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CONTINUITY OF COORDINATE FUNCTIONALS
OF FILTER BASES IN BANACH SPACES

NOÉ DE RANCOURT, TOMASZ KANIA, AND JAROS LAW SWACZYNA

Abstract. We prove that the coordinate functionals associated with filter bases in Ba-
nach spaces are continuous as long as the underlying filter is analytic. This removes
the large-cardinal hypothesis from the result established by the two last-named authors
([Bull. Lond. Math. Soc. 53 (2021)]) at the expense of reducing the generality from projec-
tive to analytic. In particular, we obtain a ZFC solution to Kadets’ problem of continuity
of coordinate functionals associated with bases with respect to the filter of statistical
convergence. Even though the automatic continuity of coordinate functionals beyond the
projective class remains a mystery, we prove that a basis with respect to an arbitrary filter
that has continuous coordinate functionals is also a basis with respect to a filter that is
analytic.

1. Introduction

Filter bases generalise the familiar concept of a Schauder basis in a Banach space in
a very natural way: let F be a filter of subsets of the natural numbers (a family of subsets
that is closed with respect to finite intersections and is upwards-closed with respect to set
inclusion; in order to avoid trivialities, we assume that every filter contains the filter of
cofinite sets) and let X be a Banach space (we consider Banach spaces over the fixed field
K of real or complex numbers). A sequence (en)∞n=1 in X is an F-basis for X whenever for
each x ∈ X there exists a unique sequence of scalars (e∗n(x))∞n=1 such that x =

∑
n,F e

∗
n(x)en,

where the series is interpreted as the F-limit of the sequence of the corresponding partial
sums. (A sequence (xn)∞n=1 in a normed space X F-converges to x ∈ X whenever for all
ε > 0 there is A ∈ F such that for all n ∈ A one has ∥x− xn∥ < ε.)

Unlike for more familiar Schauder bases (i.e., filter bases with respect to the filter of
cofinite sets), the question of continuity of the coordinate (linear) functionals x 7→ e∗n(x)
(x ∈ X) is non-obvious. This very problem was posed by Kadets and revived in 2011 with
a particular emphasis on the filter of statistical convergence, that is the filter of subsets of
N having density 1 (see, e.g., [3, 6]). Certainly, the problem is equivalent to the problem of
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continuity of the initial F-basis projections (Pn)∞n=1 given by Pnx =
∑n

i=1 e
⋆
i (x)ei for n ∈ N

and x ∈ X.

The present paper subsumes (at least in the analytic case) the results obtained in the
recent study by the two last-named authors [9], where it was proved that, assuming the
existence of a supercompact cardinal, the coordinate functionals associated with a filter
basis are continuous as long as the filter is projective. The aim of the paper is twofold.
First, we remove the extra assumption of the existence of supercompact cardinals used for
proving automatic continuity of the evaluation functionals of a filter basis at the expense of
restricting to analytic ideals, which appear to be quite sufficient from the point of view of
applications. In particular, it is sufficient to answer Kadets’ question concerning the filter
of statistical convergence in ZFC. Second, we contribute to (and hopefully trigger) further
development of the theory of filter bases in Banach spaces, that may serve as a proxy in
the situation where genuine Schauder bases are unavailable. For instance, we prove the
principle of small perturbations for such bases (Theorem C) that is a basic result in the
context of Schauder bases.

We wish to emphasise that filter bases, despite striking similarities to Schauder bases,
may behave quite differently.

• Indeed, there is a filter basis (with respect to the filter of statistical convergence) in
a separable Hilbert space whose initial projections are bounded, yet not uniformly
([3, Example 1]).

• Kochanek proved in [11] that for filters generated by fewer sets than the pseudo-
intersection number (in particular, for countably generated filters) one indeed re-
tains the automatic continuity of initial basis projections. Moreover, for ‘filter-
many’ of them there is a uniform bound on the norm of these. However, the
filter of statistical convergence is generated by precisely continuum many sets, so
Kochanek’s result does not apply to it.

