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Abstract. We prove that there is c > 0 such that for all sufficiently large n, if T1, . . . , Tn are
any trees such that Ti has i vertices and maximum degree at most cn/ logn, then {T1, . . . , Tn}
packs into Kn. Our main result actually allows to replace the host graph Kn by an arbitrary
quasirandom graph, and to generalize from trees to graphs of bounded degeneracy that are rich
in bare paths, contain some odd degree vertices, and only satisfy much less stringent restrictions
on their number of vertices.
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1. Introduction

Let G1, . . . , Gt be a collection of graphs, and H be a graph. We say the family {G1, . . . , Gt}
packs into H if there are edge-disjoint copies of G1,. . . , Gt in H. The packing is called perfect
or exact if

∑
i∈[t] e(Gi) = e(H), so that every edge of H is used exactly once. The study

of (perfect) packings is one of the oldest topics in graph theory. Indeed, the problem of the
existence of designs — one of the most fascinating questions of mathematics whose origins go
back to the 19th century — can be phrased as a perfect (hyper)graph packing problem. This
problem was solved only recently, first by Keevash [14], and independently by Glock, Lo, Kühn
and Osthus [8].

In this paper, we concentrate on packings with larger graphs. The two most influential con-
jectures in this area concern the packing of trees, one of which is the following.

Conjecture 1 (Ringel’s conjecture). For each n ∈ N and for tree T of order n+ 1, we have that
2n+ 1 copies of T pack into the complete graph K2n+1.

Ringel’s conjecture [24] was stated in 1968, and for a long time was only known to hold for
very specific families of trees, such as stars, paths and similar trees. The first general result on
this conjecture was proved in [4]. While the result in [4] has several further restrictions, the one
we want to highlight here is that it is approximate, by which we mean that the total number of
edges of the embedded trees must be at most

(
n
2

)
− Ω(n2). For obtaining a corresponding exact

result it remains to remove the Ω(n2) term, which is hard. Indeed, this gap in difficulty between
an approximate and an exact result is quite common in the area of packing and is best illustrated
by the increase in difficulty needed to get from Rödl’s proof [25] that approximate designs exist to
the existence of designs [14, 8]. Joos, Kim, Kühn and Osthus [12] proved that Ringel’s conjecture
holds exactly for large bounded degree trees. Finally, Montgomery, Pokrovskiy and Sudakov [23],
and later Keevash and Staden [18], proved that Ringel’s conjecture holds for all sufficiently large
trees.

The result of Joos, Kim, Kühn and Osthus is much more general than just Ringel’s conjec-
ture, and in particular their result allows the packing of any collection of bounded degree trees
{T1, . . . , T2n+1} each on n+ 1 vertices into K2n+1. The results of [18, 23] do not allow for such
an extension.

The second influential conjecture in the area is the following.

Conjecture 2 (Tree packing conjecture). For each n ∈ N and for each family of trees (Ts)s∈[n],
v(Ts) = s, we have that (Ts)s∈[n] packs into the complete graph Kn.

Gyárfás [10] formulated this conjecture in 1978, and again for a long time it was known only
for specific path-like and star-like families. However even packing the few largest trees is already
difficult: Balogh and Palmer [3] showed in 2013 that one can pack the largest about n1/4 trees
into Kn+1. Again, the first general approximate result is [4], and the theorem of Joos, Kim,
Kühn and Osthus [12] mentioned above proves also that the tree packing conjecture holds for
any family of bounded degree trees when n is sufficiently large.
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Moving away from trees, Messuti, Rödl and Schacht [22] and Ferber, Lee and Mousset [5]
considered approximate packings of bounded-degree graphs which were non-expanding in a suit-
able sense. Subsequently, Kim, Kühn, Osthus and Tyomkyn [19] proved a packing version of
the blow-up lemma, which in particular allows for approximate packings of general bounded-
degree graphs. In another direction, moving away from bounded-degree graphs, Ferber and
Samotij [6] proved an approximate version of the tree packing conjecture for trees of maximum
degree O(n/ log n). We should remark that both these results apply in more generality than
packing into Kn. Indeed, [19] in fact allows for packing into a Szemerédi partition, while [6]
works also in sparse random graphs.

For packings into complete graphs, the following result generalises both [19, 6]. A graph is
said to be D-degenerate if there is an ordering of its vertices such that each vertex has at most
D neighbours preceding it in the order. Many interesting families of graphs are degenerate—for
example trees are 1-degenerate and planar graphs are 5-degenerate.

Theorem 3 ([2, Theorem 2]). For every D ∈ N and η > 0, there exists n0 ∈ N and c > 0 so that
for each n > n0 the following holds. Suppose that (Gs)s∈F is a family of D-degenerate graphs
of orders at most n and maximum degrees at most cn

logn , whose total number of edges is at most(
n
2

)
− ηn2. Then (Gs)s∈F packs into Kn.

Building on this, in [1] a perfect packing result for degenerate graphs was obtained with the
additional condition that many of the graphs are nonspanning and contain linearly many leaves
(we state a generalisation of this result in Theorem 5). Here, a leaf in a graph is a vertex of
degree 1. As observed in [1], this result implies that the tree packing conjecture holds for almost
all families of trees. However, observe that a tree necessarily either contains many leaves or many
short bare paths. Here, a subset U of vertices of a graph G induces a bare path if G[U ] is a path
and for each vertex u ∈ U we have degG(u) = 2. Hence to prove the tree packing conjecture,
at least for trees with maximum degree at most cn/ log n, it only remains to consider trees with
many short bare paths. This paper resolves this case.

We remark that many results in this area allow for packing into more general graphs than Kn.
One can also pack into quasirandom graphs, which we now define. Given a graph H with n

vertices, its density is the number e(H)/
(
v(H)

2

)
. Given a bipartite graph K with parts of sizes

a and b, its bipartite density is the number e(K)/ab. Suppose that v ∈ V (H) and S ⊆ V (H).
The neighbourhood of v is denoted by NH(v) and the common neighbourhood of S by NH(S) =⋂
v∈S NH(v). Here, the convention is that NH(∅) = V (H). We write degH(v) := |NH(v)| and

degH(S) := |NH(S)|.

Definition 4 (quasirandom). Suppose that L ∈ N and γ > 0. Suppose that H is a graph with n
vertices and with density p. We say that H is (γ, L)-quasirandom if for every set S ⊆ V (H) of
at most L vertices we have |NH(S)| = (1± γ)p|S|n.

Theorem 3 allows more generally packings in quasirandom graphs. The same is true of the
result of Joos, Kim, Kühn and Osthus [12], and Keevash and Staden [18] formulate and prove a
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version of Ringel’s conjecture for quasirandom graphs. The following main result from [1] also
handles quasirandom graphs.

Theorem 5 ([1, Theorem 2]). For every D ∈ N and d, α > 0, there exists n0, L ∈ N and c, ξ > 0

so that for each n > n0 the following holds. Suppose that H is a (ξ, L)-quasirandom graph of
order n with at least dn2 edges and that (Gs)s∈F is a family of D-degenerate graphs of orders
at most n, maximum degrees at most cn

logn , and total number of edges at most e(H). Suppose
further, that there exists an index set B ⊆ F such that

• for each s ∈ B we have v(Gs) ≤ (1− α)n, and

• the total number of leaves in the family (Gs)s∈B is at least αn2.

Then (Gs)s∈F packs into H.

1.1. Our results. Our main result, Theorem 10, states that we can perfectly pack graphs from
families we introduce in Definition 9 into a quasirandom graph. This definition is technical and
tailored to the maximal possible generality allowed by our methods. However, combined with
Theorem 5, it allows us to prove that the tree packing conjecture holds for trees with maximum
degree O(n/ log n).

Theorem 6. There exist c > 0 and n0 ∈ N such that for each n > n0 any family of trees (Ts)s∈[n]

with v(Ts) = s and ∆(Ts) ≤ cn
logn packs into Kn.

Similarly, we obtain an analogue of Ringel’s conjecture for trees with degrees bounded by
O(n/ log n), where different trees are allowed.

Theorem 7. There exist c > 0 and n0 ∈ N such that for each n > n0 any family of trees (Ts)s∈[n]

with v(Ts) = n+ 1 and ∆(Ts) ≤ cn
logn packs into K2n+1.

In fact, Theorem 6 and Theorem 7 both follow immediately from the following more general
packing result for trees, which we deduce in Section 2.

Theorem 8. For each δ, d > 0 there exist c, ξ > 0 and n0, L ∈ N such that for each n > n0 and
any (ξ, L)-quasirandom graph H with n vertices and at least dn2 edges the following holds. Any
family of trees (Ts)s∈[N ] satisfying

(a )
∑

s∈[N ] e(Ts) ≤ e(H),

(b ) ∆(Ts) ≤ cn
logn for all s ∈ [N ],

(c ) δn ≤ v(Ts) ≤ (1− δ)n for all 1 ≤ s ≤ (1
2 + δ)n and v(Ts) ≤ n for all (1

2 + δ)n < s ≤ N ,

packs into H.

We now introduce the class of graphs we can pack in our main result. The length of a path is
the number of its edges.

Definition 9 (OurPackingClass).
Given n,m,D ∈ N and α, γ > 0, let OurPackingClass(n,m;α, c,D) be the set of all families
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(Gs)s∈G of graphs for which there are disjoint index sets K,J ⊆ G with |J | ≥ αn, and an odd
number Dodd ≤ D such that

(a ) for each s ∈ G, the graph Gs has v (Gs) ≤ n vertices, maximum degree ∆ (Gs) ≤ cn
logn ,

and is D-degenerate,

(b )
∑

s∈G e (Gs) ≤ m,

(c ) for each s ∈ J ∪ K, we have v (Gs) ≤ (1− α)n,

(d ) for each s ∈ J , the graph Gs contains a family BasicPathss of αn vertex-disjoint bare
paths of length 11,

(e ) for each s ∈ K there is a non-empty independent set OddVerts of vertices of Gs whose
degree is Dodd with |OddVerts| ≤ cn

logn , and such that
∑

s∈K |OddVerts| ≥ (1 + α)n.

To summarise, Definition 9 allows families of graphs that

• by (a ) may be spanning with respect to the host graph H the said family is to be
embedded into if n = v(H), have degeneracy bounded by a constant and maximum
degrees bounded by O(n/ log n),

• by (b ) may have the same number of edges as the host graph H if m = e(H),

• by (c ) and (d ) contain a reasonably sized collection of non-spanning graphs, each of
which contains linearly many constant-length bare paths, and

• by (c ) and(e ) contain a collection of non-spanning graphs, each of which contains at
least one vertex of odd and not too large degree (which we will use to correct parities),
not too many of which are in any one graph and which total slightly more than n.

Our main result states that any family of graphs from this class can be perfectly packed into
any dense and sufficiently quasirandom graph.

Theorem 10 (main result). For every D ∈ N and δ, d > 0, there exist n0, L ∈ N and c, ξ > 0 so
that for each n > n0 the following holds. Suppose that H is a (ξ, L)-quasirandom graph of order n
with at least dn2 edges. Then each family of graphs from OurPackingClass(n, e(H); δ, c,D) packs
into H.

