timax)




Euler as symmetric hyperbolic system

Isentropic pressure

2ay =t
= 2 = _— 2
p(o) = ao’, r —

Symmetric hyperbolic system

Otr +u - Vyr +

7; L diveu =0

v—1

Ou+u-Veu+ rVyr =0.

A priori bounds

M
i/ |00 + [02u]* dx < c+ (/ |0 0> 4 |02l dx) , M>0

a=[N/2]+1




Well/ill posedness

Global existence well/ill posedness [Chiodaroli, E.F.]

00 € C*(Q), 00 >0, moe C(%RY), mo-nfog =0
=
infinitely many weak solutions
0 € L2.([0,00) x Q), m e L5.([0,00) x Q; RY)
0 >0, divim € L5 ([0,00) X Q), m-n|apg =0

Well/ill posedness of dissipative solutions [Chiodaroli, E.F.]

00 € C3(Q), 00 >0, Vi € C*(Q), Vibo-nlog =0
=

there exist (infinitely many) vo € L(Q; R"), divivo =0

and infinitely many dissipative weak solutions
0 € Li5e([0,00) x Q), m € Li5.([0,00) x Q; R")
9(07 ) = 0o, m(07 ) = Vo + VX(DO




Strong vs. weak continuity

Strong discontinuities, A.Abbatiello, E.F.

Let {7n};2; C (0, T) be an arbitrary (dense) countable family of times.
Let the initial data belong to the class

00 € C(Q), 00 >0, ug € C(RY), diveup € C(Q),Q=T", N=2,3.

Then the compressible Euler system admits infinitely many weak solutions
emanating from the initial state [go, uo] such that the mapping

t— [Q(t7 ')’ m= Qu(tv )]

is not strongly L'-continuous at any of the times 7,.




Admissible weak solutions

Global existence well/ill posedness [Chiodaroli, E.F., Luo, Xie and
Xin]

0o piecewise Lipschitz, go > 0

=

there exist (infinitely many) my € L*°(€; R")

and infinitely many admissible weak solutions
0 € L5.([0,00) x Q), m € L%.([0,00) x Q; R")
Q(Ov ) = Qo, m(07 ) = Mo

Energy conserving solutions [Luo, Xie and Xin]

If oo is piecewise constant, one can find mg as above such that the
solution satisfy the energy equation (energy conserving solutions).




Lipschitz initial data

Ill posedness for regular data [Chiodaroli, DeLellis, Kreml]

Let T > 0 be given.

Then there exist (infinitely many) Lipschitz initial data go, mg such that
the barotropic Euler system admits infinitely many admissible weak
solutions on the time interval [0, T].




lll-posedness in fluid dynamics

Motto

In mathematics you don’t

: ":J 8 g understand things. You just
‘ ﬁg get used to them.

Johann von Neumann
[1903-1957]




Rewriting Euler system

Helmholtz decomposition
m=H[m]+H" [m] =v+V,®
divyv =0
H*[m] = V,®, A® = divim, (Vx® —m)-nlsg =0
Euler system - volume preserving part
divav =0
mom 1|mf

owv+H |:le)< ( 0 — NT]I

Euler system - acoustic part

1
8tvx¢+vxp(g)+vx ( -




Convex integration ansatz

This is a BIG crime...

Volume preserving part

divyv =0

(v+ Vi) ® (v + Vi 0) 1 v + VX(D\Q

0 N 0

atV + |:diVX <

Acoustic part

8tQ+AX¢ = O

1|v+ V9P

0:V® 4+ Vip(g) + Vx <N .




Acoustic ansatz - continuing committing crimes

Acoustic part - fixing the data

81*@ + Axd) =0
0(0,-) = co, ®(0,) = o, VPo = H*[mo]
0= Q(tv ')’ d)(ta ) = _Aﬁl[atg]

Fixing kinetic energy

atvx(b + VXP(Q) + Vi« (

1 |v+ V0P —0
N 0 h

1 |v+Vx¢|2 _
N 0 = —0:® — p(0) +| A(t)




Solving the volume preserving part

Abstract “Euler system”

divev =0

(V+ Vi®)®@ (v+Vid) 1 |v+ Vo]
)| =0

atv =+ |:diVx (

Given kinetic energy

Given “data”

Vo, diVXVO IO7 VX(D, P E




Solving a special case

Incompressible Euler system with given pressure

divev =0

Owv + divy (v Qv — %|v|2]1) =0

Given kinetic energy

Weak solutions

vV € Cuear ([0, T]; L2(4; RY)), v € L=((0, T) x ; RY)




