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Scale analysis

X ≈ x

Xchar
, ∂X ≈ Xchar∂x

Geometric scaling

Characteristic length, time, velocity, magnitude of external forces

Material scaling

Scaling constitutive relations - pressure, viscosity, density,
temperature
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Scaled compressible Navier-Stokes system

Equations

∂t%+ divx(%u) = 0

∂t(%u) + divx(%u⊗ u) +
1

ε2
∇xp(%) = divxS(∇xu)

S(∇xu) = µ(∇xu +∇t
xu−

2

3
divxuI), µ > 0

Boundary conditions

u · n|∂Ω = 0, [S(∇xu) · n]× n|∂Ω = 0

u → 0, %→ % > 0 as |x | → ∞
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Incompressible Navier-Stokes system

Equations

divxU = 0

%
(
∂tU + divxU⊗U

)
+∇xΠ = divxS(∇xU)

S(∇xU) = µ
(
∇xU +∇t

xU
)

Boundary conditions

U · n|∂Ω = 0, [S(∇xU)n]× n|∂Ω = 0

U → 0 as |x | → ∞
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Alternative choice of boundary conditions

No-slip boundary conditions

U|∂Ω = 0

Partial slip - Navier’s friction

U · n|∂Ω = 0, [S(∇xU)]tan + β[U]tan|∂Ω = 0, β ≥ 0
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Energy balance: Stability of equilibria

Energy inequality

d
dt

∫
Ω

E (%,u) dx +

∫
Ω

S(∇xu) : ∇xu dx ≤ 0

Relative entropy

E (%, ϑ) =
1

2
%|u|2 +

1

ε2

(
P(%)− ∂%P(%)(%− %)− P(%)

)

P(%) = %

∫ %

1

p(z)

z2
dz
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Constitutive equations

Pressure

p ∈ C [0,∞) ∩ C 2(0,∞), p(0) = 0, p′(%) > 0 for % > 0

lim
%→∞

p′(%)

%γ−1
= p∞ > 0, γ >

3

2

Viscous stress

S(∇xu) = µ

(
∇xu +∇t

xu−
2

3
divxu I

)
+ ηdivxuI

µ > 0, η ≥ 0
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Energy bounds

Prepared initial data

%(0, ·) = %ε,0 = %+ εrε,0, u(0, ·) = uε,0

‖rε,0‖(L2∩L∞(Ω)) ≤ c , ‖u0,ε‖L2(Ω;R3) ≤ c

∫
Ω

E (%ε,uε)(τ, ·)dx +

∫ τ

0

∫
Ω

S(∇xuε) : ∇xuε dxdt

≤
∫

Ω
E (%ε,0,uε,0)(τ, ·)dx ≤ c for ε→ 0
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P(%)−∂%P(%)(%−%)−P(%) ≥


c(K )|%− %|2 for % ∈ K ⊂ (0,∞)

c(K )|%− %|γ for % ∈ [0,∞) \ K

K compact containing an open neighbourhood of %

ess sup
t∈(0,T )

‖√%εuε(t, ·)‖L2(Ω;R3) ≤ c
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Essential and residual parts

[h]ess = χ(%ε)h, [h]res = (1− χ(%ε))h

χ ∈ C∞
c (0,∞), 0 ≤ χ ≤ 1, χ ≡ 1 in a neighbourhood of %

ess sup
t∈(0,T )

∥∥∥∥[%ε − %

ε

]
ess

∥∥∥∥
L2(Ω)

≤ c

ess sup
t∈(0,T )

∫
Ω

1res dx ≤ ε2c

ess sup
t∈(0,T )

∥∥∥∥[%ε − %

ε

]
res

∥∥∥∥
Lq(Ω)

≤ ε
2−q

q c , 1 ≤ q ≤ min{γ, 2}
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Korn’s inequality

∫ T

0

∫
Ω

∣∣∣∣∇xuε +∇t
xuε −

2

3
divxuεI

∣∣∣∣2 dx dt ≤ c

‖v‖2W 1,2(B;R3)