1.2. Optimality. Let us now briefly discuss the optimality of Theorem 10. Firstly, we cannot
relax the maximum degree condition in Definition 9(a ). Indeed, Komlós, Sárközy and Szemerédi
show in [20] that if we connect a disjoint union of logn

C many stars of orders Cn
logn by a path going

through the centres of these stars, then we get a tree which asymptotically almost surely does
not appear in the random graph G(n, p) (here, p ∈ (0, 1) is arbitrary, and C is sufficiently big,
depending on p). Of course, G(n, p) asymptotically almost surely satisfies our quasirandomness
condition. This example shows that not only packing but already finding a single graph is
impossible. This also shows the optimality of the maximum degree condition in Theorem 8.

Secondly, some of the graphs to be packed must be nonspanning, even if we only pack trees.
So, condition (c ) in Definition 9 cannot be omitted. Indeed, in Section 9.1 of [4], a family of
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bounded-degree trees of orders n and total number of edges
(
n
2

)
is given that does not pack into

Kn. Moving away from bounded degree graphs, suppose G is the following family of graphs.
For any sufficiently small c > 0, we put 1

3n stars with cn
logn leaves into G. We let the remaining

graphs in G be long paths, such that in total we have
(
n
2

)
edges. Suppose now that there is

a packing of G into Kn. Let H be the subgraph of edges used by the stars. Consider the at
least 2

3n vertices to which no star centre is embedded. These vertices form an independent set
in H and are in total adjacent to at most cn2

3 logn edges, so in particular one must have degree at
most cn

2 logn in H. Thus in order to have a perfect packing, G must contain at least n−1
2 −

cn
4 logn

paths. If the average length of these paths is `, then we have
(
n
2

)
= cn2

3 logn + `
(
n−1

2 −
cn

4 logn

)
from

which we conclude ` ≤ n− cn
6 logn . In particular Ω(n/ log n) of the paths must be Ω(n/ log n)-far

from spanning. This shows that our requirement on the number of non-spanning graphs with
many bare paths is sharp up to a log factor even for packing into Kn (and the same argument
works in any other regular graph). For packing into a quasirandom H, our conditions permit
one vertex of H to have Ω(n) more neighbours than the average degree. Letting G be a family
of long paths, a similar argument tells us that the average length of the long paths is n− Ω(n),
so that in particular Ω(n) of the graphs in G must be Ω(n) far from spanning, so that in this
more general setting our conditions are sharp up to the value of δ.

1.3. Organisation. The remainder of this paper is structured as follows. In Section 2 we deduce
Theorem 8 from our main result. In Section 3 we provide a sketch of the proof of our main
theorem, Theorem 10. In Section 4 we provide a decomposition result that follows from the deep
results on the existence of designs by Keevash [15, 16] and that we shall use in the final stage of our
packing. In Section 5 we collect some probabilistic tools and facts about certain quasirandom
properties that we use in our proof. In Section 6 we provide the main lemmas covering the
different stages (Stage A–Stage G) of our proof and show how they imply Theorem 10. In
Section 7 we provide an auxiliary non-perfect packing result for anchored paths that we need in
Stages D and E of our proof. In Sections 8–14 we give the proofs of the lemmas for Stages A–G.
We finish the paper with some concluding remarks in Section 15.

2. Deducing the tree packing results from the main theorem

In this section, we deduce Theorem 8 from our main result, Theorem 10, and Theorem 5.

Proof of Theorem 8. Given δ and d, let δ′ = δ/1000. We choose c, ξ > 0 sufficiently small and
n0, L sufficiently large for both Theorem 10 with input D = 1, δ′ and d, and Theorem 5 with
input D = 1, d and α = (δ′)2.

Given H and trees T1, . . . , TN satisfying the conditions of Theorem 8, we distinguish two cases.
First, suppose that among the indices {1, . . . , (1

2 + δ)n} there is a subset B of size δ′n, such that
each tree Ti with i ∈ B contains at least δ′n leaves. Then we apply Theorem 5, with constants
as above and this B, and it returns a perfect packing of (Ti)i∈[N ] into H.
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Second, suppose no such B exists. Then there must be a set J of indices i ≤ (1
2 + δ)n such

that Ti has less than δ′n leaves, with |J | = δ′n. Given any i ∈ J such that Ti has less than
δ′n leaves, observe that the sum of the degrees of Ti is 2v(Ti) − 2. Since at most δ′n vertices
have degree 1 and all other vertices have degree at least 2, we see that at most δ′n vertices have
degree exceeding 2 in Ti. Now let Ẽ be the set of edges in Ti that contain at least one vertex
that is not of degree 2 in Ti. We have

|Ẽ| ≤
∑

x∈V (Ti),
deg(x)=1

1 +
∑

x∈V (Ti),
deg(x)>2

d(x) = 2v(Ti)− 2−
∑

x∈V (Ti),
deg(x)=2

2 ≤ 2v(Ti)− 2− 2
(
v(Ti)− 2δ′n

)
≤ 4δ′n.

Removing all the edges in Ẽ from Ti, we obtain a graph F with at most 4δ′n + 1 ≤ 5δ′n

components. The total number of vertices in components with less than 50 vertices is at most
250δ′n, so the remaining at least δn− 250δ′n ≥ 50δ′n vertices all lie in components with at least
50 vertices. Note that each such component forms the vertices of a bare path in Gi and that
there are at most δ′n such components. From each component of F with at least 50 vertices, we
choose greedily pairwise vertex-disjoint paths of length 11 until we have a set SpecPathsi of δ′n
vertex-disjoint bare paths in Ti of length 11, which we can do because after greedily choosing
such paths in the at most δ′n components at most 10δ′n vertices are left over.

We let K be an arbitrary subset of [(1
2 + δ)n] \ J of size (1

2 + 1
2δ)n. For each Ti with i ∈ K,

let OddVerti be a set of two leaves in Ti. Set Dodd = 1. Observe that
∑

i∈K |OddVerti| =

(1 + δ)n ≥ (1 + δ′)n and hence (Ti)i∈[N ] is in OurPackingClass(n,
(
n
2

)
; δ′, c,D). Therefore, we can

apply Theorem 10 which returns a perfect packing of (Ti)i∈[N ] into H. �

3. Outline of the proof of our main theorem

In this section, we give a rough sketch of our proof. We will give a much more detailed
discussion in Section 6, together with precise statements of the lemmas we need along the way.

We need to embed the graphs (Gs)s∈G into H; we can without loss of generality suppose this
will be a perfect packing (i.e. (b ) of Definition 9 holds with equality). We first embed all the
graphs Gs with s ∈ G\(J ∪K), and most vertices of all the remaining graphs, using a randomised
packing algorithm from [2]; this is the bulk embedding, Stage A.

What remains is the following: for the graphs Gs with s ∈ K we still need to embed (some of)
the vertices OddVerts. For the graphs Gs with s ∈ J we still need to embed some bare paths
contained in BasicPathss, whose ends are already embedded (we say the paths are anchored).

We next complete the embedding of the graphs Gs with s ∈ K. Since after this step, only bare
paths from (BasicPathss)s∈J — that is vertices of degree 2 — will be left to pack, there are some
obvious parity restrictions ahead. So, we use the odd degrees of OddVerts (c.f. Definition 9(e ))
to fulfil these. This is the parity correction, Stage B.

Now we need to embed the anchored bare paths of Gs with s ∈ J . At each vertex v of H, we
have to use one edge per path anchored at v, and in addition each time we choose to use v as an
interior vertex we use two edges; this is why we needed to set the parity in the previous step. We
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split these graphs up into three parts, J = J0∪̇J1∪̇J2, and perform the embedding of these bare
paths over several stages, preparing for an application of the results of Keevash [15, 16] on the
existence of designs in our final stage. We now first detail in what setup we want to apply the
design results in order to pack (parts of) our bare paths, we then outline how we can apply the
design results in this setup, and finally explain which preparations are performed for achieving
this setup.

Before the final stage we will be left with a subgraph of H; let us call this subgraph H∗ here.
We will ensure that H∗ has an even number of vertices, which come in terminal pairs {�i,�i}.
Thus we have a partition V (H∗) = V�∪̇V� into equal parts, which we call sides. We will also
ensure that all that remains is to embed some paths with three edges from some graphs Gs with
s ∈ J0 such that each of these paths is anchored to a terminal pair: that is, if xyzw is such a
3-edge path in Gs, then there exists some i such that x is embedded to the vertex �i of H∗ and
w to �i. When packing these paths in the final stage, we shall insist that y gets embedded to
the same side as x, i.e. V�, and z to the same side as w, i.e. V�.

Let us now explain how we apply the design results. We represent the embedding of the path
xyzw into H∗ as the embedding of a 4-vertex configuration called a diamond in an auxiliary
coloured and partially directed graph called a chest, which we now describe. (For an illustration
see also Figure 2.) The vertices of the chest come in two parts, the set V = {1, 2, . . . , |V�|} and
the set U = J0. We put coloured edges into V as follows. For each edge �i�j ∈ E(H∗), we
put a blue edge ij. For each edge �i�j , we put a red edge ij. Finally for each edge �i�j we
put a green arc directed from i to j. Thus a 3-vertex cycle ijk in the chest, in which ij is blue,
jk is green and directed from j to k, and ki is red, represents a 3-edge path �i �j �k�i in H∗.
We put in addition edges from s ∈ U to V as follows. For each i ∈ V such that Gs has a path
anchored on {�i,�i} we put a grey edge is. If j ∈ V is such that �j has not been used in the
embedding of Gs before the final stage, we put a black edge js, and if �k has not been used in
the embedding of Gs before the final stage, we put a purple edge ks. A diamond is then the
4-vertex configuration obtained by adding a vertex s ∈ U to the three-vertex cycle ijk described
above, with is grey, js black and ks purple. A copy of this configuration in the chest represents
a 3-edge path �i �j �k�i in H∗, with the additional information that we can use this copy to
embed a 3-edge path of Gs anchored at {�i,�i} and that �j and �k have not been used in the
embedding of Gs. In other words, a diamond in the chest represents a valid way to embed one
path of one graph Gs in H∗. See Figure 3 for an illustration of this translation from paths to
diamonds.

We should at this point note that the chest can and will have multiple edges between its
vertices, but we will ensure that �i�i is not an edge of H∗, meaning that the chest has no loops.
Suppose now that we have a collection of edge-disjoint diamonds in a chest, that is, we do not use
any one coloured edge or arc in two different diamonds. We remark that it may still be the case
that one red edge ij is used in one diamond while a parallel blue edge ij is used in another. This
condition of edge-disjointness of the diamonds translated back to H∗ means the following: the
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Figure 1. The two left-hand pictures show an example of two paths from the
same graph Gj embedded in H∗ to the paths �4 �3 �1�4 and �5 �1 �3�5 and
the corresponding diamonds in the chest. The two right-hand pictures show an
example of two paths from different graphs Gj and Gj′ embedded in H∗ to the
paths �5�4�1�5 and �5�1�3�5, respectively, and the corresponding diamonds
in the chest. The solid and dashed lines in this picture are only used to distinguish
the two paths/diamonds.

embeddings of 3-edge paths from various graphs Gs with s ∈ J0 encoded by the diamonds do not
use any one edge of H∗ twice, and any two paths from any one Gs get embedded to disjoint sets
of vertices. In other words, a collection of edge-disjoint diamonds represents a way to extend
the packing we have before the final stage to a larger packing. In particular, we will ensure
the number of red, blue, green and grey edges are all the same. A collection of edge-disjoint
diamonds which use all of them—which we call a diamond core-decomposition—then represents
an extension of the packing before the final stage to the desired perfect packing. Note that our
diamond core-decompositions will not use all the black or purple edges, since the graphs Gs with
s ∈ J are not spanning. A diamond core-decomposition is precisely a generalised design, whose
existence is proved by Keevash [15, 16] under certain conditions on the chest (see Section 4 for
more details). This final stage of our packing will be Stage G, designs completion.