Weak formulation of the basic problem

Regularity class

v € Cuear([0, T]; L2(2 R"Y)), v € L=((0, T) x & R")
Incompressibility condition

.
/ /V~ng0 dx =0, for any p €| C'([0, T] x Q)
o Ja

Field equations

-
/ / [v-@tthrv@v: chpfl\vfdivxcp] dxdt:f/v(y
o Ja N Q

for any ¢ 6‘ c([o, T) x @; RY) ‘

1 .
§|v|2:E|n (0, T) x Q




Pasting together spatial domains

Domain decomposition

ﬁ:UjeLﬁ,', Q,’ﬁQj:@, I;éj

Incompressible Euler system with piece—wise constant density

divav =0 in Q
VRV 7l|v|2
0i N oi

atV =+ diVX (

H):OinQ;, 0i >0

Kinetic energy




Results for piecewise constant density

Initial data

Q=UietQ, N =0, i#j, 0=0i €

Incompressible Euler system with piece—wise constant density

Oro +divav =0in Q

v + divy (% " (p(g) _ g/\) 11) —0inQ,

v(0,) =vo

Kinetic energy

IvPp . N, N .
E? =E = E/\f Ep(g,) a.a. in Q;




Solutions of the Euler system with given pressure

However beautiful the
strategy, you should
occasionally look at the
results...

Sir Winston Churchill
[1874-1965]




Reformulation

Original problem

1
diviv =0, Orv + divx (v ®v— N|v|2ﬂ> =0

1
V(O, ) = v, §|V|2 =E

Reformulation
div,v =0
Ov + div,U =0, [U(t-7 X) c RNXN

0,sym
\I(O7 ) = \Vp

- Loer e =
U=vev— Gl S =E

Relaxation

1 N
5\"\2 < 5 Amax vev-U]< E




Subsolutions

Regularity class

ve (o, T] x 4 RY), Ue c([o, T] x

System of equation

div,v =0
Ov + div,U =0
v(0,) = vo

Convex constraint

g)\max[v®v7U]<E

[v, U] — g)\max [v®v—T] convex

NxN
RO,sym

)




Topology on the space of subsolutions

Basic space

Xo = {v ' v, Uis a subsolution}

Boundedness

1 N
§|v\2 < E)\max [vev—-U] < E= XoC bounded set in L™

Metric on Xj

v,w|] = su 1 |f§2(v(t7 ) —w(t,-)) - en dx|
dlv,w] = tes[O,pT]; 21 4+ |fQ(\/(t7 ) —w(t,:)) - @n dX|

Closure

X = closureq[Xo] — compact metric space




Closure of the subsolution space

Regularity class
VEX=VE Cuear([0, T L2(RY)) N L=((0, T) x Q), |Iv|[i ~ E

System of equation

.
/ /V~chpdxdt:0forallcp€Cfo([O, Tl x Q)
o Ja

T
/ /[v~8t<p+U:VX<p] dxdt:—/vo-tp(O,-)dx
o Ja Q

for some U € L>((0, T) x Q; RYXN ), and for all ¢ € C°([0, T) x Q; RY)

0,sym

Convex constraint

%MQ < g)\max [vev—-U]<Eaa in(0,7T)xQ




Distance to “extremal” points

“Distance”

;
I[v]:/ /(Ef%\vf) dx dt, ve X
0 Q

m [/ is a concave functional on X; whence upper semi—continuous on X

Properties

[ |
I >0o0on X

IM=0=U=vRv— %Mzﬂ, %|v|2 =Faa in(0,T)xQ

=

v solves the Euler system with given energy and pressure

Baire category argument

Point of continuity of / on X form a residual set, in particular, they are
dense in X




Existence of infinitely many solutions

Existence of at least one subsolution

E > 0 large enough = Xy is non—empty

Points of continuity of /

Claim:

v € X — point of continuity of | = /[v] =0




Oscillatory Lemma

Hypotheses

v € Xp with the associated flux U

Conclusion
There exists a sequence w,, V,, n=1,2,... satisfying:
[

w, € C((0, T) x 4 R, V, € C((0, T) x ; RYZN )

0,sym

(v + wp) € Xo with the flux U+ V,

w, = 0 in Cuear ([0, T; L2(2; RY))

T T 1 2
lim inf/ / lwa|* dxdt > c(E, N)/ / (E - 7|v|2) dxdt
e Joo Ja o Ja 2




Infinitely many solutions via Oscillatory Lemma, |

Claim: v € X — point of continuity of /| = /[v] =0

IM=06>0,veX=vn€Xo, Vm > vEX, l[vy] = dasm— oo

Oscillatory lemma = Wp,.» € Xo,Vm + Wmn — Vm in as n — oo

-
Iiminf/ / |v,,,—|—w,,,,,,\2 dxdt
n— oo 0 Q
T T
:/ /\Vm\Z dx+|iminf/ /|w,,,7,,|2 dxdt
o Ja n—=ee Joo Ja
T T 1 2
> [ [ ol axaece) [ (£ Fwol) axae
o Ja o Jo

Z/OT/Q\VH,E dx + (N, E, T, Q)1(jvm])

«O» «4F» «E




Infinitely many solutions via Oscillatory Lemma, Il

Convergence of functional

;
lim lim I[vm—l—w,,,,n]:/ /E—1|vn+w,,,,n|2 dxdt
0 Q 2

m—00 N— 00

T T 1
< lim (/ /de—liminf/ /f|v,,+wm7,,|2 dxdt)
m—o0 0 Q n—oo [y Q2
T 1
< lim </ /E—f\vm\z dxdt—clz[vm]>
m— oo 0 Q 2




Proof of Oscillatory Lemma

Everything should be made as simple as possible, but
not simpler...

