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Domains with rapidly oscillating boundaries

Ωε ⊂ R3

Ωε satisfy uniform δ−cone condition (⇒ Ωε → Ω)

∂Ωε oscillate:

lim
r→0

(
lim inf

ε→0

1

|∂Ωε ∩ Br (y)|2

∫
∂Ωε∩Br (y)

|(n− ny ) ·w| dSx

)
> 0

for any |w| = 1, w · ny = 0

wε · n|∂Ωε = 0, wε → w weakly in W 1,2(R3;R3)

⇒

w|∂Ω = 0
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Low Mach number limit

Compressible Navier-Stokes system

∂t%ε + divx(%uε) = 0

∂t(%εuε) + divx(%εuε ⊗ uε) +
1

ε2
∇xp(%ε) = divxS(∇xuε)

S(∇xu) = ∇xu +∇t
xu−

2

3
divxuI

Incompressible limit

divxU = 0

% (∂tU + divx(U⊗U)) +∇xΠ = divxS(∇xu)
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Boundary conditions

Complete slip

Ωε ⊂ R3, uε · n|∂Ωε = 0, [S(∇xuε)n]× n|∂Ω = 0

Ωε = R3 \ Bε exterior domains, Ωε → Ω

No-slip

Ω ⊂ R3, U|∂Ω = 0

Conditions for |x | → ∞

u → 0 (or U∞), %→ % as |x | → ∞,
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Cost functional (Drag)

Drag

Dε =

∫
∂Ωε

(
S(∇xuε) ·U∞ · n− 1

ε2
p(%ε)U∞ · n

)
dSx .

Dτ1,τ2 =

∫ τ2

τ1

Dε(t) dt

Alternative formula

uε|∂Ωε = Uε, divxuε = 0, uε → 0 as |x | → ∞∫
∂Ωε

(
S(∇xuε) ·U∞ · n− 1

ε2
p(%ε)U∞ · n

)
dSx

=

∫
Ωε

divx

(
S− 1

ε2
pI
)

u∞ +

∫
Ωε

S : ∇xu∞
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Stability issues

Energy inequality∫
Ωε

(
1

2
%ε|uε|2 +

1

ε2
E (%ε, %)

)
(τ, ·) dx

+

∫ τ

0

∫
Ωε

S(∇xuε) : ∇xuε dx dt

≤
∫

Ωε

(
1

2
%0,ε|u0,ε|2 +

1

ε2
E (%0,ε, %)

)
dx

Relative entropy

E (%, %) = P(%)− P ′(%)(%− %)− P(%)

P(%) = %

∫ %

1

p(z)

z2
dz , P ′′(%) =

1

%
p′(%)
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Constitutive relations

p ∈ C 1[0,∞)∩C 2(0,∞), p′(%) > 0 for % > 0, lim
%→∞

p′(%)

%γ−1
= p∞ > 0

γ >
3

2

1

ε2
E (%, %) ≈

(
%ε − %

ε

)2

for % ≈ %

1

ε2
E (%, %) ≈ 1

ε2−γ

(
%ε − %

ε

)γ

for % >> %
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Ill-prepared initial data and uniform bounds

%ε(0, ·)− % = εrε, rε bounded in L2 ∩ L∞(Ωε)

uε(0, ·) = u0,ε ∈ L2(Ωε;R
3)

ess sup
t∈(0,T )

∥∥∥∥%ε − %

ε

∥∥∥∥
L2+Lγ(Ωε)

≤ c

ess sup
t∈(0,T )

‖√%εuε‖L2(Ωε;R3) ≤ c

Modified Korn’s inequality:∫ T

0

∫
Ωε

|∇xuε|2 dx dt ≤ c
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Family of domains

Ωε ⊂ R3 is an exterior domain with C 2−boundary

there is a d > 0 such that

R3 \ Ωε ⊂ Bd ≡ {x ∈ R3 | |x | < d} for all ε > 0;