The preparation we need to do before this is then simply to ensure that we end up with
the above setting, and that the Keevash conditions for the existence of the required generalised
design are met. In Stage C, partite reduction, we split the vertices of H into two equal sides and
pair them up into terminal pairs randomly. If v(H) is odd, we have one leftover vertex �. We
embed a few paths from the graphs Gs with s ∈ J , including all of those anchored at �, in order
to use up all the edges of H leaving � and any edges of H between terminal pairs.

In Stage D, connecting to terminal pairs, we embed some vertices from the graphs Gs with
s ∈ J0. Prior to this stage, the bare paths in this graph which we need to embed all have 11

edges, and they can be anchored anywhere in H (except �), not necessarily to terminal pairs. In
this stage, we embed the first four and last four vertices of each path in order that what remains
is to embed the middle 3 edges between some terminal pair {�i,�i} which we choose randomly.

As mentioned above, for our designs completion Stage G, we need the same numbers of red,
blue and green edges in the chest. That means we need the same number of edges of H within
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V�, within V� and crossing between V� and V�. After Stage D, the left-over graph H has a
fairly uniform density, and in particular there are about twice as many edges crossing from V�

to V� as within V�. In Stage E, density correction, we now make sure that we obtain precisely
the correct number of edges within V� and V� and crossing. We will embed further paths in the
following Stage F, but the number of edges from each set we use is fixed and taken into account.
We do this density correction by completing the embedding of the graphs Gs with s ∈ J2.

In Stage F, degree correction, we ensure that some conditions of the following form hold. For
any given �i ∈ V�, the number of edges of H going from �i to V� is equal to the number of
edges going from �i to V� plus the number of s ∈ J0 which have a path anchored at �i. Observe
that if we embed a diamond using i, there is a blue edge at i and either a green arc leaving i
or a grey edge at i, so that a diamond core-decomposition can only exist if the above equality
holds. Following the language of Keevash [15, 16] we call these divisibility conditions. All these
conditions are very close to holding already after Stage E, so only tiny corrections are necessary.
We perform the degree correction by completing the embedding of the graphs Gs with s ∈ J1.

We have J = J0 ∪ J1 ∪ J2, so after Stage F, what remains is precisely the embedding of
three-edge paths from graphs Gs with s ∈ J0 described above as Stage G, designs completion.
For applying Keevash’s designs result in this stage we need one further condition: The chest has
to have certain quasirandomness properties (which we define precisely in Section 4). In Stages A,
D and E (which is where we embed a significant number of edges) we use randomised algorithms
to perform our embedding, and with high probability these algorithms give the required quasir-
andom output. In Stages B, C and F the number of edges we embed is tiny compared to e(H).
We simply ensure that we do not embed to any one vertex too often in these stages, and this is
enough to ensure that quasirandomness cannot be seriously affected. We should note that while
we eventually need quasirandomness to apply the Keevash machinery, we will also use it often
in our analysis of the preparatory stages; it is for instance the quasirandomness that guarantees
our divisibility conditions are all close to correct after Stage E.

Let us close this proof outline by describing the bulk embedding, Stage A, in some more detail.
This part of our proof is an extension of the proof of Theorem 3 given in [2], which is built on
the following idea. Enumerate the graphs as G1, . . . , G|G|, with the graphs Gs for s ∈ J ∪K last.
We embed the graphs one after another, edge-disjointly, in this order, except for the vertices in
OddVerts and BasicPathss.

For each Gs, we pack the first (1 − δ)n vertices in the D-degeneracy order as follows. We
embed the first vertex of Gs uniformly to V (H). Thereafter, when we need to embed vertex
i, we look at the already embedded neighbours x1, . . . , xr of i. Suppose these are embedded to
v1, . . . , vr in H. Then we need to embed i to a vertex which is adjacent to all of v1, . . . , vr in H
and which we did not previously use in embedding Gs. We pick such a vertex v uniformly at
random, embed i there, and delete all edges vvj with j ∈ [r] from H.

For the graphs Gs with s ∈ G \ (J ∪ K), we still need to embed the remaining δn vertices.
This requires a separate argument which is not that relevant for this discussion.
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To show that this random process succeeds, we need to show that after each Gs is embedded,
the remaining graph H is still quasirandom. In turn, during the embedding of Gs, we need to
argue that the first i vertices are embedded to roughly an i/n fraction of the common neigh-
bourhood of any D or fewer vertices of H. This is called the diet condition, and together with
the quasirandomness of H in particular it tells us that there will always be a large set of vertices
to which we can embed vertex i+ 1 of Gs.

The above analysis is detailed in [2]. However to make Stages B–G work, we need quite a few
additional properties of this packing, which we prove in this paper (in Section 8). In addition,
the randomised algorithm which we use in Stages D and E is related to the procedure described
above, but requires an entirely new analysis (which is given in Section 7).

We remark that another approach extending [2] was used in [1] to prove Theorem 5. However,
the structure that is put aside and packed later there are the leaves in (Gs)s∈B. The subsequent
perfect packing of these leaves is much easier than that of our systems of paths.

4. Designs

The main purpose of this section is to formulate a general decomposition result for directed
coloured partite multigraphs (Theorem 21), which is a special case of the deep results on the
existence of designs by Keevash [15, 16], and apply it obtain a specific decomposition result
of certain partially directed coloured partite multigraphs (Proposition 14) that we shall use to
complete the packing in our proof of Theorem 10. Here, a partially directed multigraph consists
of a vertex set, a set (or a collection of sets) of directed edges and a set (or a collection of sets)
of undirected edges, with multi-edges allowed but loops not.

We first introduce some basic notions. For a directed graph G and v ∈ V (G) we define
NoutG (v) and NinG (v) as the out-neighbourhood and the in-neighbourhood of v, respectively. As
before NoutG (S) =

⋂
v∈S N

out
G (v) and NinG (S) =

⋂
v∈S N

in
G (v). We write degoutG (v) = |NoutG (v)| and

deginG (v) = |NinG (v)| for the corresponding degrees. We shall be considering partially directed
multigraphs M with a collection of different edge sets E1, E2, . . . , Ek, where Ei either consists
only of directed edges or only of undirected edges. We also write NoutEi

(v), NinEi
(v), degoutEi

(v),
degoutEi

(v) in the former case, and NEi(v), degEi
(v) in the latter case for the neighbourhoods and

degrees in the sub(di)graph ofM with edge set Ei.
We now define the setup in which we want to apply the decomposition results mentioned

above. The partially directed multigraph which we want to decompose, and which we shall call
chest , has the following form. See the left hand side of Figure 2 for an illustration of this setup.

Definition 11 (chest). We have disjoint sets V and U of vertices and the following collection of
edge sets. The edge set ~E1 contains directed edges in V , the edge sets E2 and E3 contain edges in
V , and E4, E5, E6 contain edges between V and U . Parallel edges or loops are not allowed within
any of these edge sets, though antiparallel edges are allowed in the set of directed edges ~E1, and
different edge sets may have edges in common. If V , U , ~E1, E2, . . . , E6 satisfy these properties,
we say thatM = (V ∪̇U ; ~E1, E2, E3, E4, E5, E6) is a chest.
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Figure 2. A chest (on the left) and a diamond in it (on the right).

In order to be able to apply the decomposition results we need our chest to have certain
quasirandomness properties.

Definition 12 (quasirandom chest). Define d1 := | ~E1|
|V |2 , di := |Ei|

(|V |2 )
for i = 2, 3, and di :=

|Ei|
|V ||U | for i = 4, 5, 6. We say that a chest M is (γ, L)-quasirandom if for every choice of
S1, S

′
1, S2, S3, S

′
4, S
′
5, S
′
6 ⊆ V and S4, S5, S6 ⊆ U of mutually disjoint sets of total size at most L

we have that∣∣∣∣∣V ∩ Nout~E1
(S1) ∩ Nin~E1

(S′1) ∩
6⋂
i=2

NEi(Si)

∣∣∣∣∣ = (1± γ) · d|S1|+|S′1|
1 ·

6∏
i=2

d
|Si|
i · |V | and∣∣∣∣∣U ∩

6⋂
i=4

NEi(S
′
i)

∣∣∣∣∣ = (1± γ) ·
6∏
i=4

d
|S′i|
i · |U | .

We next define the partially directed graph into which we want to decompose a quasirandom
chest.

Definition 13 (diamond). A diamond in M is a graph ({vi}4i=1, {ei}6i=1) with e1 ∈ ~E1 and
ei ∈ Ei for i = 2, . . . , 6, and so that e1 = (v1, v2), e2 = {v3, v1}, e3 = {v2, v3}, e4 = {v1, v4},
e5 = {v2, v4}, and e6 = {v3, v4}.

See the right hand side of Figure 2 for an illustration of a diamond. A collection D of diamonds
in a chest M is a diamond core-decomposition of M if each edge of ~E1∪̇E2∪̇E3∪̇E6 is used by
exactly one diamond of D, and each edge of E4∪̇E5 is used by at most one diamond of D.

It turns out that, in order to complete the packing of our trees in the proof of Theorem 10, we
need a diamond core-decomposition of a quasirandom chest (this part of our proof is encapsulated
in Lemma 38). The following proposition provides conditions under which we can obtain such a
diamond core-decomposition.

Proposition 14 (diamond core-decomposition). For every d, σ > 0 there exists L, n0 ∈ N
and γ > 0 with the following property. Let M = (V ∪̇U ; ~E1, E2, E3, E4, E5, E6) be a (γ, L)-
quasirandom chest with |U ∪ V | = n > n0 and min{|U |, |V |} ≥ σn, such that d1 = | ~E1|

|V |2 > d, and
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di = |Ei|
|V ||U | > d for i = 4, 5, 6. Suppose that | ~E1| = |E2| = |E3| = |E6|. Suppose further that for

any vertex v ∈ V we have

(i ) degE2
(v) = degoutE1

(v) + degE6
(v),

(ii ) degE3
(v) = deginE1

(v) + degE6
(v),

(iii ) degE4
(v) ≥ degoutE1

(v) + 4d−1γ|U |,
(iv ) degE5

(v) ≥ deginE1
(v) + 4d−1γ|U |,

and for any vertex u ∈ U we have

(v ) degE4
(u) ≥ degE6

(u) + 4d−1γ|V |
(vi ) degE5

(u) ≥ degE6
(u) + 4d−1γ|V |.

ThenM has a diamond core-decomposition.

The remainder of this subsection is dedicated to the deduction of Proposition 14 from [16,
Theorem 19]. This theorem is very general and relies on heavy terminology specific to [16]. So,
as an intermediate step, we present in Theorem 21 a decomposition result which is fairly general
yet relatively easy to state. In order to state this result we need a number of definitions.