• Avilés, Kadets, Pérez Hérnandez, and Solecki [1] distilled the key property from
Kochanek’s proof that makes it work and termed filters having it Baire filters.
However analytic Baire filters are necessarily countably generated ([1, Proposition
4.1]).

A word of explanation behind topological properties of filters is required. Since there is
a natural correspondence between subsets of the set of natural numbers and 0-1 sequences,
one may treat filters on this set as subsets of the Cantor set {0, 1}N equipped with the
product topology and consider properties such as being Borel, analytic (continuous image
of a Polish space), etc. that we shall freely do. For more information, we refer to [5], where
the the dual notion of an ideal is considered. All unexplained terminology from Descriptive
Set Theory (such as the definitions of the Σi

n, Πi
n, and ∆i

n-classes, i = 0, 1, n ∈ N, and of
Baire-measurability) is in line with [10].

Our first main result, Theorem A, subsumes the main result of [9].

Theorem A. Let F be an analytic filter on N. Then for every F-basis the corresponding
coordinate functionals are continuous.
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As the filter of statistical convergence is Borel ([5, Example 1.2.3(d)]), hence analytic
(by [10, Theorem 13.7]), we obtain a solution in ZFC to Kadets’ problem.

Corollary 1. Let Fst be the filter of statistical convergence. Then for every Fst-basis the
corresponding coordinate functionals are continuous.

Theorem A has a natural generalisation in the case where all ∆1
n-subsets of Polish spaces

are Baire-measurable. Since this assumption cannot be proved in ZFC alone, we decided
to present the result as a separate theorem to highlight that Theorem A is a theorem of
ZFC, even though Theorem A follows from Theorem A′.

Theorem A′. Let n ⩾ 1. Assume that all∆1
n-subsets of Polish spaces are Baire-measurable.

Suppose that F is a Σ1
n-filter on N. Then for every F-basis the corresponding coordinate

functionals are continuous.

A word of explanation on the assumption of Baire-measurability of ∆1
n-sets is required.

A classical result due to Banach and Mazur ensures that for n ⩾ 1 Baire-measurability
of all ∆1

n+1-subsets (and even all Σ1
n+1-subsets) of Polish spaces follows from determinacy

of Σ1
n-games on integers (this is an easy consequence of [10, Theorem 21.5]). The latter

determinacy assumption has been shown by Martin [13] to follow for n = 1 from the ex-
istence of a measurable cardinal and by Martin and Steel [15] to follow for n ⩾ 2 from
the existence of n Woodin cardinals and a measurable cardinal above them. Knowing that
supercompact cardinals are measurable (see [8, Lemma 20.16]) and limits of Woodin cardi-
nals (see [8, Exercise 34.1]), it follows that the existence of a supercompact cardinal implies
the determinacy of all projective games on integers and hence the Baire-measurability of
projective subsets of Polish spaces. In particular, from Theorem A′ we can recover the
main result of [9].

Corollary 2 ([9]). Assume the existence of a supercompact cardinal. Let F be a pro-
jective filter on N. Then for every Fst-basis the corresponding coordinate functionals are
continuous.

Nonetheless large cardinals are actually not required to get Baire-measurability of pro-
jective sets. It was proved by Martin and Solovay [14] that under Martin’s Axiom and the
negation of the Continuum Hypothesis all Σ1

2-subsets of Polish spaces are Baire-measurable.
Moreover, it was proved by Shelah [16] that ZFC + ‘all projective subsets of Polish spaces
are Baire-measurable’ is equiconsistent with ZFC alone, thus completely removing the need
for large cardinals. Results as those above are often proved in the literature for specific Pol-
ish spaces (e.g., the Cantor space), but here we freely use the fact that Baire-measurability
results, if established for certain Σ1

n-classes (n ∈ N) of subsets of the Cantor space, can be
elementarily transferred to arbitrary Polish spaces using, e.g., [2, Theorem 3.15], which as-
serts that any two uncountable Polish spaces without isolated points are Borel-isomorphic
via a map that preserves meagre sets.