Albert Einstein [1879-1955]

m Past: What is not allowed is forbidden
m Present: What is not forbidden is allowed
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Oscillatory Lemma revisited

Hypotheses
(]

veRV UerN Ny Wev-Ul<E Q=(-11)x(-1,1)"

0,sym> 2

Conclusion
u
w, € C2(Q:RY), V, € C°(QiRYGM)

0,sym

divew, = 0, 0w, + divyV, =0

Y s [ W) @ (v wy) — (U4 V)] < E

w, — 0in L*(Q; R"))

2
Iiminf/ lw,|? dx dt > ¢(N, E)/ (E - 1|v|2> dx dt
Q Q 2

n—oo




Oscillatory Lemma - Geometry, |

Convex set

€:{veR’\’, Ue RN ﬂ)\max[v®v—U]<E} CR"

0,sym 2

n:w_l

Properties
[
€ C R" is a convex set

%I < gAmax[V(gv_U]

%uuﬁ < Nz_lxmax[\,@v—m

ext€ C {[V,U] ‘ %MQ =E, U=v®Vv-— %|v|2]l}




Oscillatory Lemma - Geometry, |1

Extremal points

SVA]S A v @ v~ UI[Z]E

Extremal points

1 N
§|V|2 < EAmax [V XV — U] = Amax > Amin

[e1, ..., en] the normalized eigenvectors of [v®v — U], Av = Amin

(v+cen)® (v+cen) — U+82 vi((ei ® en) + (en ® €)))

i=1

:V®V*U+(2EVN+E2)en®eN




Oscillatory Lemma - Geometry, Il

Segment Lemma
For any [v,U] € € there exist a, b enjoying the following properties:

%|a\2 — %|b\2 —E, Jatb/>0

m there is L > 0 such that
[v+A(@a—b),U+A(a®a—-b®b) e,
dist[ [v+A(a—b), U+ A(a®a—-b®b)];0C]
zédist[[v,U];aei]

forall —=L<A<L

Lla—b| > C(N)




Proof of Segment Lemma
1
1
= i |ai,ai i— —EI
[v,U] € €, € convex = [v, U] hgn e [a ai®ai —

2 Caratheodory Theorem:

N

- 1
[v,U] :Zozi |:ai7ai®ay‘— fEH:| s> > >

i=1

[v+Aaj—a1), U+ A(aj@a; —a1®@a1)], A€ [, 0]
1
Qj aj—al\ > ak|ak—a1| for all k > 1, a=ai, b:aj, L= Eaj

n
la—v|=|> a(ai — a)| < najla; — a1| = 2nL|a — b
k=1

2F — |v[> < 2v2E(V2E — |v|) = 2v2E(|a| — |v|) < 4V2EnL|a — b|




Oscillatory Lemma - Fourier analysis, |

Fourier transform

W(o, .- EN) = Fe)—(er.e1,.nen)W(E, X)

V(&Jv cre £N) = 'F(tax)_’(sl«§1a<'<7§N)V(t7 X)

Field equations

N
divow =0 ) " &w,; =

i=1

N
Oew + div,V =06 Gowi + > Vi =

i=j

Vector formulation

DIVt,X{‘?’ g}=0@§~ HI




Oscillatory Lemma - Fourier analysis, I

Operator ansatz
€=1[60,&1,..., &n] = Aap(§) € RO’\;;rrln (N+1)7

Aap(£) = %((R €)@ (Q() - &) + (Q(8) - &) @ (R-€))

where
Q=¢®ea—-—a®¢ R=([0,a]®[0,b]) - ([0,b]®[0,a]),
e =[1,0,...,0], a,b e R", %|a|2:%|b|2:E>0, la+b| > 0.