Theorem 21 allows us to decompose multi-digraphs into a family of digraphs in a coloured
and partite setting. For an integer D, a [D]-edge-coloured digraph is a digraph whose edges are
assigned colours from the set [D]. We remark that in this theorem the rôles of H and G are
interchanged compared to the setting in the remainder of the paper: We decompose a digraph G
into graphs H from a family H. The reason for this change is that this will make it easier for us
to explain how Theorem 21 follows from [16, Theorem 19].

Definition 15 (decomposition). Let H be a family of [D]-edge-coloured digraphs on [q], and let
G be a [D]-edge-coloured digraph on [n]. We say that G has an H-decomposition if the edges of
G can be partitioned into copies of digraphs from H that preserve the colouring.

We can only decompose into certain types of edge-coloured digraphs, which we call simple
canonical digraphs.

Definition 16 (simple canonical digraphs). Let D, q ∈ N, and let P = {P1, . . . , Pt} be a partition
of [q]. Let H be a family of [D]-edge-coloured digraphs on [q]. Further, for each colour d ∈ [D]

assume we are given a pair (i, j) ∈ [t]2, which we call colour location of d. For a colour d ∈ [D]

with colour location (i, j) such that i = j we assume further that d is specified as being an oriented
colour or an unoriented colour.

In this case, we say that the family H is simple P-canonical if the following hold for every
H ∈ H and every colour d ∈ [D] and its colour location (i, j).

• There is no loop in H, there are no parallel edges in H, and there are no anti-parallel edges of
different colours in H.

• All the edges of H of colour d start in Pi and end in Pj.
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• If i = j and d is an unoriented colour, then all the edges of H of colour d come in pairs that
form directed 2-cycles.

• If i = j and d is an oriented colour, then H contains no directed 2-cycles in colour d.

As illustration, let us explain how this definition is used in our application. Recall that in
our setup we decompose into diamonds on vertex set [4] (replacing vi in the definition of a
diamond with i) containing directed edges and undirected edges and with vertices 1, 2, 3 mapped
to V and vertex 4 mapped to U , as well as leftover edges from E4 and E5. Translating this
to the setting of simple canonical digraphs, we would choose P = {P1, P2} with P1 = {1, 2, 3}
and P2 = {4} and H = {H1, H2, H3} containing the following digraphs. The digraph H1 is a
directed version of the diamond: We give the 6 edges of the diamond 6 different colours, and
then replace each undirected edge (i, 4) of colour d with an edge directed towards 4 of colour d
(this choice of direction is arbitrary), and each other undirected edge (within P1) of colour d
with two antiparallel edges of colour d. The digraphs H2 and H3 can be used for the leftover
edges from E4 and E5: H2 only contains the edge (1, 4) in the same colour as in H1 and H3 only
contains the edge (2, 4) in the same colour as in H1.

We next define the types of digraphs that can be decomposed with the help of Theorem 21.

Definition 17 (general multi-digraph). Let P ′ = {P ′1, . . . , P ′t} be a partition of [n]. We say
that a [D]-edge-coloured multi-digraph G on [n] with partition P ′ is general if G has no loop, but
multi-edges, parallel and anti-parallel, of the same or different colours are allowed, as long as for
any colour d ∈ [D] between any two parts P ′i and P ′j with i 6= j, either all edges of colour d are
directed towards P ′i or all edges of colour d are directed towards P ′j.

Further, the digraphs we want to decompose need to satisfy a number of conditions, which we
define next, and which allow for a partite setting. We start with the divisibility conditions. For
a [D]-edge coloured (multi-)digraph H, a vertex v of H and a colour d ∈ [D], we write Hd for
the sub-(multi-)digraph of H containing exactly those edges of colour d. We also write degoutH,d(v)

for degoutHd
(v) and deginH,d(v) for deginHd

(v), and analogously for NoutH,d(v), NinH,d(v), NoutH,d(S), and
NoutH,d(S), where S ⊆ V (H).

Definition 18 (divisibility). Let P = {P1, . . . , Pt} be a partition of [q] and P ′ = {P ′1, . . . , P ′t} be
a partition of [n]. Let G be a [D]-edge-coloured general multi-digraph on [n]. Let H be a family
of [D]-edge-coloured simple P-canonical digraphs on [q]. We say that (G,P ′) is (H,P)-divisible
if the following hold.

0-divisibility: For d ∈ [D], and H ∈ H, let cd,H denote the number of edges in H coloured d.
There are integers (mH)H∈H such that for each d ∈ [D] the number of edges of G in colour
d equals

∑
H∈HmH · cd,H .
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1-divisibility: For any i ∈ [t] and any vertex v ∈ P ′i , there exist integers (mH,x)H∈H,x∈Pi such
that for each d ∈ [D] we have

degoutG,d(v) =
∑

H∈H,x∈Pi

mH,x · degoutH,d(x) and deginG,d(v) =
∑

H∈H,x∈Pi

mH,x · deginH,d(x) .

2-divisibility: For each d ∈ [D] with colour location (i, j) (with respect to H), all edges in G of
colour d start in P ′i and end in P ′j. Further, if i = j and colour d is unoriented then all the
edges of G of colour d come in pairs that form directed 2-cycles.

Observe that 2-divisibility mandates that in G edges of colour d only run between a unique
pair (P ′i , P

′
j) of parts (with possibly i = j). Since H is canonical also in any H ∈ H we can have

edges of this colour d only between the corresponding pair (Pi, Pj)

The next condition requires that copies of the digraphs H into which we seek to decompose
the digraph G are distributed regularly on edges of G.

Definition 19 (regularity). Let H be a family of [D]-edge coloured digraphs on [q] and let G
be a general [D]-edge-coloured multi-digraph on [n]. Let c, ω > 0 be reals. We say that G is
(H, c, ω)-regular if we can assign a weight wH′ ∈ [ω · n2−q, ω−1 · n2−q] to each coloured copy
H ′ ⊆ G of any H ∈ H, such that for every edge e ∈ E(G) we have∑

H∈H

∑
H′⊆G:e∈E(H′),H′∼H

wH′ = (1± c) ,

where we denote the fact that H ′ is a coloured copy of H by H ′ ∼ H.

In this definition the normalisation of the weights is n2−q because we fix an edge in G and
sum over copies of H in G which contain this fixed edge. We also remark that we do not need
to see the partitions of H and G to formulate this condition. Never the less we will sometimes
say that (G,P ′) is (H, c, ω)-regular if G is (H, c, ω)-regular.

The following final condition considers any vertex x in any H ∈ H and requires that whenever
we choose for each vertex y in H other than x a set Ay of at most h vertices in the part of G
where y should be embedded then the common neighbourhood of these sets Ay in the part
where x should be embedded is of linear size, where for this common neighbourhood we take
edges directed as mandated by corresponding edges in H.

Definition 20 (vertex-extendability). Let P = (P1, . . . , Pt) be a partition of [q] and let P ′ =

(P ′1, . . . , P
′
t) be a partition of [n]. Let H be a simple P-canonical family of [D]-edge-coloured

digraphs on [q]. Let G be a general [D]-edge-coloured multi-digraph on [n].
Let H ∈ H, let x ∈ [q] be any vertex of H, and let Pi be the part of P containing x. Let y be

any other vertex of H, that is, y ∈ [q] \ {x}. If (x, y) or (y, x) is an edge of H, then let d be its
colour. (Recall that since H is canonical, if (x, y) and (y, x) are both edges, then they have the



THE TREE PACKING CONJECTURE FOR TREES OF ALMOST LINEAR MAXIMUM DEGREE 17

same unoriented colour.) For any set A ⊆ [n] of vertices in G, we define

N
(y,x,H)
G (A) =


NoutG,d(A) ∩ P ′i if only (y, x) ∈ E(H) ,

NinG,d(A) ∩ P ′i if only (x, y) ∈ E(H) ,

NoutG,d(A) ∩ NinG,d(A) ∩ P ′i if both (y, x), (x, y) ∈ E(H) ,

P ′i otherwise .

Let h be an integer and ω > 0. We say that (G,P ′) is (H,P, ω, h)-vertex-extendable if
the following holds for every H ∈ H and every x ∈ [q]. For every choice of pairwise dis-
joint sets {Ay}y∈[q]\{x} of size |Ay| ≤ h with Ay ⊆ P ′j whenever y ∈ Pj, the set Ax :=⋂
y∈[q]\{x}N

(y,x,H)
G (Ay) has size |Ax| ≥ ωn.

In our setting, regularity and vertex-extendability both follow from the quasirandomness prop-
erties of the chest. We are now ready to state the decomposition result that implies Proposi-
tion 14.

Theorem 21 (decomposition result). Given q,D ∈ N and σ > 0, there exist numbers ω0 > 0

and n0 ∈ N such that with q′ = max{q, 8+blog2(1/σ)c}, h = 250q′3 and δ = 2−103q′5 the following
holds for each n > n0 and ω ∈ (n−δ, ω0).

Let P = (P1, . . . , Pt) be a partition of [q] and P ′ = (P ′1, . . . , P
′
t) be a partition of [n] such that

|P ′i | ≥ σn for each i ∈ [t]. Let H be a simple P-canonical family of [D]-edge-coloured digraphs
on [q], and let G be a general [D]-edge-coloured multi-digraph on [n].

Suppose that (G,P ′) is (H,P)-divisible, (H, ωh20 , ω)-regular and (H,P, q′h
√
ω, h)-vertex-exten-

dable. Then G has an H-decomposition.

Theorem 21 is a special case of [16, Theorem 19]. In Appendix A, we explain the connections
between the notion used in [16] and the one used here. We now use Theorem 21 to prove
Proposition 14.

Proof of Proposition 14. We first choose the constants. Let d, σ > 0 be given. Set q := 4 and
D := 6. Let ω0 and n′0 be the output parameters of Theorem 21 for input q, D and σ and set

q′ := max{q, 8 + blog2(1/σ)c} , h := 250q′3 and δ := 2−103q′5 ,

as specified in Theorem 21. Further, set

L := h , n0 := max{n′0, ω−1/δ} , ω := min
{(σd

2

)5Lhq′

,
ω0

2

}
, and γ :=

ωh
20

6
> 0 .

Let n > n0 and observe that n−δ < ω < ω0 as required by Theorem 21.
Now letM be a (γ, L)-quasirandom chest with vertex set [n] = U ∪̇V satisfying the assump-

tions of Proposition 14. As Theorem 21 only decomposes digraphs andM has undirected edges,
we need to transform M as follows. Replace every unoriented edge inside V by an oriented
2-cycle of the same colour and replace every unoriented edge between V and U by an oriented
edge from V to U of the same colour. Abusing notation we call this transformed digraph M
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as well. Observe that M is a general multigraph. Naturally, we shall be using the partition
P ′ = {P ′1, P ′2} with P ′1 = U and P ′2 = V forM, hence t := 2 in our application of Theorem 21.
By assumption we have |P ′i | ≥ σn for i = 1, 2.