We remark in passing that, assuming the consistency of one of the above-mentioned large-
cardinal assumptions, the conclusion of Theorem A′ is consistent with results obtained by
forcings that do not destroy Woodin cardinals and measurable cardinals. It follows from
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[7, Corollary] and [12, Theorem 3] that forcings of reasonably small (accessible) cardinality
satisfy this condition.

Our second main result asserts that a filter basis with respect to a filter that is not
analytic is also a filter basis with respect to a filter that actually is analytic, provided the
coordinate functionals are continuous.

Theorem B. Let F be a filter on N (not necessarily projective). Let (en)∞n=1 be an F-basis
with continuous coordinate functionals. Then there exists an analytic filter F′ ⊂ F such
that (xn)∞n=1 is also an F′-basis.

Observe that, in the above result, the coordinate functionals of the basis (en)∞n=1 are the
same when considered with respect to the filter F or the filter F′.

2. Proofs of Theorems A and A′

Proof of Theorem A. Let X be a Banach space with an F-basis (en)∞n=1. We denote by
(e⋆n)∞n=1 the corresponding coordinate functionals. We start by proving that coordinate
functionals e⋆n (n ∈ N) are Σ1

1-measurable. Indeed, note that for a fixed open set U ⊂ R
we get

e⋆n(x) ∈ U ⇐⇒ ∃(αi)∈KN

(∑
i,F

αiei = x ∧ αn ∈ U

)

⇐⇒ ∃(αi)∈KN∀l∈N∃A∈F∀m∈A

(∥∥∥ m∑
i=1

αiei − x
∥∥∥ ⩽

1

l
∧ αn ∈ U

)
By [10, Proposition 3.3], the space X × KN × {0, 1}N is Polish. For m ∈ N let us define
Φm : X ×KN × {0, 1}N → R by

Φm(x, (αi), A) =
∥∥∥ m∑

i=1

αiei − x
∥∥∥ (

x ∈ X, (αi) ∈ KN, A ∈ {0, 1}N
)
,

which is a continuous map. We then conclude that for every l ∈ N the set Sl given by

Sl =

{
(x, (αi), A) ∈ X ×KN × {0, 1}N : ∀m∈A

(
Φm (x, (αi), A) ⩽

1

l
∧ αn ∈ U

)}
=

{
(x, (αi), A) : ∀m∈N

[
m /∈ A ∨

(
Φm (x, (αi), A) ⩽

1

l
∧ αn ∈ U

)]}
=
⋂
m∈N

{
(x, (αi), A) : m /∈ A ∨

(
Φm(x, (αi), A) ⩽

1

l
∧ αn ∈ U

)}

=
⋂
m∈N

[
{(x, (αi), A) : m /∈ A} ∪

({
(x, (αi), A) : Φm (x, (αi), A) ⩽

1

l

}
∩ {(x, (αi), A) : αn ∈ U}

)]
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is a Gδ subset of X×KN×{0, 1}N (the condition ‘m /∈ A’ encodes a set that is both closed
and open in {0, 1}N).

Recall that countable intersections of analytic subsets of Polish spaces are analytic, and
that images and preimages of analytic sets by a continuous maps between Polish spaces
are analytic (see [10, Proposition 14.4]). Also recall that Borel subsets of Polish spaces
are analytic (see [10, Theorem 13.7]). Since the filter F is analytic, we deduce that its
preimage X ×KN × F by the projection X ×KN × {0, 1}N → {0, 1}N is also analytic, thus
the set

S :=
⋂
l∈N

projX×KN [X ×KN × F ∩ Sl]

is analytic. Observe that, for x ∈ X and (αi) ∈ KN, we have

(x, (αi)) ∈ S ⇐⇒ ∀l∈N∃A∈F(x, (αi), A) ∈ S

⇐⇒ ∀l∈N∃A∈F∀m∈A

(∥∥∥ m∑
i=1

αiei − x
∥∥∥ ⩽

1

l
∧ αn ∈ U

)
.