≤ c(m,B)

(∥∥∥∥∇xv +∇t
xv −

2

3
divxvI

∥∥∥∥2

L2(B;R3×3)

+

∫
B∩V

|v|2 dx

)
|V | ≥ m > 0

‖uε‖W 1,2(Ω;R3) ≤ c
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Stability

rε =
%ε − %

ε
→ r weakly in (L2 + Lq)(Ω)

ess sup
t∈(0,T )

‖%ε − %‖(L2+Lq)(Ω) ≤ εc

uε → U weakly in L2(0,T ; W 1,2(Ω))

divxU = 0, U · n|∂Ω = 0
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Helmholtz decomposition

v = H[v] +∇xΨ

∆Ψ = divxv in Ω, (∇xΨ− v) · n|∂Ω = 0

∫
Ω
∇xΨ · ∇xϕ dx =

∫
Ω

v · ∇xϕ dx for all ϕ ∈ C∞
c (Ω)

Farwig, Kozono, and Sohr [2005]

If Ω ⊂ R3 is a domain with uniform C 1,1 boundary, then H is
bounded in L2 ∩ Lr for r ≥ 2 and in L2 + Lq for 1 < q < 2.
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Lighthill’s equation

rε =
%ε − %

ε
, Vε = %εuε

ε∂trε + divxVε = 0

ε∂tVε + p′(%)∇x rε = εdivxLε

Vε · n|∂Ω = 0

Lighthill’s tensor

Lε = S(∇xuε)− (%εuε ⊗ uε)− 1

ε2
(
p(%ε)− p′(%)(%ε − %)− p(%)

)
I
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Lighthill’s equation (weak formulation)

∫ T

0

∫
Ω

(
εrε∂tϕ+ Vε · ∇xϕ

)
dx dt = −

∫
Ω

rε,0ϕ(0, ·) dx

for all ϕ ∈ C∞
c ([0,T )× Ω)

∫ T

0

∫
Ω

(
εVε · ∂tϕ+ p′(%)rεdivxϕ

)
dx dt

= ε

∫ T

0

∫
Ω

Lε : ∇xϕ dx dt −
∫

Ω
Vε,0 · ϕ(0, ·) dx

for all ϕ ∈ C∞
c ([0,T )× Ω; R3), ϕ · n|∂Ω = 0
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Uniform bounds

rε = [rε]ess + [rε]res

ess sup
t∈(0,T )

‖[rε]ess‖L2(Ω) ≤ c

ess sup
t∈(0,T )

‖[rε]res‖Lq(Ω) ≤ ε
2−q

q c , 1 ≤ q ≤ min{γ, 2}

‖rε,0‖L2∩L∞(Ω) ≤ c

Eduard Feireisl Singular limits of fluids



Vε = [Vε]ess + [Vε]res

ess sup
t∈(0,T )

‖[Vε]ess‖L2(Ω;R3) ≤ c

ess sup
t∈(0,T )

‖[Vε]res‖Lr (Ω;R3) ≤ ε1/γc , r =
2γ

γ + 1

‖Vε,0‖L2(Ω;R3) ≤ c
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Lε = L1
ε + L2

ε + L3
εI

∫ T

0
‖L1

ε‖2L2(Ω;R3×3) dt ≤ c

∫ T

0
‖L2

ε‖2Lq(Ω;R3×3) dt ≤ c , q =
6γ

4γ + 3

ess sup
t∈(0,T )

‖L3
ε‖L1(Ω) ≤ c
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Compactness of velocities

Goal

uε → U in L2((0,T )× K ; R3) for any compact K ⊂ Ω

STEP 1:

∫ T

0

∫
Ω
%εuε · uεϕ dx → %

∫ T

0

∫
Ω
|U|2ϕ dx dt, ϕ ∈ C∞

c (Ω)
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STEP 2:

{
t 7→

∫
Ω

(%εuε)(t, ·) · ϕ dx

}
→
{

t 7→ %

∫
Ω

U(t, ·) · ϕ dx

}
in L2(0,T )

STEP 3:
Compactness of the solenoidal component

{
t 7→

∫
Ω

(%εuε)(t, ·) ·H[ϕ] dx

}
→
{

t 7→ %

∫
Ω

U(t, ·) · ϕ dx

}
in L2(0,T )
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Acoustic potential

%εuε = Vε = H[Vε] +∇xΨε

Ultimate goal{
t 7→

∫
Ω

Ψεdivxϕ dx

}
→ 0 in L2(0,T )

for any ϕ ∈ C∞
c (Ω; R3)
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Acoustic (wave) equation

ε∂trε + ∆Ψε = 0

ε∂tΨε + p′(%)rε = ∆−1
N [divxdivxLε]

∇xΨε · n|∂Ω = 0

∆N -Neumann Laplacian
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Acoustic equation - weak formulation

∫ T

0

∫
Ω

(
εrε∂tϕ+∇xΨε · ∇xϕ

)
dx dt = −

∫
Ω
εrε,0ϕ(0, ·) dx

for all ϕ ∈ C∞
c ([0,T )× Ω)

∫ T

0

∫
Ω

(
εΨε∂tϕ− p′(%)rεϕ

)
dx

−ε
∫ T

0

∫
Ω

(
(L1

ε + L2
ε) : ∇2

x∆−1
N [ϕ] + L3

εϕ
)

dx dt

+ε

∫
Ω

Vε,0 · ∇x∆−1
N [ϕ] dx for all ϕ ∈ C∞

c ([0,T )× Ω)
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Nemann Laplacian

D(−∆N)

=
{

v ∈ W 1,2(Ω)
∣∣∣ ∫

Ω
∇xv · ∇xϕ dx =

∫
Ω

gϕ dx , g ∈ L2(Ω)

for all ϕ ∈ C∞
c (Ω)

}
−∆N [v ] = −∆v

−∆N is self-adjoint non-negative operator in L2(Ω). If Ω is of class
C 1,1, then

D(−∆N) = {v ∈ W 2,2(Ω), ∇xv · n|∂Ω = 0}
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Spectral measures

σ(−∆N) ⊂ [0,∞), {Pλ}λ≥0 orthogonal projections in L2(Ω)

Functional calculus

〈G (−∆N)[ψ];ϕ〉 =

∫ ∞

0
G (λ) d 〈ψ; Pλ[ϕ]〉

Spectral theorem

〈G (−∆N)[ψ];ϕ〉 =

∫ ∞

0
G (λ)ψ̃(λ) dµϕ(λ)

µϕ(λ) = 〈Pλ[ϕ];ϕ〉 , ‖ψ̃‖L2
µϕ
≤ ‖ψ‖L2(Ω)
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Duhamel’s formula

Bounds on the initial data

‖rε,0‖L2(Ω) ≤ c ,

Ψ0,ε = (−∆)
−1/2
N [g1

ε ], ‖g1
ε ‖L2(Ω) ≤ c

Bounds on the forcing terms

(−∆N)−1divxdivxL1
ε = g2

ε

(−∆N)−1divxdivxL2
ε = (−∆N)[g3

ε ] + g4
ε

L3
ε = (−∆N)[g5

ε ] + g6
ε

Eduard Feireisl Singular limits of fluids



Acoustic equation - abstract formulation

ε∂trε + ∆NΨε = 0

ε∂tΨε + rε = ε
(

(−∆N)[h1
ε ] + h2

ε

)

rε(0) = rε,0, Ψε(0) = (−∆)
−1/2
N [g0

ε ]

p′(%) ≡ 1, ‖g0
ε ‖L2(Ω) + ‖h1

ε‖L2(0,T ;L2(Ω)) + ‖h2
ε‖L2(0,T ;L2(Ω)) ≤ c
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Abstract Duhamel’s formula

