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Scaled Navier-Stokes system

Continuity equation

∂t%+ divx(%u) = 0

Momentum equation

∂t(%u) + divx(%u⊗ u) +
1

ε
%f × u +

1

ε2m
∇xp(%)

= εα divxS(∇xu) +
1

ε2n
%∇xG

Newtonian viscous stress

S(∇xu) = µ

(
∇xu +∇t

xu− 2

3
divxuI

)
+ ηdivxuI, µ > 0

f -plane approximation

f = [0, 0, 1], ∇xG = [0, 0,−1]
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Spatial domain and boundary conditions

Infinite slab

Ω = R2 × (0, 1)

Complete slip boundary conditions

u · n = u3|∂Ω = 0, [S · n]tan|∂Ω = 0

Far field conditions

%→ %̃ε, u→ 0 as |x | → ∞

Static density distribution

∇xp(%̃ε) = ε2(m−n)%̃ε∇xG , %̃ε → 1 as ε→ 0
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Singular limits

Low Mach number

Mach number ≈ εm:

compressible → incompressible

Low Rossby number

Rossby number ≈ ε:
3D flow → 2D flow

High Reynolds number

Reynolds number ≈ ε−α:

viscous (Navier-Stokes) → inviscid (Euler)

Low stratification

m

2
> n ≥ 1
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Uniform bounds

Energy inequality∫
Ω

[
1

2
%|u|2 +

1

ε2m
(H(%)− H ′(%̃ε)(%− %̃ε)− H(%̃ε))

]
(τ, ·) dx

+εα
∫ τ

0

∫
Ω

S(∇xu) : ∇xu dx dt

≤
∫

Ω

[
1

2
%0,ε|u0,ε|2 +

1

ε2m
(H(%0,ε)− H ′(%̃ε)(%0,ε − %̃ε)− H(%̃ε))

]
dx

H(%) = %

∫ %

1

p(z)

z2
dz , p(%) ≈ a%γ , γ >

3

2

Ill-prepared initial data

%0,ε = %̃ε + εm%
(1)
0,ε, %

(1)
0,ε → %

(1)
0 in L2(Ω), ‖%(1)

0,ε‖L∞ ≤ c ,

u0,ε → u0 in L2(Ω; R3)
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Limit system

Limit density deviation

ess sup
t∈(0,T )

‖%ε(t, ·)− 1‖Lγ
loc(Ω) ≤ εmc

Limit velocity

√
%εuε → v


weakly-(*) in L∞(0,T ; L2(Ω; R3)),

strongly in L1
loc((0,T )× Ω; R3) ,

Euler system

∂tv + v · ∇xv +∇xΠ = 0 in (0,T )× R2

v0 = H

[∫ 1

0

u0 dx3

]
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Relative entropy inequality

Relative entropy

Eε
[
%,u
∣∣∣r ,U]

=

∫
Ω

[
1

2
%|u−U|2 +

1

ε2m

(
H(%)− H ′(r)(%− r)− H(r)

)]
dx

Relative entropy inequality

Eε
(
%,u

∣∣∣ r ,U
)

(τ)+εα
∫ τ

0

∫
Ω

(
S(∇xu)−S(∇xU)

)
:
(
∇xu−∇xU

)
dx dt

≤ Eε
(
%0,ε,u0,ε

∣∣∣ r(0, ·),U(0, ·)
)

+

∫ τ

0

∫
Ω

R(%,u, r ,U) dx dt

Test functions

r > 0, U · n|∂Ω = 0, (r − %̃ε), U→ 0 as |x | → ∞
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Remainder

∫ τ

0

∫
Ω

R(%,u, r ,U) dx dt

=

∫ τ

0

∫
Ω

% (∂tU + u · ∇xU) · (U− u) dx dt

+εα
∫ τ

0

∫
Ω

S(∇xU) : ∇x(U−u) dx dt +
1

ε

∫ τ

0

∫
Ω

%(f×u) · (U−u) dx dt

+
1

ε2m

∫ τ

0

∫
Ω

[
(r − %)∂tH

′(r) +∇x (H ′(r)− H ′(%̃ε)) · (rU− %u)
]
dx dt

− 1

ε2m

∫ τ

0

∫
Ω

divxU
(

p(%)−p(r)
)
dx dt +

1

ε2n

∫ τ

0

∫
Ω

(%−r)∇xG ·U dx dt
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Reformulation

Decomposition

rε =
%ε − 1

εm
= qε + sε, %εuε = vε + Vε

[qε, vε] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . non-oscillatory component
[sε,Vε] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . oscillatory component