Third order differential operator

Bap(0) = Aap(0r, Dy, - . ., Oxn)




Oscillatory Lemma - Fourier analysis, 111

Properties of the differential operator

{ 3, g ] = Aap(9)[¢], ¥ € C(R"™)

= divy,w =0, dw +divyV =10

Y e C(R)

1
e = e gy 021+ (0B = (fallbl + 2 b))

=

L S R RS | I S




Construction of the differential operator N = 2, |

Abstract ansatz

0 AM(E) AM(S)
Aap(&) = | AY(E) AV(E) A%(E)
ATR(E)  ATIE)  AM(E)

Symmetry properties

AV (E) = —A2(€), AV(€) = ATV(€), A(€) = A°(€), AP(€) = A”'(€)

Reduced form

A0,1

B—ﬁ,

0 £)
Aap(§) = [ B(¢) D(¢)
c©) D) -1




Construction of the differential operator N = 2, |l

Differential constraints
EB+&6&C=0, &B+6+6D=0, $C+E6ED—-6=0

unique solution

7155*5%
2 L&

B() = 2 fobr &b’ T b 2 &b

Final form
0 —2(8+8) L(E+9)
1 + &) &ob1& 08 -8)
18 28-8)  —Lab




Construction of the differential operator N = 2, Il

Fixing the coefficients

Aap(0)Y ([t x] - 1)
” o %0 5 (g +m3)
= A" ([t,x] - 1) —"72(21 + 7;2) I B (2 —m1)
(i +n2) L (2 —n) —NoM11n2

A
S U+ m3) [~ m] =a—b,

L 25 —ni)
s —m) —mm

Lop—E

Ano >

—a®a—b®hb, %|a\2:

[m,m2] = A(a+b)
find A, A, 70

Eduard Feireisl Oscillatory solutions



Proof of Oscillatory Lemma

Ansatz
1 for given [v, U] € € identify the vectors a, b via Segment Lemma

2 consider the operator A, () and the direction 7 p

0 w,

V. ] = Aap(0) [ %Cos(n[t,x] -na7b)} L0 € C(Q)

1
whenever — 5 <t

A, p(0) {cpn—Lg cos (n[t, x] - ﬁa,b)}

. 0 (a—b) 1
—‘ps'n("[t7x]'na»b)L|:(a,b) a®a7b®b:|+nR"’ |Rn| < C




Oscillatory Lemma - piecewise constant functions

Hypotheses
[

Q=UQ;, QNQ =0fori#j, Q=(-a,a)x (—a,a)"

v=> Vg, U=) Uilg,

vi € RN7 U; € RVXN N

0,sym? 5

Amax [Vi @ vi — Uj] < E;
Conclusion
| ]
w, € CZ(Q;RY), Vi € C(Q; RYZm)

divew, = 0, 0w, +div,V, =0

g)\max (v+w,)®(v+w,) —(U+V,)]<E

w, — 0 in L*(Q; RY))

2
Iiminf/ |w,|? dx dt > ¢(N, E)/ <E - 1|v|2> dx dt
Q Q 2

n—oo




Oscillatory Lemma - continuous functions

Decomposition
Q=UQ, QNQ =0fori#j, Q= (-a,a)x(~aa)"
%)\max[vi®Vi—Ui] < E,-(; in Qi, I.Zl,...,m

for arbitrary constant quantities

Vi = v(tl',\MXI',V)? U; = U(ti,u, ri,U)7 Ei = E(ti,e,Xiye), (tia‘7Xiv‘) € Qi'
IEAW [(vi +w) @ (vi +w) — (U, + V)]

3 1)
_E)m,ax [(v+w)®(v+w)—(U+V)]‘ < >

Conclusion

2
lim inf/ \wa|? dx dt > ¢(N, E)/ (E iy l\vﬁ) dx dt
Q Q 2

n—oo




Abstract formulation

Variable coefficients “Euler system”

(v+hv)®(v+h[]) 1 |v+h[v]?
r[v] N r[v]

8tV + diVx (

+ M[v]> =0

Kinetic energy




Abstract operators

Boundedness

b maps bounded sets in L°°((0, T) x Q; R") on bounded sets in
Cb(Q7 RM)

Continuity
blva] = b[v] in Co(Q; RM) (uniformly for (t,x) € Q)

whenever

Vi = v in Cueax([0, T]; L2(Q; R))
Causality

v(t,-) =w(t,-) for 0 <t <7 < T implies b[v] = b[w] in [(0, 7] x Q]




Results

Result (A)

The set of subsolutions is non-empty = there exists infinitely many weak
solutions of the problem with the same initial data

Initial energy jump

t—0+ 2 r[v]

1 ‘VU + h[V0]|2 ||m inf 1 |V + h[V]|2

2 rlvo]

Result (B)
The set of subsolutions is non-empty = there exists a dense set of times
{ti} such that the values v(t;) give rise to non-empty subsolution set with

1v(e) + W) ) v b
2 rv](t) Et—)t;+ 2 rlv]

Eduard Feireisl Oscillatory solutions



Savage-Hutter model for avalanches

Unknowns

flow height
depth-averaged velocity

deh + div,(hu) = 0

B (hu) + div.(hu @ u) + Vi(ah?) = h (f’yﬁ + f)

Periodic boundary conditions

Q= ([0,1](0.})’




Application to Savage-Hutter model

Theorem

(joint work with P. Gwiazda and A. Swierczewska-Gwiazda)
(i) Let the initial data

ho € C*(Q), uo € C*(Q; R*),ho >0in Q

be given, and let f and a be smooth.
Then the Savage-Hutter system admits infinitely many weak solutions in
(0, T) x Q.