Thus we have (e∗n)−1(U) = projX [S], and we conclude that (e⋆n)−1(U) is analytic.

On the other hand, e⋆n is also Π1
1-measurable. Indeed, writing U c =:

⋂
n∈N Vn, where the

Vn’s are open subsets of K, we obtain

(e⋆n)−1(U)c =
⋂
n∈N

(e⋆n)−1(Vn),

an analytic set.

Once we know that for any open U ⊂ K the set (e⋆n)−1(U) is both analytic and coana-
lytic, by Souslin’s Theorem ([10, Theorem 14.11]), it is Borel, so e⋆n is Borel-measurable.
Since each Borel set is Baire-measurable, we conclude that e⋆n is a Baire-measurable homo-
morphism between Polish groups X and K. Consequently, by the Banach–Pettis Theorem
([10, Theorem 9.10]) e⋆n is continuous. □

It was not essential for the proof of Theorem A to prove Π1
1-measurablity of the co-

ordinate functionals as all analytic sets are already Baire-measureable (see [10, Theorem
21.6]). Nontheless, we decided to follow this way of reasoning in order to emphasise the
analogy with the proof of Theorem A′ whose proof is modelled on the proof of Theorem
A and the latter follows from the former. However, for reader’s convenience, we present
a sketch of the proof with only certain details that are different.

Proof of Theorem A′. As in the proof of A, we fix an open U ⊂ K and we get that

e⋆n(x) ∈ U ⇐⇒ ∃(αi)∈KN∀l∈N∃A∈F∀m∈A

(∥∥∥ m∑
i=1

αiei − x
∥∥∥ ⩽

1

l
∧ αn ∈ U

)
The family of Σ1

n-sets contains Borel sets, is closed under countable intersections, and
under images and preimages with respect to continuous maps between Polish spaces (see
[10, Theorem 37.1]). So we can deduce similarly as in the proof of Theorem A that the set
(e⋆n)−1(U) is Σ1

n.
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Writing U c =:
⋂

n∈N Vn, where the Vn’s are open sets, we have

(e⋆n)−1(U)c =
⋂
n∈N

(e⋆n)−1(Vn),

an Σ1
n-set. We deduce that (e⋆n)−1(U) is Π1

n, so taking into account first part of proof we
see that it is ∆1

n.

By the hypothesis, all ∆1
n-sets are Baire-measurable, so e⋆n (n ∈ N) is a Baire-measurable

group homomorphism. Consequently, by the Banach–Pettis Theorem e⋆n (n ∈ N) is con-
tinuous. □

3. Proof of Theorem B

We are ready to prove Theorem B.

Proof of Theorem B. Set

A :=

{
A ⊂ N : ∃x∈X∃ε>0 A ⊃

{
n ∈ N :

∥∥ n∑
i=1

e⋆i (x)ei − x
∥∥ ⩽ ε

}}
.

It follows from the fact that (en)∞n=1 is an F-basis that A ⊂ F. Note that (en)∞n=1 remains
an F′-basis for any filter F′ on N such that A ⊂ F′ ⊂ F. Now, for every n ∈ N, consider
the set

Bn =
{

(x, ε, A) ∈ X × (0,∞) × {0, 1}N : n ∈ A ∨
∥∥ n∑

i=1

e⋆i (x)ei − x
∥∥ > ε

}
.

Using the continuity of e⋆i (i ∈ N) and the fact that {0, 1}N comes equipped with the
topology of pointwise convergence, we observe that Bn is open. Observing that

A = proj{0,1}N
[ ⋂
n∈N

Bn

]
,

we deduce that A is analytic.