Ωε satisfy the uniform δ−cone condition with δ > 0
independent of ε;

for each x0 ∈ ∂Ωε, there are two (open) balls
Br [xi ] ≡ {x ; |x − xi | < r} ⊂ Ωε, Br [xe ] ⊂ R3 \ Ωε of radius
r > cbε

β such that

Br [xi ] ∩ Br [xe ] = x0,

with cb > 0, 0 ≤ β < 1/4 independent of ε.
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Helmholtz decomposition

uε = Hε[uε] + H⊥
ε [uε], H⊥

ε [uε] = ∇xΦε

∆Φε = divxuε in Ωε, ∇xΦε · n|∂Ωε = 0,Φε → 0 as |x | → ∞

uε ≈ %εuε = H[%εuε] + (H−Hε)[%εuε] + H⊥
ε [%εuε]

H[%εuε] → %U a.a. pointwise

(H−Hε)[%εuε] → 0 a.a. pointwise

H⊥[%εuε] ≡ ∇xΦε → 0 weakly (in time)
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General strategy

%εuε = [%εuε]ess + [%εuε]res

[%εuε]ess ∈ L∞(0,T ; L2(Ωε;R
3))

‖[%εuε]res‖L∞(0,T ;Lr (Ωε,R3) ≤ ε1/γc , r =
2γ

γ + 1

Helmholtz decomposition [Farwig, Kozono, and Sohr]

‖Hε[v]‖(Lp∩L2)(Ωε,R3) ≤ ε
−β

�
3
2
− 3

p

�
c(p)‖v‖(Lp∩L2)(Ωε,R3)

2 ≤ p <∞
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Acoustic equation

rε =
%ε − %

ε
, Vε = %εuε

ε∂trε + divxVε = 0

ε∂tVε + p′(%)∇x rε

= εdivx (S(∇xuε)− %εuε ⊗ uε)

−1

ε
∇x

(
p(%ε)− p(%)− p′(%)(%ε − %)

)
Vε · n|∂Ωε = 0
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Acoustic wave equation

ε∂trε + ∆Φε = 0

ε∂tΦε + p′(%)rε

= ε∆−1divxdivx (S(∇xuε)− %εuε ⊗ uε)

−1

ε

(
p(%ε)− p(%)− p′(%)(%ε − %)

)
∇xΦε · n|∂Ωε = 0
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Abstract formulation

Aε[v ] = −∆v in Ωε, ∇xv · n|∂Ωε = 0

Aε a non-negative self-adjoint operator on L2(Ωε)

Abstract acoustic equation

ε∂trε − Aε[Φε] = 0

ε∂tΦε + rε = εF (Aε)[gε]

F (A) may become singular for A → 0+, A →∞
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Variation-of-constants formula

Φε(t) =
1

2
exp

(
i
√

Aε
t

ε

)[
Φ0,ε + i

1√
Aε

[r0,ε]

]
+

1

2
exp

(
−i
√

Aε
t

ε

)[
Φ0,ε − i

1√
Aε

[r0,ε]

]
1

2

∫ t

0

(
exp

(
i
√

Aε
t − s

ε

)
+ exp

(
−i
√

Aε
t − s

ε

))
F (Aε)[gε(s)] ds,

{Φ0,ε}ε>0, {r0,ε}ε>0, {gε}ε>0 determined by the data

Bounds on gε

Dispersive estimates on the local decay of exp(
√

Aεt/ε)
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Bounds on the forcing terms - example

∣∣∣∣∫
Ωε

S(∇xuε) : ∇2
x∆

−1
N,εϕ dx

∣∣∣∣ ≤ ‖S‖L2‖∇2
x∆

−1
N,εϕ‖L2

Elliptic estimates

‖∇2
xv‖Lp(Ωε;R3×3) ≤ c(p)

(
‖∆xv‖Lp(Ωε) +

1

ε2β
‖v‖Lp(Ωε)