(ii) Let T > 0 and
ho € C*(Q), ho >0

be given.
Then there exists
u € L=(; R?)
such that the Savage-Hutter system admits infinitely many weak solutions
in (0, T) x Q satisfying the energy inequality.

Eduard Feireisl Oscillatory solutions



Transformation - Step |

Helmholtz decomposition

hu=v+V+V, V¥

dwwzou/de:Q/de:QVERz
Q Q

Fixing h and the potential ¥

Och+ AW =0
h(0,-) = ho, —8:h(0,-) = AW,




Problem |

Equation

Oev + divy ((V +V+ V. V) f (v+V+V.V) + (ah2 + atw) ]I>

+0:V
v+V 4+ Vv )

AR

Constraints and initial conditions
divev =0, /v(t“7 )dx=0
Q

v(0,-) = vo, V(0)

Eduard Feireisl Oscillatory solutions



Transformation - Step Il

Prescribing the kinetic energy

1v+V+ VWP

p— P J— 2_
5 : = E =A(t) — ah® — O,V

Problem 11

OV + 0V

2
+diVX((v+V+VXW)@§(v+V+VX\U) _%|v+V—;VX\U| ]I>

h\ /2

Eduard Feireisl Oscillatory solutions



Transformation - Step Il

Determining function V

1 h 1/2
Vo | = 7 Y
OV /ﬂ(%) x

1 h\ 12
—iim [ (GE) v ar ax Vo) = Ve
Q




Problem I

Equation

Oev + div ((" + Vv] + Vi) © (v + V[v] + VX\,,))

h

= — (2’,’5)/ (v+ VY] + VW)

1 h\ 12 ,
o ), \2e) (VM ) o

1
V®W:v®W7§V'WH




Transformation - Step IV

Solving elliptic problem

div,M = divy (V.m + V,m — div,ml)

(2’}_:)1/2 (v+ Viv] + V.0)

L ) vy ) L
+—/’y(—) v + V|v] + V¥ dx—l—hf——/hfdx,
o /.7 \2E HIPA

/M(t, -y dx =0 for any t € [0, T].
Q




Abstract formulation

Variable coefficients “Euler system”

v+ H[V]) © (v + H[v])

8tV + diVx ((

+MM):0

Kinetic energy

1|v+Hpy]®
> hy M




Euler-Fourier system

(joint work with E. Chiodaroli and O.Kreml)

Mass conservation

Oro + divx(pu) =0

Momentum balance

Ot(ou) + divi(ou ® u) + Vi(09) =0

Internal energy balance

g [af(gﬁ) + divx(gﬁu)] — AY = —pddivyu




Transformation

Ansatz

ou=v+V, ¥V, div,v =0

Equations

0o+ AV =0

(V + Vx\ll) X (V + VXW)
4

Orv + divy ( ) + Vi(0:V + 09) =0

> (0u(09) + dive (9(v + V.)) ) — &0 = —oidiv (

v+VX\IJ>
o




Solution

Construction of solutions

1 Fix o and compute the acoustic potential W

2 Compute ¢ = J[v] for v € L™

g (Ot(gﬁ) + divy (ﬂ(v T VX\V))) — A = —ovdivy (

V+Vx\|/)
o

3 Observe that 0 < 19 < ¥, 9 independent of v
4 Take 3
E=x(t) = 509lv]

and use the non-local variant of Oscillatory Lemma




Euler-Korteweg-Poisson system

(joint work with D.Donatelli and P.Marcati)

Mass conservation - equation of continuity

Oro + divi(pu) =0

Momentum equations - Newton’s second law

O¢(ou) + divy(ou ® u) + V.p(o)

1
oVx (K(Q)AxQ + §K’(9)|Vx9|2) —ou+ oV, V

Poisson equation




Euler-Cahn-Hilliard system
Model by Lowengrub and Truskinovsky

Mass conservation

Oro + divx(pu) =0

Momentum balance
O¢(ou) + divy(ou @ u) + Vypo(o, c) = divy (QVXC ® Vic — §|ch|2]l)

Cahn-Hilliard equation

De(0c) + divy(ocu) = A (,uo(g, o) — édivx (gvxc))




Models of collective behavior

(joint work with J.A. Carrillo, P.Gwiazda, A.Swierczewska—Gwiazda)

Mass conservation

Oro + divx(pu) =0

Momentum balance
Ot(ou) + divy(ou ® u)
= —V.p(0) + (1 - H (\u|2)) ou

—oVxK % 0+ 0v [g(u — u())}




Inviscid limits

If you cannot do great things, do small things in a
great way

Napoleon Hill [1883-1970]