Ψε(t) =
1

2
√
−∆N

exp
(
i
√
−∆N

t

ε

) [
g0

ε + irε,0
]

+
1

2
√
−∆N

exp
(
−i
√
−∆N

t

ε

) [
g0

ε − irε,0
]

1

2

∫ t

0

(
exp

(
i
√
−∆N

t − s

ε

)
+ exp

(
−i
√
−∆N

t − s

ε

))
[
(−∆N)[h1

ε ] + h2
ε

]
ds

Eduard Feireisl Singular limits of fluids



Dispersive estimates

〈
exp

(
i
√
−∆N

t

ε

)
G (−∆N)[ψ], ϕ

〉
=

∫ ∞

0
exp

(
i
√

y
t

ε

)
G (y)ψ̃(y)dµϕ(y)

∫ T

0

∣∣∣〈exp
(
i
√
−∆N

t

ε

)
G (−∆N)[ψ], ϕ

〉∣∣∣2 dt

=

∫ T

0

∫ ∞

0

∫ ∞

0
exp

(
i
(√

y −
√

x
) t

ε

)
G (y)G (x)ψ̃(y)ψ̃(x) dµϕ(y) dµϕ(x)
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≤ e

∫ ∞

0

∫ ∞

0

[∫ ∞

−∞
exp(−(t/T )2) exp

(
i
(√

y −
√

x
) t

ε

)]
dt

G (y)G (x)ψ̃(y)ψ̃(x) dµϕ(y) dµϕ(x)

= eT
√
π

∫ ∞

0

∫ ∞

0

(
exp

(
−

T 2(
√

x −√y)2

4ε2

)
G (y)G (x)ψ̃(y)ψ̃(x)

)
dµϕ(y) dµϕ(x)
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Dispersive estimates

∫ T

0

∣∣∣〈exp
(
i
√
−∆N

t

ε

)
G (−∆N)[ψ], ϕ

〉∣∣∣2 dt ≤ ω2(ε, ϕ,G )‖ψ‖2L2(Ω)

ω2(ε, ϕ,G ) = eT
√
π

(∫ ∞

0

∫ ∞

0
exp

(
−

T 2(
√

x −√y)2

2ε2

)
×

×G 2(x)G 2(y)dµϕ(y) dµϕ(x)
)1/2
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• ω(ε, ϕ,G ) → 0 as ε→ 0 uniformly for |G | ≤ 1

⇐⇒

• The spectral measure µϕ does not charge points in [0,∞)

⇐⇒

• Neumann Laplacian ∆N does not admit eigenvalues in L2(Ω)
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Rellich’s lemma

Rellich [1948]

Suppose that
∆w = λw for |x | > R, w 6≡ 0.

Then

lim inf
r→∞

∫
|x |=r

(
|∂rv |2 + |v |2

)
> 0

Eduard Feireisl Singular limits of fluids



Decay of the non-homogenous terms

∫ T

0

∫ t

0

∣∣∣∣〈exp

(
−i
√
−∆N

t − s

ε

)
G (−∆N)[Fε], ϕ

〉∣∣∣∣2 ds dt

≤
∫ T

0

∫ T

0

∣∣∣∣〈exp

(
−i
√
−∆N

t − s

ε

)
G (−∆N)[Fε(s)], ϕ

〉∣∣∣∣2 dt ds

≤ ω2(ε,G , ϕ)

∫ T

0

∥∥∥exp
(
i
√
−∆N

s

ε

)
[Fε(s)]

∥∥∥2

L2(Ω)
ds

= ω2(ε, ϕ,G )

∫ T

0
‖Fε(s)‖2L2(Ω) ds.
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Strongly stratified fluids