)
1 < p <∞

‖∇2
x∆

−1
N,εϕ‖L2 ≤ c

(
‖ϕ‖L2 + ε−2β‖∆−1

N,ε[ϕ]‖L2

)

∆−1
N,εdivxdivxS = ε−2βF (Aε)gε, F (z) = 1+

1

z
, gε ∈ L2(0,T ; L2(Ωε)).
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Dispersive estimates

〈
exp

(
i
√

Aε
t

ε

)
G (Aε)[ψ], ϕ

〉
=

∫ ∞

0
exp

(
i
√

y
t

ε

)
G (y)ψ̃(y)dµε,ϕ(y)

µε,ϕ − spectral measure associated to ϕ

‖ψ̃‖L2
µ[0,∞) ≤ ‖ψ‖L2(Ωε)

∫ T

0

∣∣∣〈exp(i√Aε
t

ε

)
G (Aε)[ψ], ϕ

〉∣∣∣2 dt

=

∫ T

0

∫ ∞

0

∫ ∞

0
exp

(
i
(√

y −
√

x
) t

ε

)
G (y)G (x)ψ̃(y)ψ̃(x) dµε,ϕ(y) dµε,ϕ(x)
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Convergence via Kato’s theorem

∫ ∞

0
exp

(
−
|
√

x −√y |2

ε2
T 2

4

)
dµε,ϕ(y)

=
∞∑

n=0

∫
εn≤|√y−

√
x |<ε(n+1)

exp

(
−
|
√

x −√y |2

ε2
T 2

4

)
dµε,ϕ(y)

≤ sup
n≥0

∫
εn≤|√y−

√
x |<ε(n+1)

1dµε,ϕ(y)
∞∑

n=0

exp

(
−n2T 2

4

)
for x ∈ supp[G ]
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Stone’s formula:

µε,ϕ(a, b)

= lim
δ→0+

lim
η→0+

∫ b−δ

a+δ

〈(
1

Aε − λ− iη
− 1

Aε − λ+ iη

)
ϕ,ϕ

〉
dλ
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Limiting absorption principle:



Operators

V ◦ (Aε − λ± iη)−1 ◦ V : L2(Ω) → L2(Ω),

V[v ] = (1 + |x |2)−s/2, s > 1

are bounded uniformly for λ ∈ [a, b], 0 < a < b, η > 0,
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Conclusion via Kato’s result

Operators Aε satisfy Limiting Absorption Principle

=⇒

µε,ϕ[I ] ≤ cδ|I | for any interval I ⊂ [δ, 1/δ], δ > 0

=⇒

∫ T

0

∣∣∣〈exp(i√Aε
t

ε

)
G (Aε)[ψ], ϕ

〉∣∣∣2 dt ≤ εc(G , ϕ)‖ψ‖2
L2(Ωε)
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Stone’s formula ⇒

µε,ϕ(a, b) =

∫ b

a

〈(
w−

ε,λ − w+
ε,λ

)
, ϕ
〉

L2(Ωε)
dλ, 0 < a < b,

where w±
ε,λ solve

∆w±
ε,λ + λw±

ε,λ = ϕ in Ωε, ∇xw
±
ε,λ · n|∂Ωε = 0,

Sommerfeld radiation condition

lim
r→∞

r
(
∂r ± i

√
λ
)

w±
ε,λ = 0, r = |x |
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Reduction to bounded domain case:

supp[ϕ] ⊂ {|x | ≤ R}

w±
ε,λε

(x) =
∞∑
l=0

l∑
m=−l

am
l Y m

l (θ, φ) for |x | = 2R

(r , θ, φ) polar coordinates

w±
ε,λε

(x) =
∞∑
l=0

l∑
m=−l

am
l Y m

l (θ, φ)
h

(1)
l (±

√
λr)

h
(1)
l (±

√
λ2R)

for all x ∈ R3\B2R ,

Y m
l spherical harmonics of order l

h
(1)
l spherical Bessel functions
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