Oliver Napoleon Hill was an American self-help author




Navier—Stokes system

Field equations
Oro + divx(ou) =0
Ot(ou) + divi(ou ® u) + Vip(p) = div,S(Viu)
Constitutive equations

p(o) =a¢’, a>0, y>1

2
S(Vxu) = (qu + Viu — Ndivmﬂ) + ndiv,ul

Far field conditions

0= 000 >0, u—0as|x| - o0




Finite energy solutions

Energy inequality
[ 320+ P@) - Plo)e - 22) -~ Plew)] () ax

—|—/ S(Vxu) : Viu dxdt
RN

< [ [ 4 o) — Pmden = 0) — Plo)]

Bounded energy solutions

/RN Bglul2 + P(0) — P'(050)(0 — 000) — P(goo)] (r.-) dx

+/ S(Vxu) : Vyu dxdt < E
RN




Uniform bounds

Pressure potential

|Q_Qoo‘2 ife%<g<2goo

P(0) = P'(e)(e — 0x) = P(0w) ~
1+ P(o) otherwise

Viscous stress

2
S(Vxu) : Viu = % Vyeu+ Veu' — %divxu + n\divxu\2




Vanishing viscosity limit

Viscosity coefficients
B=pn N0, =110
Approximate solutions
(0n — 000) bounded in L=(0, T; (L + L*)(R"))

. oo el 2y pN
m, = gnu, bounded in L*(0, T; (L1 4+ L°)(R™))

Convergence in the sense of distributions

0n = 0inD'((0,T) x RY), 0— 00 € L(0, T; (L” + L*)(RY))

m, — min D'((0, T) x RY; RY), m € L=(0, T; (L5%T + L2)(R"))




Strong convergence to weak solutions

Theorem - EF, M.Hofmanova

Suppose that ¢, m is a weak solution of the Euler system in
D'((0, T) x RY).

Then

[3m + P(on) — P e = 0) — Plow)]

N B' m[* +P(o)—P (Qoo)(Q—Qoo)_P(Qoo)}

in L*((0, T) x R"), in particular

(0 — 00) = (0= 05) in (L7 + L7)((0, T) x RY)
m, — min (L3714 L2)((0, T) x R, RY)




Energy defect

Bounded energy

1[m,*

e(en,mn) = | 5 o + P(2n) = P'(000)(0n — 000) — P(Qoo)}

bounded in L°°(0, T; L*(R")).

Duality
L'(R") < M(R") — the space of Borel measures

M(RY) = [CO(RN)]*

L(0, T; L"(R™)) = [L'(0, T; Go(R"™))I"

Weak convergence

e(gﬂv m”) - e(ga m)

P(0n) = P'(0c0)(en — 00) = P(0c0) = P() = P'(000)(0 — 000) —
weakly-(*) in L°°(0, T; M(R"))




Pressure defect, |

Isentropic pressure, weak convergence
p(e) = (v —1)P(o)
p(on) = P'(0ss)(on — 050) — P(0)
= (v = 1)P(2) — P'(00c)(0 — 00) — P(0c)
weakly-(*) in L°°(0, T; M(RY))

Compatibility

lim /OT/ [p(2n) — p(0)] diviep dxdt

n— oo

P’ (000)(0n — 000) — P(000)] diviep dxdt

)0 — 0c0) — p(goo)} divyp dxdt

pc c;’°((o, T) x R"; R’V)




Pressure defect, |l

Internal energy defect

P(0) — P"(000)(0 — 050) — P(000)— [P(g)—P/(Qoo)(Q—Qoo)—P(Qoo)] >0

Pressure defect

Ry = (v = 1)P(0) — P'(0)(0 — 0) — P(00)
—(v-1) [P(Q) — P'(000)(0 = 000) — P(00)| >0
R, € L°°(0, T; MT(RY))

Compatibility

n—o00

T T
lim / / [p(en) — p(0)]diviep dxdt = / divep dR,
0o JRN 0 JRN




Turbulent stress

Convective term

Mn ©Mn o joog T 11(RY; RVMY)

Weak convergence

weakly-(*) in L>(0, T; M(R"; RNXN

Turbulent viscous stress (defect)

m®m_m®m
14

€ L=, T; M*(RY; RNEMY)




Positivity of the turbulent stress

Positivity of a matrix valued measure
De MY RY; RN < / P(E®€):dD >0
RN
for any p € CZ(R), ¢ >0, £ € RY

Positivity of the turbulent viscous stress

/(]T/RgsO(£®§):d9‘iv

T T m,em, mgm|
= I|m/O /RN[ . }.({@E)g@dxdt

n—o00

On

T . 2 . 2
= Iim/ / [‘m" 6 m-¢| }s@dxdtzo
n—oo Jo JRN ©On Y




Limit process

Consistency

,
/ / [000rp + M, - Vo] dxdt — 0
0 RN

for any p € C((0, T) x RY)