We next define the family H of simple canonical digraphs on [q] = [4] we are decomposingM
into. (This was motivated already after the definition of simple canonical digraphs.) Indeed, let
P1 := {1, 2, 3} and P2 := {4}. Let H := {H1, H2, H3}, where
• H1 has an edge coloured by 1 directed from 1 to 2, a 2-cycle of colour 2 between 2 and 3, a

2-cycle of colour 3 between 3 and 1, an edge in colour 4 directed from 1 to 4, an edge in colour
5 directed from 2 to 4, and an edge in colour 6 directed from 3 to 4;

• H2 consists of a single edge coloured by 4 directed from 1 to 4;

• H3 consists of a single edge coloured by 5 directed from 2 to 4.

In other words, H1 is a directed analogue of the diamond, with directions and colours consistent
with directions and colours in M. The digraphs H2 and H3 consist of a single edge and their
purpose is that instead of using each edge ~E1∪̇E2∪̇E3∪̇E6 exactly once and each edge of E4∪̇E5

at most once in the definition of the diamond core-decomposition, we now want to use each edge
exactly once in a copy of a graph from H as in Definition 15.

By construction, an H-decomposition of M gives the desired diamond core-decomposition.
Theorem 21 provides us with such an H-decomposition. Hence it remains to check that the con-
ditions of this theorem are satisfied: We shall show that (M,P ′) is (H,P)-divisible, (H, 6γ, ω)-
regular and (H,P, q′h

√
ω, h)-vertex-extendable.

Divisibility: The 0-divisibility condition is implied by the fact that by assumption | ~E1| =

|E2| = |E3| = |E4| ≤ |E5|, |E6|, where the inequality follows from (iii )–(vi ) of Proposition 14.
The 1-divisibility condition follows from (i )–(vi ) of Proposition 14, the fact that each colour
in the (original) diamond appears only once, and the fact that H2 and H3 are single edges.
The 2-divisibility comes from the definition of the chest M and the corresponding digraphs
H1, H2, H3.

Regularity: For every copy H ′1 of H1 inM and every edge H ′2 of colour 4 and every edge H ′3
of colour 5 inM, we choose the weights

wH′1 :=
1

d2
1d4d5d6|V ||U |

, wH′2 :=
d4 − d6

d4|V |2
, wH′3 :=

d5 − d6

d5|V |2
.

Observe that wH′1 , wH′2 , wH′3 ∈ [n−2, (d5σ2)−1n−2] and we have ω ≤ d5σ2 < 1, so these weights
are in the allowed range. By the (L, γ)-quasirandomness of the chest M we have that every
edge e inM with colour i ∈ {1, 2, 3} is contained in (1± γ)5d2

1|V | · d4d5d6|U | copies of H1 and
0 copies of H2 and H3. Hence,∑

H∈H

∑
H′⊆M;e∈E(H′),H′∼H

wH′ =(1± γ)5d2
1|V | · d4d5d6|U | ·

1

d2
1d4d5d6|V ||U |

= (1± 6γ) .
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Every edge e inM with colour 6 is contained in (1± γ)5d3
1d4d5|V |2 copies of H1 and 0 copies of

H2 and H3. Recall that | ~E1| = d1|V |2, |E6| = d6|U ||V |, and | ~E1| = |E6| by assumption. Hence,∑
H∈H

∑
H′⊆M;e∈E(H′),H′∼H

wH′ = (1± γ)5d3
1d4d5|V |2 ·

1

d2
1d4d5d6|V ||U |

= (1± 6γ)
d1|V |
d6|U |

= (1± 6γ)
d1|V |2

|E6|
= (1± 6γ)

| ~E1|
|E6|

= (1± 6γ) .

Next, every edge e inM of colour 4 is contained in (1 ± γ)5d3
1d5d6|V |2 copies of H1, in (|V | −

2)(|V | − 3) copies of H2 corresponding of the placement of the two isolated vertices {2, 3} inM,
and in 0 copies of H3. Hence, using |E4| = d4|U ||V | and d1|V |2 = | ~E1| = |E6| = d6|U ||V |, we
get ∑

H∈H

∑
H′⊆M;e∈E(H′),H′∼H

wH′ = (1± γ)5 d3
1d5d6|V |2

d2
1d4d5d6|V ||U |

+ (1± γ)|V |2
(
d4 − d6

d4|V |2

)

= (1± 6γ)

(
d1|V |
d4|U |

+
(d4 − d6)|U |

d4|U |

)
= (1± 6γ)

d1|V |2 + d4|U ||V | − d6|U ||V |
|E4|

= (1± 6γ)
|E4|
|E4|

= (1± 6γ) .

The calculation for an edge of colour 5 is analogous to the previous case.

Extendability: We provide the details for checking vertex-extendability only for H = H1 and
x = 1 ∈ V (H1). The other cases are analogous. We choose any collection of pairwise disjoint sets
{Ai}i∈[4]\{1} of size |Ai| ≤ h = L with Ai ⊆ V if i = 2, 3 and Ai ⊆ U if i = 4. Using the notation
from the definition of vertex-extendability, we have N

(2,1,H1)
M (A2) = NinM,1(A2) = Nin~E1

(A2). Sim-

ilarly N
(3,1,H1)
M (A3) = NinM,2(A3) ∩ NoutM,2(A3) = NE2(A3), where we use that (undirected) edges

in E2 were replaced by oriented 2-cycles. Analogously, N(4,1,H1)
M (A4) = NE4(A4). Accordingly,

we want to lower-bound the size of

A1 :=
⋂

y∈[4]\{1}

N
(y,1,H1)
M (Ay) = Nin~E1

(A2) ∩ NE2(A3) ∩ NE4(A4) .

By the definition of (L, γ)-quasirandomness for the chest M, setting S′1 := A2, S2 := A3,
S4 := A4 and S1 = S3 = S′4 = S′5 = S′6 = S5 = S6 = ∅, and using that ω ≤ (σd2 )5Lhq′ , we get
that

|A1| ≥ (1− γ)dL1 d
L
2 d

L
4 |V | >

1

2
d3Lσn ≥ q′h√ωn ,

as required for (H, q′h
√
ω, h)-vertex-extendability. �

5. Probabilistic tools and quasirandomness

In this section we collect a number of other tools that we shall need for the proof of Theorem 10.
We start with some standard probabilistic results concerning properties of the hypergeometric
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distribution, McDiarmid’s inequality, and Freedman’s inequality. We then turn to the discussion
of various quasirandomness properties.

5.1. Probabilistic tools. Let us quickly recall the hypergeometric distribution.

Definition 22. Suppose that X is a set of order n, and Y ⊆ X has ` elements. Let Z be a
uniformly random subset of X of size h. Then |Y ∩ Z| has hypergeometric distribution with
parameters (n, `, h).

It is a well known fact that the hypergeometric distribution is at least as concentrated as the
binomial distribution with the same mean. In particular, we have the following bounds which
apply to the binomial, and hence also hypergeometric, distributions.

Fact 23 (Corollary 2.4, Theorems 2.8 and 2.10, and (2.9) in [11]). Given integers (n, `, h), the
hypergeometric distribution with parameters (n, `, h) has mean `h

n . Suppose that N is a random
variable whose distribution is either hypergeometric with parameters (n, `, h), or binomial with
parameters (n, p). Then, for each c ∈ (0, 3

2), we have

P [|N −E[N ]| > cE[N ]] < 2 exp

(
−c

2

3
·E[N ]

)
.

We also have
P [N −E[N ] > s] < exp(−s)

whenever s ≥ 6E[N ].

Putting these two bounds together, we get the following observation, which we will use rather
often. We have N = E[N ] ± n0.9 with probability at least 1 − exp(−n0.65) for all sufficiently
large n. To see that this is true, observe that if E[N ] ≤ n0.89 then we only need to consider
the possibility N ≥ E[N ] + n0.9; since n0.9 ≥ 6E[N ] the second bound applies and gives us
the desired result. If on the other hand n0.89 ≤ E[N ] ≤ n, then we use the first bound with
c = n−0.1.

Suppose that Ω =
∏k
i=1 Ωi is a product probability space. A measurable function f : Ω→ R

is said to be C-Lipschitz if for each ω1 ∈ Ω1, . . . , ωk ∈ Ωk, for each i ∈ [k] and each ω′i ∈ Ωi

we have |f(ω1, . . . , ωi, . . . , ωk)− f(ω1, . . . , ω
′
i, . . . , ωk)| ≤ C. McDiarmid’s Inequality states that

Lipschitz functions are concentrated around their expectation.

Lemma 24 (McDiarmid’s Inequality, [21]). Let f :
∏k
i=1 Ωi → R be a C-Lipschitz function.

Then for each t > 0 we have

P
[
|f −E[f ]| > t

]
≤ 2 exp

(
− 2t2

C2k

)
.

Let Ω be a finite probability space. A filtration F0, F1,. . . , Fn is a sequence of partitions of Ω

such that Fi refines Fi−1 for all i ∈ [n]. Note that in this finite setting, a function f : Ω→ R is
Fi-measurable if f is constant on each part of Fi. Further, for any random variable Y : Ω → R
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the conditional expectation E(Y |Fi) : Ω → R and the conditional variance Var(Y |Fi) : Ω → R
of Y with respect to Fi are defined by

E(Y |F)(x) = E(Y |X),

Var(Y |F)(x) = Var(Y |X),
where X ∈ F is such that x ∈ X .

Suppose that we have an algorithm which proceeds in m rounds using a new source of ran-
domness Ωi in each round i. Then the probability space underlying the run of the algorithm is∏m
i=1 Ωi. By history up to time t we mean a set of the form {ω1} × · · · × {ωt} × Ωt+1 × · · ·Ωm,

where ωi ∈ Ωi. We shall use the symbol Ht to denote any particular history of such a form.
By a history ensemble up to time t we mean any union of histories up to time t; we shall use
the symbol L to denote any one such. Observe that there are natural filtrations associated to
such a probability space: given times t1 < t2 < . . . we let Fti denote the partition of Ω into the
histories up to time ti.

The following inequality, a corollary of Freedman’s inequality [7] derived in [1], will be our
main concentration tool for analysing random processes. The event E will generally be an
assertion that various good properties are maintained up to some stage in a random process, and
in particular it is important that E need not be measurable with respect to any elements of the
given filtration.

Corollary 25 ([1, Corollary 7]). Let Ω be a finite probability space, and (F0,F1, . . . ,Fn) be a
filtration. Suppose that we have R > 0, and for each 1 ≤ i ≤ n we have an Fi-measurable
non-negative random variable Yi, nonnegative real numbers µ̃, ν̃ and an event E.

(a ) Suppose that either E does not occur or we have
∑n

i=1 E
[
Yi
∣∣Fi−1

]
≤ µ̃, and 0 ≤ Yi ≤ R

for each 1 ≤ i ≤ n. Then

P

[
E and

n∑
i=1

Yi > 2µ̃

]
≤ exp

(
− µ̃

4R

)
.

(b ) Suppose that either E does not occur or we have
∑n

i=1 E
[
Yi
∣∣Fi−1

]
= µ̃±ν̃, and 0 ≤ Yi ≤ R

for each 1 ≤ i ≤ n. Then for each %̃ > 0 we have

P

[
E and

n∑
i=1

Yi 6= µ̃± (ν̃ + %̃)

]
≤ 2 exp

(
− %̃2

2R(µ̃+ ν̃ + %̃)

)
.