As A ⊂ F, finite intersections on elements of A are readily non-empty. Consequently, A
generates a filter F′ ⊂ F. We have:

F′ ={A ⊃ N : ∃n∈N∃A1,A2,...,An∈AA ⊃ A1 ∩ A2 ∩ . . . ∩ An}

=
⋃
n∈N

proj({0,1}N)1 [{(A,A1, . . . , An) ∈ ({0, 1}N)n+1 : A ⊃ A1 ∩ . . . ∩ An ∧ A1, . . . , An ∈ A}],

where proj({0,1}N)1 is the projection onto the first coordinate. Consequently, F′ is an analytic
filter and (en)∞n=1 is an F′-basis since A ⊂ F′ ⊂ F. □
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4. Closing remarks

Having established continuity of basis projections (at least for analytic filters as proved
in Theorem A, which in the light of Theorem B appears to be sufficient for applications),
it is possible to develop a filter basis theory analogous to the theory of Schauder bases.
For instance, we may recover the Bessaga–Pe lczyński small-perturbations principle.

Theorem C. Let X be a Banach space with an F-basis (en)∞n=1, with continuous coordinate
functionals (for example, F is analytic). If (fn)∞n=1 is a sequence in X such that

∞∑
n=1

∥fn − en∥ · ∥e∗n∥ ⩽ δ < 1,

for some δ ∈ (0, 1), then (fn)∞n=1 is congruent to (en)∞n=1, that is, (fn)∞n=1 is an F-basis and
the assignment en 7→ fn (n ∈ N) extends to a surjective isomorphism of X onto itself.

Proof. The proof are analogous to the familiar case of Schauder bases. Indeed, we observe
that the operator T : X → X given by T (

∑
i,F aiei) =

∑
i,F(ai(fi − ei)) has norm strictly

less than one. Indeed, for x =
∑

i,F aiei we have

∥Tx∥ =
∥∥∥∑

i,F

ai(ei − fi)
∥∥∥ ⩽

∑
i

∥ai(ei − fi)∥ =
∑
i

∥e⋆i (x)(ei − fi)∥

⩽
∑
i

∥e⋆i ∥∥x∥∥ei − fi∥ =
(∑

i

∥e⋆i ∥∥ei − fi∥
)
∥x∥ ⩽ δ∥x∥.

Consequently, IX + T is invertible and maps ei to fi (i ∈ N), which proves that (fn)∞n=1 is
an F-basis too. □

Interestingly, general F-bases are different from Schauder bases as, for example, we do
not have the basis constant at the disposal. Indeed, it follows from Grunblum’s criterion
([4, Theorem V.1]) that if the basis projections are uniformly bounded, then the F-basis
is already a Schauder basis.

We conclude our note with two open problems.

Question 1. Does there exists a Banach space X, a filter F on N and an F-basis (en)∞n=1

for X such that not all coordinate projections (e⋆n)∞n=1 are continuous?

Theorem B demonstrates that filter bases with respect to analytic filters provide a very
natural framework for the theory. In [3, Example 1] the authors provided an example of an
Fst-basis in ℓ2 that is not a Schauder basis. However, Fst has a relatively low complexity
being Fσδ ([5, Example 1.2.3(d)]). It is thus natural to ask whether being analytic in
Theorem B can be strengthened to being Borel.

Question 2. Let F be a filter and let (en)∞n=1 be an F-basis for a Banach space X with
continuous coordinate functionals. Does there exists a Borel filter F′ such that (en)∞n=1 is
also an F′-basis? Should it be the case, what is the smallest complexity of such F′?
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ysis, Sokolovská 49/83, 186 75 Praha 8, Czech Republic

Email address: rancourt@karlin.mff.cuni.cz

(T. Kania) Mathematical Institute, Czech Academy of Sciences, Žitná 25, 115 67 Praha
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