∂t%+ divx(%u) = 0

∂t(%u) + divx(%u⊗ u) +
1

ε2
∇xp(%) = divxS(∇xu) +

1

ε2
%∇xF

S(∇xu) = µ(∇xu +∇t
xu−

2

3
divxuI), µ > 0

Static density distribution

∇xp(%̃) = %̃∇xF ,

∫
Ω
%̃− % dx = 0
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Energy balance: Stability of equilibria

Energy inequality

d
dt

∫
Ω

E (%,u) dx +

∫
Ω

S(∇xu) : ∇xu dx ≤ 0

E (%, ϑ) =
1

2
%|u|2 +

1

ε2

(
P(%)− ∂%P(%̃)(%− %̃)− P(%̃)

)
P(%) = %

∫ %

1

p(z)

z2
dz
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Limit system: Anelastic approximation

Anelastic Navier-Stokes system

divx(%̃U) = 0

%̃
(
∂tU + divxU⊗U

)
+ %̃∇xΠ = divxS(∇xU)

S(∇xU) = µ
(
∇xU +∇t

xU
)
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Acoustic equation

p(%) = %, ∇x%− %∇xF = %̃∇x

(
%− %̃

%̃

)
rε =

%ε − %̃

ε%̃
, Vε = %εuε

ε∂trε +
1

%̃
divxVε = 0

ε∂tVε + %̃∇x rε = εdivxLε

Vε · n|∂Ω = 0

Lε = S(∇xuε)− %εuε ⊗ uε
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Helmholtz decomposition

Generalized Helmholtz projection

v = H%̃[v] + %̃∇xΨ

divx(%̃∇xΨ) = divxv in Ω, (%̃∇xΨ− v) · n|∂Ω = 0

ε∂trε +
1

%̃
divx(%̃∇xΨε) = 0

ε∂tΨε + rε = ε∆−1
%̃,NdivxdivxLε

%̃∇xΨ · n|∂Ω = 0

∆%̃,NΨ ≡ 1

%̃
divx(%̃∇xΨ), %̃∇xΨ · n|∂Ω = 0
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Rotating fluids

Equations

∂t%+ divx(%u) = 0

∂t(%u) + divx(%u⊗ u) + +
1

ε
(ω × %u) +

1

ε2m
∇xp(%)

= divxS(∇xu) +
1

ε2
%∇xG

S(∇xu) = µ(∇xu +∇t
xu−

2

3
divxuI), µ > 0

ω = [0, 0, 1], G = |xh|2, xh = [x1, x2, 0]

Boundary conditions

Ω = R2 × (−1, 1), u · n|∂Ω = [S(∇xu)n]× n|∂Ω = 0
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Acoustic equation

rε =
%ε − %̃ε

εm
,∇xp(%̃ε) = ε2(m−1)%̃ε∇xG , Vε = %εuε

εm∂trε + divxVε = εαF 1
ε

εm∂tVε + p′(%)∇x rε = ε2(m−1−α)F2
ε
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Local smoothing - dispersive estimates

Lesky and Racke [2003], Metcalfe [2004]

For ϕ ∈ C∞
0 (R2) we have∫ ∞

−∞

∫
Ω

∣∣∣ϕ(xh) exp
(
i
√
−∆t

)
[v ]
∣∣∣2 dx dt ≤ c(ϕ)‖v‖2L2(Ω).

∫ T

−T

∫
Ω

∣∣∣ϕ(xh) exp
(
i
√
−∆

t

εm

)
[v ]
∣∣∣2 dx dt ≤ εmc(ϕ)‖v‖2L2(Ω)
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Limit system

2D incompressible Navier-Stokes equations

%ε → %, uε → Uh, Uh = Uh(t, xh)

divhUh = 0

%
(
∂tUh + divh(Uh ⊗Uh)

)
+∇hΠ = µ∆hUh
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Oberbeck-Boussinesq system:

divxU = 0

%
(
∂tU + divx(U⊗U)

)
+∇xΠ = divxS + r∇xF in (0,T )× Ω

U · n|∂Ω = 0, [Sn]× n|∂Ω = 0

%cp

(
∂tΘ+divx(ΘU)