In particular, if ν̃ = %̃ = µ̃η̃ > 0 and η̃ ≤ 1
2 , then

P

[
E and

n∑
i=1

Yi 6= µ̃(1± 2η̃)

]
≤ 2 exp

(
− µ̃η̃2

4R

)
.

5.2. Quasirandomness. Here we collect the definitions of various auxiliary quasirandomness
properties that we use in our proof. The last of these, index-quasirandomness, is the strongest.
However, a large fraction of this paper will be taken up by the analysis of two randomised
algorithms for which we need a less general notion of quasirandomness; in order to keep notation
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in these parts manageable, we also give weaker definitions at the level that these two pieces of
analysis need.

We start with a generalisation of (γ, L)-quasirandomness, that was introduced already in [2].
We will need this notion to state various lemmas from [2] and to perform our own extra analysis
of the randomised algorithm from [2].

Definition 26 (diet condition). Let H be a graph with n vertices and p
(
n
2

)
edges, and let X ⊆

V (H) be any vertex set. We say that the pair (H,X) satisfies the (γ, L)-diet condition if for
every set S ⊆ V (H) of at most L vertices we have

|NH(S) \X| = (1± γ)p|S|(n− |X|) .

Observe that ifH is a (γ, L)-quasirandom graph, andX is a randomly chosen subset of vertices
whose size is not too close to n, then it is very likely that (H,X) has the ((1 + o(1)γ, L)-diet
condition. The randomised algorithm of [2], which we briefly described at the end of Section 3,
has the property that (H,X) is very likely to satisfy the diet condition, where X is the image
of the currently embedded vertices of Gi at any given time in the embedding of Gi. This is our
way of formalising the idea that the image of Gi looks like a random set of vertices.

An important tool in this paper is a randomised algorithm for packing path-forests whose
leaves are all embedded, which we state and prove in Section 7. As discussed in the proof sketch
of Section 3, when we need this algorithm we will be working with a graph whose vertices are split
into two parts (the ‘sides’ mentioned in the proof sketch) and densities within and between the
sides are not necessarily equal. The following definition is a partite version of quasirandomness
and the diet condition.

Definition 27 (block-quasirandom, block-diet). Suppose that L ∈ N and γ > 0 are given.
Let H be a graph, and U ⊆ V (H) be a subset. We say that (H,U) is (γ, L)-block-diet on
V�∪̇V� = V (H) if for every pair of sets S� ⊆ V�, S� ⊆ V� with |S�|+ |S�| ≤ L we have∣∣∣(NH[V�,V�](S�) ∩ NH[V�](S�)

)
\ U
∣∣∣ = (1± γ)|V� \ U | · d(H[V�])|S�| · d(H[V�, V�])|S�| ,∣∣∣(NH[V�](S�) ∩ NH[V�,V�](S�)

)
\ U
∣∣∣ = (1± γ)|V� \ U | · d(H[V�])|S�| · d(H[V�, V�])|S�| ,

where d(H[V�]) is the density of H[V�], d(H[V�]) is the density of H[V�], and d(H[V�, V�])

is the bipartite density of H[V�, V�]. If (H, ∅) is (γ, L)-block-diet, we say H is (γ, L)-block-
quasirandom.

We remark that we shall only consider whether some (H,U) is block-diet when we already
know that H is block-quasirandom.

Our final quasirandomness condition is a good deal more complicated. Recall from the proof
sketch in Section 3 that eventually in Stage G we will draw an auxiliary chest and argue that
a generalised design in this chest corresponds to completing our perfect packing. We need the
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chest to be regular and extendable (as defined in Section 4) and to obtain this we ask for a partite
quasirandomness condition rather similar to that of block-quasirandomness. In particular, we
should be able to control the size of common neighbourhoods (in specified colours) of several
vertices of the chest. The following index-quasirandomness controls the sizes of these sets when
they are within the part V whose vertices i ∈ [n2 ] correspond to terminal pairs {�i,�i} of H.

Recall that a vertex ` ∈ U in the chest corresponds to a graph G` (and we still need to embed
a path-forest in G`). There are edges of three different colours leaving ` in the chest, which
tell us which vertices of V� and of V� have not been used to embed vertices of G`, and which
terminal pairs need connecting by a path. We do not need to know the graph structure of G` in
order to know where these edges go, we simply need to know the set U` of vertices of H used in
the embedding, and the set A` which contains the indices i ∈ [n2 ] of terminal pairs {�i,�i} to
which paths of G` are anchored.

In order to stick to this definition throughout the stages of our packing, we need to enhance
this a little. From Stage C onwards, we have a collection of path-forests in various different
graphs, indexed by κ in the following definition, to pack. Each of these graphs has a used set
U`. However only some of them, indexed by κ′, will be the graphs whose packing we complete
in Stage G and only these graphs have a set A` of terminal pairs.

In the following definition we have an error parameter γ and a size parameter L, which play
much the same rôle as the similar parameters in the above quasirandomness conditions. In
addition we have two density parameters d1 and d2. The density d1 is (approximately) the
density within each of V� and V�; we will always have very nearly (but not necessarily exactly)
the same number of edges within each of these sets. The density d2 is the density between V�
and V�. We have sets S1 and S2 of vertices of H, whose common neighbourhoods in respectively
V� and V� we want to consider. In addition, we have sets T1, T2 ⊆ κ and T3 ⊆ κ′. We want to
know which vertices of V� are not used in the embedding of graphs G` with ` ∈ T1, and similarly
vertices of V� for ` ∈ T2. In addition, we want to know which i ∈ [n2 ] are terminal pairs for each
G` with ` ∈ T3.

A coloured common neighbourhood in the chest is thus the same thing as a set of vertices
i ∈ [n2 ] which satisfy all of the following. �i is in the common neighbourhood of S1, and not used
by any graph G` with ` ∈ T1. Similarly �i in the common neighbourhood of S2 and not used by
any graph G` with ` ∈ T2. Furthermore {�i,�i} is a terminal pair of G` for each ` ∈ T3. The
following definition controls the sizes of all such sets.

Definition 28 (index-quasirandom). Let H̃ be a graph on n vertices for n even, and V� = {�i :

i ∈ [n2 ]}, V� = {�i : i ∈ [n2 ]} be disjoint vertex sets such that V (H̃) = V�∪̇V�. Further, let
(U`)`∈κ be a collection of vertex sets U` ⊆ V (H̃), and (A`)`∈κ′ be a collection of index sets with
A` ⊆ [n2 ] and κ′ ⊆ κ. For a vertex set S ⊆ V (H̃) and an index set T ⊆ κ we define

NH̃(S, T ) := NH̃(S) \
⋃
`∈T

U` .
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One should think of NH̃(S, T ) as being the vertices of H̃ adjacent to all members of S and not
used in the embedding of any G` with ` ∈ T .

We say that the triple (H̃, V�, V�) is (L, γ, d1, d2)-index-quasirandom with respect to (U`)`∈κ

and (A`)`∈κ′, if for all S1, S2 ⊆ V (H̃), for all T3 ⊆ κ′ and all T1, T2 ⊆ κ, T1, T2, T3 pairwise
disjoint such that

|S1|, |S2|, |T1|, |T2|, |T3| ≤ L

the set

UH̃(S1, S2, T1, T2, T3) :=

i ∈ [n2 ] : �i ∈ NH̃(S1, T1),�i ∈ NH̃(S2, T2), i ∈
⋂
`∈T3

A`


satisfies

|UH̃(S1, S2, T1, T2, T3)| = (1±γ)d
|S1∩V�|+|S2∩V�|
1 d

|S1∩V�|+|S2∩V�|
2 · n

2
·
∏

`∈T1∪T2

(
1− |U`|

n

)
·
∏
`∈T3

|A`|
n/2

.

As mentioned, through the Stages of our packing we will maintain index-quasirandomness.
However to apply our path packing theorem, we need the weaker block-quasirandomness and
block-diet. The following lemma checks that we indeed get it.

Lemma 29. Suppose that the triple (H,V�, V�) is (L, γ, d1, d2)-index-quasirandom with respect
to sets (U`)`∈κ and (A`)`∈κ′. Suppose that γ is sufficiently small compared to L−1 and that
n = |V (H)| is sufficiently large given L, γ, d1, d2. Then we have

d(H[V�]), d(H[V�]) = (1± 2γ)d1 and d(H[V�, V�]) = (1± γ)d2 .

In addition, for each ` ∈ κ, we have

|V� \ U`|, |V� \ U`| = (1± γ)
(
n
2 −

|U`|
2

)
,

and the pair (H,U`) is
(
(L+ 2)γ, L

)
-block diet.

Proof. Observe that
∣∣NH(v) ∩ V�

∣∣ =
∣∣UH({v}, ∅, ∅, ∅, ∅)

∣∣. So we have

d(H[V�]) ·
(
n/2

2

)
=

1

2

∑
v∈V�

|NH(v) ∩ V�| =
1

2
· n

2
(1± γ)d1

n

2
= (1± (γ + γ

2L))d1 ·
(
n/2

2

)
.

Analogously, we obtain d(H[V�]) = (1± (γ + γ
2L))d1, and d(H[V�, V�]) = (1± γ)d2 (in the last

case we have |V�||V�| = 1
4n

2 as compared to the small order difference between
(|V�|

2

)
and 1

8n
2

which is responsible for the worse error parameter). For the second part, let U = U`. We have

|V� \ U | = |UH(∅, ∅, {`}, ∅, ∅)| = (1± γ)(1− |U |
n

) · n
2

= (1± γ)
(
n
2 −

|U |
2

)
.
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Let S� and S� be as in the definition of block-diet. Setting S2 := S� ∪ S� we have

|(NH[V�,V�](S�) ∩ NH[V�](S�) \ U | = |UH(∅, S2, ∅, {`}, ∅)| = (1± γ)d
|S�|
1 d

|S�|
2 · (1− |U |

n
)
n

2

= (1± γ)

(
d(H[V�])

(1± (γ + γ
2L))

)|S�|(d(H[V�, V�])

(1± γ)

)|S�|
·
(
n
2 −

|U |
2

)
= (1± (L+ 2)γ)d(H[V�])|S�| · d(H[V�, V�])|S�||V� \ U | .

The estimate for |(NH[V�](S�) ∩ NH[V�,V�](S�) \ U | is done analogously. �

6. The proof of the main theorem

In this section we give our proof of Theorem 10. We first set up constants and preprocess
the graphs (Gs)s∈G . In the key Section 6.4 we introduce the seven packing stages in seven
corresponding lemmas, which readily yield Theorem 10.

Before we start, we introduce some notation. Suppose that P is a path of length `. For any such
a path, we will tacitly (and arbitrarily) fix a left-right orientation. Now, given h ∈ {0, 1, . . . , `},
let leftpathh(P ) be the leftmost subpath of P of length h (that is, with h edges and so h + 1

vertices). If h = 0, then leftpathh is the leftmost vertex of P (which we will typically view as a
vertex rather than a 1-vertex graph). We define rightpathh(P ) analogously. If h < ` and h has the
same parity as `, we define middlepathh(P ) as P − (leftpath(`−h−2)/2(P )∪ rightpath(`−h−2)/2(P )).
Hence the length of middlepathh(P ) is h.