“Acoustic analogy” - Poincaré waves

εm∂t

[
%ε − 1

εm

]
+ divx [%εuε] = 0

εm∂t [%εuε] + εm−1f × [%εuε] +∇x

[
%ε − 1

εm

]
= εfε
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Test function ansatz

Density deviation

r = %̃ε + εm(qε + sε)

Velocity decomposition

U = vε + Vε

Initial data

%
(1)
0,ε = (qε + sε)(0, ·), u0,ε = (vε + Vε)(0, ·)
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Non-oscillatory - Euler system

Diagnostic equation

ωf × vε +∇xqε = 0, ω = εm−1

ωcurlv = −∆qε

Perturbed Euler system

∂t
(
∆qε − ω2qε

)
− 1

ω
∇tqε · ∇

(
∆qε − ω2qε

)
= 0

Initial data(
∆qε − ω2qε

)
(0, ·) = ωcurl

[∫ 1

0

u0,ε dx3

]
− ω2

∫ 1

0

%0,ε dx3
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Oscillatory - vanishing part

Poincaré waves

εm∂tsε + divxVε = 0

εm∂tVε + ωf × Vε +∇xsε = 0, ω = εm−1

Antisymmetric acoustic propagator

B(ω) :

[
s
V

]
7→
[

divxV
ωf × V +∇xs

]
.
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Fourier representation

Poincaré waves

εm∂t

[
sε(ξ, k , ω)
Vε(ξ, k , ω)

]
= iA(ξ, k , ω)

[
sε(ξ, k, ω)
Vε(ξ, k, ω)

]
Hermitian matrix

iB(ω) ≈ A(ξ, k , ω) =


0 ξ1 ξ2 k
ξ1 0 ωi 0
ξ2 −ωi 0 0
k 0 0 0

 .
Eigenvalues

λ1,2(ξ, k , ω) = ±
[
ω2+|ξ|2+k2+

√
(ω2+|ξ|2+k2)2−4ω2k2

2

]1/2

λ3,4(ξ, k , ω) = ±
[
ω2+|ξ|2+k2−

√
(ω2+|ξ|2+k2)2−4ω2k2

2

]1/2
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Fourier analysis

k fixed, ψ ∈ C∞c (0,∞), 0 ≤ ψ ≤ 1

Frequency cut-off

Z (τ, xh, k , ω) = F−1
ξ→xh

[
exp

(
± iλj(|ξ|, k , ω)τ

)
ψ(|ξ|)ĥ(ξ)

]
, τ = t/εm

‖Z (τ t, ·, k , ω)‖L∞(R2)

≤
∥∥∥F−1

ξ→xh

[
exp

(
± iλj(|ξ|, k , ω)τ

)
ψ(|ξ|)

]∥∥∥
L∞(R2)

‖h‖L1(R2)

Fourier transform of radially symmetric function

F−1
ξ→xh

[
exp

(
± iλj(|ξ|, k , ω)τ

)
ψ(|ξ|)

]
(xh)

=

∫ ∞
0

exp
(
± iλj(r , k , ω)τ

)
ψ(r)rJ0(r |xh|) dr ,
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van Corput’s lemma

Lemma

Let Λ = Λ(z) be a smooth function away from the origin,

∂zΛ(z) monotone, |∂zΛ(z)| ≥ Λ0 > 0

for all z ∈ [a, b], 0 < a < b <∞. Let Φ be a smooth function on [a, b].
Then∣∣∣∣∣

∫ b

a

exp (iΛ(z)τ) Φ(z) dz

∣∣∣∣∣ ≤ c
1

τΛ0

[
|Φ(b)|+

∫ b

a

|∂zΦ(z)| dz

]
,

where c is an absolute constant independent of the specific shape Λ

and Φ.
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Decay estimates

Lp − Lq estimates

‖Z (τ, ·, k , ω)‖Lp(R2) ≤ c(ψ, p, k) max

{
1

ωτ 1−β/2
;

1

τβ/2

}1− 2
p

‖h‖Lp′ (R2)

for p ≥ 2,
1

p
+

1

p′
= 1, β > 0, λj 6= 0.

Scaling

ω ≈ εm−1, τ ≈ t/εm

Dispersive decay

∥∥∥Z
( t

εm
, ·, k , ω

)∥∥∥
Lp(R2)

≤ c ε
1
2−

1
p max

{
1

t1−1/2m
;

1

t1/2m

}1− 2
p

‖h‖Lp′ (R2)