)
−divx(GU)−divx(κ∇xΘ) = 0 in (0,T )×Ω

G = aF , ∇xΘ · n|∂Ω = 0

r + αΘ = 0, α > 0
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Scaled Navier-Stokes-Fourier system:

Sr ∂t%+ divx(%u) = 0

Sr ∂t(%u) + divx(%u⊗ u) +
1

Ma2
∇xp =

1

Re
divxS +

1

Fr2
%∇xF

Sr ∂t(%s) + divx(%su) +
1

Pe
divx

(q

ϑ

)
= σ

σ ≥ 1

ϑ

(
Ma2

Re
S : ∇xu−

1

Pe
q · ∇xϑ

ϑ

)

d
dt

∫
Ω

(
Ma2

2
%|u|2 + %e − Ma2

Fr2
%F

)
= 0
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Boundary conditions:

Complete slip boundary conditions:

u · n|∂Ω = q · n|∂Ω = 0, [Sn]tan = 0

Navier’s slip with friction:

u · n|∂Ω = 0, β[u]tan + [Sn]tan|∂Ω = 0, q · n + β|u|2|∂Ω = 0
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Constitutive relations:

Gibbs’ relation:

ϑDs(%, ϑ) = De(%, ϑ) + p(%, ϑ)D

(
1

%

)
Newton’s rheological law:

S = µ
(
∇xu +∇t

xu−
2

3
divxuI

)
+ ηdivxuI

Fourier’s law:

q = −κ∇xϑ
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Characteristic numbers:

� Symbol � Definition � Name

Sr lengthref/(timerefvelocityref) Strouhal number

Ma velocityref/
√

pressureref/densityref Mach number

Re densityrefvelocityref lengthref/viscosityref Reynolds number

Fr velocityref/
√

lengthref forceref Froude number

Pe pressureref lengthrefvelocityref

/(temperaturerefheat conductivityref) Péclet number
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Low Mach number limit - weak stratification:

Sr = Re = Pe = 1, Ma = ε, Fr =
√
ε, β = 0

STRATEGY:

1 Existence theory for the primitive Navier-Stokes-Fourier
system

2 Uniform bounds independent of the singular parameter

3 Passage to the limit - analysis of acoustic waves

4 Identification of the limit system
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Scaled Navier-Stokes-Fourier system:

∂t%+ divx(%u) = 0 in (0,T )× Ω

u · n|∂Ω = 0

∂t(%u)+divx(%u⊗u)+
1

ε2
∇xp(%, ϑ) = divxS+

1

ε
%∇xF in (0,T )×Ω

[Sn]× n|∂Ω = 0

∂t(%s(%, ϑ)) + divx(%s(%, ϑ)u) + divx

(q

ϑ

)
= σ in (0,T )× Ω

q · n|∂Ω = 0

d
dt

∫
Ω

(
ε2

2
%|u|2 + %e(%, ϑ)− ε%F

)
dx = 0

σ ≥ 1

ϑ

(
ε2S : ∇xu−

q · ∇xϑ

ϑ

)
≥ 0
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Total dissipation balance:

∫
Ω

(
1

2
%|u|2

+
1

ε2
(
H(%, ϑ)− ∂%H(%̃ε, ϑ)(%− %̃ε)− H(%̃ε, ϑ)

))
(τ, ·) dx

+
ϑ

ε2

∫ τ

0

∫
Ω
σ dx dt =∫

Ω

(
1

2
%0|u0|2+

1

ε2
(
H(%0, ϑ0)− ∂%H(%̃ε, ϑ)(%0 − %̃ε)− H(%̃ε, ϑ)

))
dx

∇xp(%̃ε, ϑ) = ε%̃ε∇xF ,

∫
Ω
%̃ε dx =

∫
Ω
%0 dx , %̃ε ≈ %
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Ballistic free energy:

H(%, ϑ) = %e(%, ϑ)− ϑ%s(%, ϑ)

∂2H(%, ϑ)

∂%2
=

1

%

∂p(%, ϑ)

∂%
> 0

% 7→ H(%, ϑ) is strictly convex

∂H(%, ϑ)

∂ϑ
=
%

ϑ
(ϑ− ϑ)

∂e(%, ϑ)

∂ϑ

ϑ 7→ H(%, ϑ) attains its strict local minimum at ϑ
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Thermodynamic stability hypothesis:

Positive compressibility:

∂p(%, ϑ)

∂%
> 0

Positive specific heat at constant volume:

∂e(%, ϑ)

∂ϑ
> 0
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Coercivity of ballistic free energy:

H(%, ϑ)− ∂H(%̃, ϑ)

∂%
(%− %̃)− H(%̃, ϑ)

≥ c(B)
(
|%− %̃|2 + |ϑ− ϑ|2

)
provided %, ϑ belong to a compact interval B ⊂ (0,∞)

≥ c(B)
(

1 + %e(%, ϑ) + %|s(%, ϑ)|
)

otherwise

as soon as %̃, ϑ belong to int[B]
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Ill-prepared initial data:

%0 ≈ %+ ε%
(1)
0,ε, {%

(1)
0,ε}ε>0 bounded in L1 ∩ L∞(Ω),

∫
Ω
%
(1)
0,ε dx = 0

ϑ0 ≈ ϑ+ εϑ
(1)
0,ε, {ϑ

(1)
0,ε}ε>0 bounded in L1 ∩ L∞(Ω),

∫
Ω
ϑ

(1)
0,ε dx = 0

u0 ≈ u0,ε, {u0,ε}ε>0 bounded in L2(Ω; R3)
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Uniform bounds:

{
%ε − %

ε

}
ε>0

bounded in L∞(0,T ; L2 ⊕ Lq(Ω)), q < 2

{
ϑε − ϑ

ε

}
ε>0

bounded in L∞(0,T ; L2 ⊕ Lq(Ω)), q < 2{
%ε|uε|2

}
ε>0

bounded in L∞(0,T ; L1(Ω)){σε

ε2

}
ε>0

bounded in M+([0,T ]× Ω)

{∇xuε}ε>0 bounded in L2((0,T )× Ω; R3×3){
∇xϑε

ε

}
ε>0

bounded in L2((0,T )× Ω; R3)
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Convergence:

%ε → % in L∞(0,T ; L2 ⊕ Lq(Ω))

ϑε → ϑ in L∞(0,T ; L2 ⊕ Lq(Ω))

uε → U weakly in L2(0,T ; W 1,2(Ω; R3))

ϑε − ϑ

ε
→ Θ weakly in L2(0,T ; W 1,2(Ω))
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Target system:

divxU = 0

%
(
∂tU + divx(U⊗U)

)
+∇xΠ = divxS + r∇xF in (0,T )× Ω

U · n|∂Ω = 0, [Sn]× n|∂Ω = 0

%cp

(
∂tΘ+divx(ΘU)

)
−divx(GU)−divx(κ∇xΘ) = 0 in (0,T )×Ω

G = aF , ∇xΘ · n|∂Ω = 0

r + αΘ = 0, α > 0
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Lighthill’s acoustic equation (F = 0):

ε∂tZε + divxVε = εdivxF
1
ε

ε∂tVε + ω∇xZε = ε
(
divxF2

ε +∇xF
3
ε +

A

ε2ω
∇xΣε

)
, Vε · n|∂Ω = 0

Zε =
%ε − %

ε
+

A

ω
%ε

(
s(%ε, ϑε)− s(%, ϑ)

ε

)
+

A

εω
Σε, Vε = %εuε

< Σε;ϕ >=< σε; I [ϕ] >

I [ϕ](t, x) =

∫ t

0
ϕ(z , x) dz for any ϕ ∈ L1(0,T ; C (Ω))
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