6.1. Constants. Recall that we are given D0, d and δ. Throughout Sections 6–14, we shall use
the following constants satisfying the following hierarchy, where the numbers D0, LF, LE, LD,
LC and D are integers and the remaining constants are positive real numbers:

(1)
1

D0
, d, δ � λ� 1

LF
� 1

LE
� 1

LD

� 1

LC
� 1

D
� σ0 � σ1 � γF � γE � γD � γA � c, ξ � 1

n0
.

This hierarchy should be understood as follows. Given D−1
0 , d, δ, there is a function f(D−1

0 ), d, δ)

which is monotone decreasing as any of the parameters decreases. We may choose any 0 < λ <

f(D−1
0 , d, δ). Given this choice, we may then choose any L−1

F sufficiently small (in the same
sense), and so on. We will finally be supplied with a parameter n ≥ n0 by Theorem 10, and we
will want to assume that λn, σ0n and σ1n are all integers. Observe that for any given x > 0

there is a real number y with x − n−1
0 < y ≤ x such that yn is an integer. So what we will in

fact do is the following: we do not at this stage specify λ precisely, but rather an interval of the
form

[
1
2x, x

]
where x is sufficiently small given D−1

0 , d, δ. We then insist that L−1
F is sufficiently

small for λ = 1
2x, and so on, again choosing intervals for σ0 and σ1. With this construction

we in particular have fixed values for all the constants listed above except λ, σ0 and σ1, and a
guarantee that whatever values we choose in the specified intervals for these three constants, our
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calculations will work. One requirement we make is that n−1
0 is smaller than the length of any

of these three intervals.
The constants promised by Theorem 10 are n0, L := 2D + 3, c, ξ. Suppose now that the

remaining parameter n ≥ n0 of Theorem 10 is given. We now fix λ, σ0 and σ1 in their specified
intervals such that λn, σ0n and σ1n are all integers. Similarly, we increase if necessary δ by less
than 1/n such that δn is an integer. From this point and through the rest of the proof, we keep
these constants fixed.

We now summarise the meanings of these various constants. We refer to sets J0,J1,J2 and
use notation SpecPathss which are defined in Section 6.3 below in order to keep these descriptions
in one place.

D0, d: The graphs which we want to pack are all D0-degenerate, and the graph H into which we
pack has at least dn2 edges.

δ: The graphs Gs with s ∈ J ∪ K have (1− δ)n vertices.

λ: The size of J (i.e. the number of graphs with many bare paths) is λn. For each s ∈ J0 ∪J2

we have |SpecPathss| = λn.

σ0: The size of J0 is σ0n.

σ1: The size of J1 is σ1n, and if s ∈ J1 then |SpecPathss| = σ1n.

D,LC, LD, LE, LF: In quasirandomness conditions in our various stages, we bound above the
number of vertices for which we control the size of a common neighbourhood and the number
of guest graphs whose common image we look at. This bound is D after Stage A (for
consistency with [2]), and then LC after Stage C, and so on.

γA, γD, γE, γF: The accuracy of our quasirandomness conditions is measured by γA after Stage
A (and by 2γA after Stage B and 100γA after Stage C), and is then γD after stage D, and
so on.

c: We impose the bound ∆(Gs) ≤ cn
logn for all guest graphs Gs.

ξ: We require H to be (ξ, 2D + 3)-quasirandom.

n0: We require n ≥ n0.

6.2. Correcting inequalities and sizes. It is convenient to assume in our proof that various
of the inequalities in Definition 9 hold with equality, and to reduce the size of some sets from
what is guaranteed by Definition 9.

We want that
∑

s∈G e(Gs) = e(H), so that our aim will always be a perfect packing. By
Definition 9(b ), we have

∑
s∈G e(Gs) ≤ e(H). So, we add e(H)−

∑
s∈G e(Gs) copies of the graph

K2 to our family and correspondingly increase the size of G. Observe that a perfect packing of
the new family contains a packing of the old family.

We want that

(2) |J | = λn .
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Since we are given to start |J | ≥ δn > λn by Definition 9, we remove arbitrarily indices from J
until we obtain this.

We want that (1 + δ)n ≤
∣∣⋃

s∈KOddVerts
∣∣ ≤ (1 + 2δ)n. The lower bound is given by Defini-

tion 9(e ). If the upper bound is exceeded, we remove arbitrarily indices from K one at a time
until it is no longer exceeded. Since removing one index decreases (by Definition 9(e )) the size
of
⋃
s∈KOddVerts by at most cn

logn < δn, the result is the desired pair of inequalities.
We want that each Gs with s ∈ J ∪K has exactly (1−δ)n vertices. So, we add (1−δ)n−v(Gs)

isolated vertices to each Gs with s ∈ J ∪K. Observe that a packing of the new family of graphs
immediately gives a packing of the old family by ignoring the added isolated vertices. Similarly,
we obtain v(Gs) = n for each s ∈ G \ (J ∪ K).

Abusing notation slightly, we will continue to use the same letters Gs,J and so on for the
modified family of graphs.

6.3. Subgraphs of (Gs)s∈G used in the packing stages. Our packing stages, detailed below,
will refer to the following subgraphs of our guest graphs (Gs)s∈G . Fix two disjoint families
J0,J1 ⊆ J with |J0| = σ0n and |J1| = σ1n. Set J2 := J \ (J0 ∪ J1), meaning that

(3) |J2| = (λ− σ0 − σ1)n .

The graphs Gs indexed by these three families will play quite different roles in the packing. For
s ∈ J1, let BasicPaths′s ⊆ BasicPathss be an arbitrary family of σ1n paths. For s ∈ J , we define

SpecPathss =


BasicPathss if s ∈ J0 ,

BasicPaths′s if s ∈ J1 ,{
middlepath7(P ) : P ∈ BasicPathss

}
if s ∈ J2 .

For s ∈ K, let
G♠s := Gs − OddVerts .

Next, for each s ∈ J , we are going to define a graph G‖s ⊆ Gs by trimming off parts of the bare
paths, i.e., for s ∈ J let

G‖s := Gs − {middlepath`−2(P ) : P ∈ SpecPathss, P has length `} .

That is, we have

v(Gs) = n for each s ∈ G \ (J ∪ K) ,(4)

v(G♠s ) = (1− δ)n− |OddVerts| for each s ∈ K ,(5)

v(G‖s) = (1− δ − 10σ1)n for each s ∈ J1 ,(6)

v(G‖s) = (1− δ − 10λ)n for each s ∈ J0 ,(7)

v(G‖s) = (1− δ − 6λ)n for each s ∈ J2 .(8)

6.4. The packing stages. Our packing of (Gs)s∈G into H will be provided in seven stages,
called Stages A–G. These stages are captured by Lemma 30 (Stage A), Lemma 31 (Stage B),
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Figure 3. Embedding a graph Gs, s ∈ J0.

Lemma 33 (Stage C), Lemma 34 (Stage D), Lemma 36 (Stage E), Lemma 37 (Stage F) and
Lemma 38 (Stage G). The proofs of these key lemmas are given in Sections 8–14.

Before turning to these lemmas, let us briefly summarise which parts of which graphs are em-
bedded in which stage. The graphs (Gs)s∈G\(K∪J ) will be packed entirely in Stage A. In Stage A,
we shall also pack (G♠s )s∈K and (G

‖
s)s∈J . We shall add the odd-degree vertices (OddVerts)s∈K to

the packing in Stage B, hence finalising the packing of (Gs)s∈K. Stage C is devoted to splitting
V (H) into two vertex sets V� and V� of sizes bn2 c, and {�} if n is odd. Further, for each s ∈ J
we embed a subset of the paths SpecPathss; the unembedded paths will be called SpecPaths∗s. In
doing so, we use all the edges of the form �i�i. If n is odd, we further do away with having to
deal with � in the future by using all the edges incident with it. From Stage D to Stage G we
pack the remaining paths from (Gs)s∈J . These packings differ for J0 (see Figure 3), J1 and J2.
In each of these stages, we shall have some family, say P, of paths we want to process during
that stage. P are subgraphs of

⋃
s∈J SpecPaths∗s. We emphasise that being a subgraph can mean

both that for paths of
⋃
s∈J SpecPaths∗s we restrict to some shorter paths, or that we consider

subfamilies of {SpecPaths∗s}s∈J and take the corresponding paths of the full length. The paths
of P will be anchored, by which we mean that prior to that stage, for each P ∈ P we have that
the embedding of leftpath0(P ) and rightpath0(P ) is defined, while the rest of P is unembedded.
When {leftpath0(P ), rightpath0(P )} is embedded on {u, v} ⊆ V (H), we say that P is anchored
at u and v. In that given stage we shall then embed P. The progress of the embedding during
the above stages is also outlined in Table 1.
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Stage G \ (K ∪ J ) K J0 J1 J2

A
Packing Gs Packing G♠s Packing G‖s Packing G‖s Packing G‖s

3 Packing complete 8 OddVerts missing 8 10-paths missing 8 10-paths missing 8 6-paths missing

B
Packing OddVerts

3 Packing complete

C
Packing ≤ 1 path Packing ≤ n0.6 paths from SpecPathss
from SpecPathss

D

Packing leftpath4(P )

and rightpath4(P )

for P ∈ SpecPaths∗s
8 2-paths missing

E
Packing SpecPaths∗s
3 Packing complete

F
SpecPaths∗s

3 Packing complete

G
Packing middlepath3(P )

for P ∈ SpecPaths∗s
3 Packing complete

Table 1. Packing of different parts of the graphs {Gs}s∈G in Stage A-Stage G
depending on the type s. The description is slightly imprecise. For the purpose
of the table, a missing `-path means that ` vertices on a bare path need to be
embedded; since these are surrounded by 2 anchors, this means `+ 1 edges to be
packed.

We remark that each of the seven stages starts with a quasirandomness assumption, and
indeed none of the seven packing steps would be possible without such an assumption. Hence,
the outcome of each step needs to provide the quasirandomness conditions for the next step.
These quasirandomness features are more complicated than the one formulated in Definition 4
which talks merely about the structure of the host graph. In particular, we need to guarantee
quasirandomness properties for the images (as vertex sets) of the embedded graphs and for the
anchors of the paths still to be embedded.

Let us now turn to the stages. Given embeddings (φs)s∈F of graphs (Fs)s∈F into a graph H,
the leftover graph is the graph on vertex set V (H) containing precisely all edges of H not used
by any φs. The image in H of the embedding φs is the set of vertices in V (H) used by φs.

In Stage A we shall pack the family (Gs)s∈G\(K∪J ) ∪ (G♠s )s∈K ∪ (G
‖
s)s∈J into the graph H

(see (A.i)) with leftover graph HA. As mentioned above, in addition to providing the packing of
the family (G♠s )s∈K∪(G

‖
s)s∈J , we need to obtain certain quasirandomness conditions for HA that

will be used in later stages. Here, (A.ii) and (A.iii) guarantee that the individual images of the
graphs (G♠s )s∈K ∪ (G

‖
s)s∈J are spread uniformly, (A.iv) and (A.v) guarantee that neighbours of

the reserved odd degree vertices are embedded uniformly, while (A.vi)–(A.ix) assert that anchors
of paths that remain unembedded are spread uniformly.