.
/ / {m,, - Orp + m, ® My 1 Vi + p(on)divep| dxdt — 0
0 RN

n

for any ¢ € C((0, T) x RN, RM)
Reorganizing

m, ® m, .
m, - Orp + ————— : Vi + p(on)divxep

©n

On 4
mam

- ('“" om,  me '“) Ve + (p(on) — p(0))divsep

+my - Orp + 1 Vip + p(o)divep




Limit system (dissipative solutions)

Equations

m®m

atm + diVx (

) + Vip(0) = —divy (R, + R,0)
in D'((0, T) x RY)

Turbulent defect measures
R, € L0, T; MT(RY; RIEY)
R, € L0, T; MT(RY))

1 1
Etrace[iﬂv] + —%R

e(g7m)+ ’Y_]-




Solvability of the problem

Basic equation
D = R, (t) + Rp ()l € MT(RY; RELN) for a.a. t € (0, T)
div,D = 0 in D'(R")

Weak formulation

Vi : dD = 0 for any ¢ € C(RY)

RN




Larger class of test functions
Weak formulation

Vi : dD = 0 for any ¢ € C(RY)

RN
for any ¢ € C(RM)

0<wr <1, ¢ge C(R)
Yr(Y)=1if Y| <r, Yvr(Y)=0if |Y| > 2r, |[Vigr| <
Globally Lipschitz test functions

OZ/RNVX(th,o):d]D):/RN";ZJRVXgo:dD+/RN(VXwR®<p):dD

= / Vip :dD +/ [WrV e + (Vitbr @ )] : dD
|x|<R

[xI=R




Conclusion

Extending the class of text functions
Ve :dD =0
RN
for any ¢ € C®(R"), |[Vxp| < ¢

Special test function

N
@, 0= &k
j=1

Conclusion

/ (€®¢):dD=0= (€®€):D=0=D=0
RN




Solving ill-posed problems

Another advantage of a mathematical statement is
that it is so definite that it might be definitely wrong.
Some verbal statements have not this merit.

L.F. Richardson [1881-1953]



Isentropic Euler system revisited

Phase variables
mass density
momentum
(total) energy

Mass conservation

atQ + divxm =0

Balance of momentum

m®m

8tm + diVx <

Energy balance

d 1|m)? a
—E(t) < E = =
dt () <0, /ﬂ-N|:2 0 +’y—1




Dissipative solutions

Phase variables

mass density

momentum

“turbulent” defect measures
M, € L=(0, T; MFT(TV; REZN

Euler system

atQ+dime =0
mm

8tm + diVx (

> + V.p(o) = —=diviR, — (v — 1)V Re

d
— <
th(t) <0




Dissipative solutions - existence

Existence

Dissipative solutions can be constructed as limits of energy dissipating
numerical schemes (Lax—Friedrichs and similar). They appear as zero
viscosity limit for the Navier—Stokes system

Dissipative—strong uniqueness

A dissipative solution coincides with a strong solution starting from the

same initial data on the life—span of the latter (see also similar results on
measure—valued solutions - Wiedemann et al.)

Uniqueness - semigroup selection

For each initial data, one can select a global in time dissipative solution so
that the resulting system forms a semigroup. The selected solutions
maximize the energy dissipation




Relative energy

Relative energy

+ 5tr[z)%v] + R, P(o) =

Relative energy decomposition

/TNS(Q,m r,u) dx
:/ [;\";\2 +P(o )} dx+~/1r"’ [%tr[mv]+me]
[ o]y - P] ax

+/qu [P'(r)r — P(r)] dx




Relative energy inequality

/TN‘S(Q"“rU)(T')dX*/TNS( ) (0,) dx
//VU 9<U—*) (U—m) dxdt
// (r))dIVdedt

// ((rU) + divy ( rU®U)+Vp(r)] (gu m) dxdt

// 8r—|—d1v ruU) [ —7) '(r)-i-fU-(m—QU)} dxdt

/(/VU dRY( ) /(/dde?J% )




Dispersive velocity weak solutions

Besov spaces

a,00 v(i-+ —v(- _
V€ BI(Q) & Wl +sup T Do
3

Class D

o€ C([o, T]; LY(T)), u e C([o, T]; L(TV; R?))
0<0<0o<p |u<uaa in(0,T)xQ

o€ By([6, T] x T), u e By >=([s, T] x T"; RY)
4y

forany 0 < < T, a>1, p>
2 v—1

/w [~€-u(r, )€ Va)o + D(r)Igle] dx>0foraa T (0,T)

forany £ € RY and any ¢ € Cl(TN), @ >0, where D € LI(O, T)




Weak (dissipative) — weak uniqueness

Theorem

Let o, m = pu be a weak solution of the Euler system belonging to class
D, and let g, m be a dissipative solution of the same problem starting

from the same initial data.
Then




Commutator estimates

Basic properties of Besov functions

[V]e = v * Y-

a a—1
lv]e - VHLP(Q) <e HVHB,?’“’(Q)a ”vX[V]EHLP(Q) <

VHBS"‘X’(Q)

Lemma

Let Q be a bounded domain in RM. Suppose that V : § — R belongs to
the Besov space B"*(Q, R¥), p > 2, where @ C RM is another domain
containing @ in its interior. Let 1° be a standard family of regularizing
kernels, supp[n°] C {|y| < €}. Let G : K — R be a twice continuously
differentiable function defined on an open set K C R* containing the
closure of the range of V. Finally, set [v]. = n® x v.
Then

IVyG([V]e) = Vy[G(V)]:]l,

< (16 ) (1+ VI aumt )
for Vy, = (0, - - -, Oy )-




Semiflow selection

Semiflow
U[t, 00, mo, Eo] = [o(t), m(t), E(t=)], t >0
Semigroup property
U[tl + t2, 0o, Mo, Eo] = U[tz, U[h, 00, Mg, Eo]] for any 0 <t <t

Dissipative solution

AS] Cweak,loc([07 OO); L’Y(TN))

mec CweakJoc([Oy OO); L% (TN; RN))
E € BVioc([0, 00); R), (non—increasing)

Initial data

Q(Ov ) = Qo, m(Ov ) = Mo, E(O+) < Eo




Semiflow
Basic properties

m Stability of regular solutions. Let g, m be a solution in the class D,

2
EO:/ |:|m0| + 2
Q

7| dx,
o 7—190

defined on a maximal time interval [0, Tmax). Then

U[t, 00, Mo, Eo] = [@ﬁ\'l, Eo](t) forall t € [0, Tm.dx).
such that

m Maximal dissipation. Let 9, m be a dissipative associated energy E

E(t) < E(t) for all t >0,

where E is the energy of the semiflow U[t, go, mo, Eo]. Then

E(t) = E(t) for all t > 0.
m Stability of stationary states. Let ¢ > 0, m = 0 a stationary
solution. Then

o(T,)=0, m(T,)=0 = o(t,) =9, m(t,-)=0forall t > T

«O0> 4FF P «E» <=



Abstract setting

Phase space

Data space

1 |mo|? a

D:{[Qo,mo,Eo]EX‘QoZO,/ { + Qg:| deEo}.
™ |2 0o v—1

Trajectory space

Q = Goc([0, 00); W2(TY)) X Cioe ([0, 00); W™E(TV; RM)) x Lioc (0, 00)




Method by Krylov adapted by Cardona and Kapitanski

Multi-valued solution mapping
U : [00, Mo, Eo] + [0, m, E] € 27

Time shift

St o¢, STof(t):f(T+t), t>0.

Continuation

&(r) for0 <7< T,

&1 UT &(T) = {

&(r—T)forT>T.




Basic ansatz

m (A1) Compactness: For any [go, mo, Eo] € D, the set U[go, mo, Eo]
is a non—empty compact subset of Q

m (A2) The mapping

D> [QOy mo, EO] — U[Q(Jy mo, EO] € 2Q

is Borel measurable, where the range of U is endowed with the
Hausdorff metric on the subspace of compact sets in 2%

m (A3) Shift invariance: For any
[o,m, E] € U[go, mo, Eo],
we have
Stolo,m,E] € U[o(T), m(t), E(T—)] for any T > 0.
m (A4) Continuation: If T > 0, and
[, m", E'] € Uloo, mo, Eo], [¢*,m*, E*] € U[e' (T), m'(T), EN(T-)],
then

[o',m', E' Ut [0°, m®, E’] € U[go, Mo, Eo).

«4O0» «F» «E>»




Induction argument

System of functionals

Inrlo,m, E] = / exp(—=At)F(o,m,E) dt, A >0
0

where
F:X=W Q) x W “(Q;R"VXR—R

is a bounded and continuous functional

Semiflow reduction

Ix,F o U[go, mo, Eo)
- {[97 m, E] S Z/[[Qo, mo, EO]

rlo,m, E] < I ¢[5, @, E] for all [3,th, E] € Uloo, mo, Eo] |

Induction argument

U satisfies (A1) - (A4) = Iy r oU satisfies (A1) - (A4)




Testing functionals

Abstract ansatz

A countable {w,}52, in L>(T"; R), a countable set {\«}52; which is
dense in (0,00), 8 : R — R bounded strictly increasing function

Functionals

hooolo,m, E] = / ” exp(— M) BE(D))dt,

0

Ik,0,m[lo,m, E] = / exp(—A«t)B </ m-wp, dx) dt,
0 TN

Lerch theorem

/ exp(—Axt)a(t)dt :/ exp(—Axt)b(t)dt for all g
0 0
=
a(t) = b(t) fora.a. t >0