Lemma 30 (Stage A, bulk embedding). Given constants D ∈ N, δ, λ, σ1, γA > 0 there are
constants ξ, c > 0 such that the following holds. Given graphs (Gs)s∈G as described above, and a
graph H which is (ξ, 2D+3)-quasirandom, there exist maps (φAs )s∈G with the following properties.
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(A.i) (φAs )s∈G packs (Gs)s∈G\(K∪J ) ∪ (G♠s )s∈K ∪ (G
‖
s)s∈J into H with leftover graph HA of

density dA and with images (imA(s))s∈G in H.

(A.ii) For each S ⊆ V (H), |S| ≤ D and each T ⊆ J ∪ K, |T | ≤ D we have∣∣∣NHA
(S) \

⋃
s∈T

imA(s)
∣∣∣ = (1± γA)d

|S|
A n

∏
s∈T

(
1− | im

A(s)|
n

)
.

(A.iii) For every pair of disjoint sets S1, S2 ⊆ V (H) with |S1|, |S2| ≤ D we have with X :=

{s ∈ J : imA(s) ∩ S1 = ∅, S2 ⊆ imA(s)} that

|J0 ∩ X | = (1± γA)(δ + 10λ)|S1|(1− δ − 10λ)|S2||J0| ,

|J1 ∩ X | = (1± γA)(δ + 10σ1)|S1|(1− δ − 10σ1)|S2||J1| ,

|J2 ∩ X | = (1± γA)(δ + 6λ)|S1|(1− δ − 6λ)|S2||J2| .

(A.iv) For every v ∈ V (H) we have
∑

s∈K degGs

(
(φAs )−1(v);OddVerts

)
≤ 20cn

logn , where if
v 6∈ imA(s) we count these degrees as zero.

(A.v) For every v ∈ V (H) we have∑
s∈K;v 6∈imA(s)

∑
x∈OddVerts

∏
y∈NGs (x)

1vφAs (y)∈E(HA) ≥ 4−50D2d−D
A δ−1

n .

(A.vi) For each v ∈ V (H) and for every s ∈ J such that v 6∈ imA(s) we have that∣∣∣{x ∈ ⋃
P∈SpecPathss

{leftpath0(P ), rightpath0(P )} : v ∈ NHA

(
φAs (x)

)}∣∣∣
= (1± γA)dA · 2|SpecPathss| .

(A.vii) For every v ∈ V (H) the following hold. The number of P ∈
⋃
s∈J1 SpecPathss for

which v ∈ {φAs (leftpath0(P )), φAs (rightpath0(P ))} is equal to 2(1 ± γA
2 )σ1|J1|. For

every J ∗ ∈ {J0,J2} we have that the number of P ∈
⋃
s∈J ∗ SpecPathss for which

v ∈ {φAs (leftpath0(P )), φAs (rightpath0(P ))} is equal to 2(1± γA
2 )λ|J ∗|.

(A.viii) For every pair of distinct vertices u, v ∈ V (H) and for every J ∗ ∈ {J0,J1,J2} the
following hold. The number of P ∈

⋃
s∈J ∗ SpecPathss for which u 6∈ imA(s) and

v ∈ {φAs (leftpath0(P )), φAs (rightpath0(P ))} is equal to

(a ) 2(1± γA
2 )λ(δ + 10λ)|J0|, if J ∗ = J0,

(b ) 2(1± γA
2 )σ1(δ + 10σ1)|J1|, if J ∗ = J1,

(c ) 2(1± γA
2 )λ(δ + 6λ)|J2|, if J ∗ = J2.

If u, u′, v are distinct vertices of V (H), the number of P ∈
⋃
s∈J0 SpecPathss for which

u, u′ 6∈ imA(s) and v ∈ {φAs (leftpath0(P )), φAs (rightpath0(P ))} is equal to

(d ) 2(1± γA
2 )λ(δ + 10λ)2|J0|.
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(A.ix) For every two distinct vertices v1, v2 ∈ V (H) we have that the number of P ∈⋃
s∈J SpecPathss for which {v1, v2} = {φAs (leftpath0(P )), φAs (rightpath0(P ))} is at

most n0.3.

The proof of this lemma, which we give in Section 8, relies on the analysis of the randomised
algorithm PackingProcess, which was introduced in [2] and was also one of the key components
in [1]. We use the main technical result of [2] as a black box to pack the graphs (Gs)s∈G\(K∪J ),
after which the remaining edges still form a quasirandom graph. Unfortunately, we cannot use
the results of [2] as a black box to pack the remaining graphs, all of which have at most (1− δ)n
vertices. The reason is that, in addition to providing the packing of the family (G♠s )s∈K∪(G

‖
s)s∈J

we also need to ensure various quasirandomness properties listed in (A.ii)–(A.ix). Note that the
density dA of the leftover graph of this stage satisfies

dA =

(
n

2

)−1

·
(
e(H)−

∑
s∈G\(K∪J )

e(Gs)−
∑
s∈K

e(G♠s )−
∑
s∈J

e(G‖s)
)

(9)

Sec 6.2,6.3 =

(
n

2

)−1

·
(
Dodd · | ∪s∈K OddVerts|+ 11λn|J0|+ 10σ1n|J1|+ 7λn|J2|

)
Sec 6.3,(1) = (14± 0.1)λ2.(10)

We now turn to Stage B. By suitably embedding the reserved odd vertices
⋃
s∈KOddVerts we

shall ensure that the degrees of vertices of the leftover graph of this stage have parities suitable
for the remaining stages of our packing process. Let us provide more details on this now. Suppose
that v ∈ V (H) is an arbitrary vertex. After Stage A, there are degHA

(v) edges incident to v
which are available for the remaining stages. We know that once the packing is completed, all
these edges will be used (by our assumptions on equalities from Section 6.2). These host graph
edges will be used to accommodate guest graph edges of the following types.

[et1] Edges of the type xy ∈ E(Gs), where y ∈ OddVerts, x ∈ NGs(y), φAs (x) = v and s ∈ K.
The number of such edges is equal to

OddOut(v) :=
∑
s∈K

degGs

(
(φAs )−1(v),OddVerts

)
.

[et2] Edges of the type xy ∈ E(Gs), where y ∈ OddVerts, x ∈ NGs(y), s ∈ K, and where y
will be mapped on v.

[et3] Edges leftpath1(P ) and rightpath1(P ) of the paths P ∈ SpecPathss (for s ∈ J ), for those
paths P for which φAs (leftpath0(P )) = v or φAs (rightpath0(P )) = v. The number of such
edges is equal to

PathTerm(v) :=
∑
s∈J

∣∣{v} ∩ {φAs (rightpath0(P )), φAs (leftpath0(P )) : P ∈ SpecPathss}
∣∣ .(11)

[et4] Edges xy of the paths P ∈ SpecPathss (for s ∈ J ) with x or y that will be mapped to v,
for which P is not anchored at v, i.e., (φA)−1(v) ∩ {leftpath0(P ), rightpath0(P )} = ∅.
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Figure 4. Embedding graphs Gs1 and Gs2 , s1, s2 ∈ K. In this picture all vertices
in OddVerts are leaves.

Each path counted in [et4] will actually use 2 edges at v. In particular, the total number of
edges counted in [et4] will be even. Since edges counted in [et1] and [et3] are already determined,
we need to adjust the number of edges counted in [et2] so that it has the same parity as

Parity(v) := degHA
(v)−OddOut(v)− PathTerm(v) mod 2 .

In other words, we need to embed
⋃
s∈KOddVerts in such a way that for each vertex v, the number

of vertices from
⋃
s∈KOddVerts embedded on v has the same parity at Parity(v) (see (B.iii)).

An illustration is given in Figure 4.
The number of edges we are newly embedding in Stage B is at most Dodd

∣∣⋃
s∈KOddVerts

∣∣
by our assumptions, which is linear in n. So the density dB of the leftover graph HB after the
packing of (Gs)s∈G\(K∪J ) ∪ (G

‖
s)s∈J ∪ (Gs)s∈K is very close to dA. Because we are embedding so

few edges in Stage B, we do not need to use a randomised algorithm for this stage but can rely
on matching-type arguments. We shall show (see (B.iv)) that we can perform this packing stage
so that each host graph vertex loses only a tiny fraction of incident edges. It follows that the
leftover graph HB automatically inherits the quasirandomness properties concerning the uniform
spread of images and anchors from HA. Accordingly, the following lemma does not list most of
these quasirandomness properties again. We prove this lemma in Section 9.

Lemma 31 (Stage B, parity correction). Given partial embeddings (φAs )s∈G as described in
Lemma 30, there exist maps (φBs )s∈G with the following properties.

(B.i) For each s ∈ K, the map φBs is an embedding of the entire graph Gs into H which
extends φAs . For each s ∈ G \ K we set φBs = φAs .
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(B.ii) (φBs )s∈G is a packing of (Gs)s∈G\(K∪J ) ∪
(
G
‖
s

)
s∈J
∪ (Gs)s∈K into the graph H with

leftover graph HB of density dB and images
(

imB(s)
)
s∈G.

(B.iii) For each v ∈ V (H) we have

degHB
(v) ≡ PathTerm(v) mod 2 .

(B.iv) For each v ∈ V (H) we have degHB
(v) ≥ degHA

(v)− 8Dcn.

(B.v) For each S ⊆ V (H), |S| ≤ L and each T ⊆ J , |T | ≤ L we have∣∣∣∣∣NHB
(S) \

⋃
s∈T

imB(s)

∣∣∣∣∣ = (1± 2γA)d
|S|
B n

∏
s∈T

(
1− | im

B(s)|
n

)
.

In Stage C, we randomly split V (H) into two vertex sets V� and V� of size bn2 c, and a special
vertex � if n is odd. We label the vertices of V� as {�i : i ∈ [bn2 c]} and of V� as {�i : i ∈ [bn2 c]}.
We then embed a few of the paths in

⋃
s∈J SpecPathss so that the following three things happen,

of which the last two apply only when n is odd. Firstly, all the edges of H which are of the form
�i�i are used. Secondly, all paths which are anchored at � are embedded. Thirdly, all other
edges leaving � are used. After this, if n is odd then all edges incident to the vertex � are used
up. So, regardless of the parity of n in the remaining Stages D–G we effectively work with a host
graph on an even number of vertices.

The key assumption of Theorem 10 was that of quasirandomness of the host graph, formalised
in Definition 4. In (A.ii)–(A.ix) we saw more complicated quasirandomness conditions which
dealt for example with mutual positions of the images of different graphs Gs. In the following
stages we will encapsulate our running quasirandomness properties under a common quasirandom
setup, which we define now. That is, after each of the next three stages, we will argue that we have
maintained the quasirandom setup (with quasirandomness parameter becoming a bit worse in
each step) and gained certain additional good properties, which permit the final step to complete
a perfect packing. In what follows, the reader should think of Us as the vertices in V (H) used
in the current partial embedding of Gs; of Fs as the path-forest in Gs which remains to be
embedded, with As the vertices to which the paths of Fs are anchored and φs the anchoring; and
of Is as the indices of terminal pairs to which we can connect (after Stage C) or have connected
(after Stage D).

Definition 32 (Quasirandom setup). Let H be a graph on an even number of vertices partitioned
into V� = {�i : i ∈ [v(H)/2]} and V� = {�i : i ∈ [v(H)/2]}. Let J = J0∪̇J1∪̇J2 be a set
of indices. For each i and s ∈ Ji, let Fs be a path-forest whose components all have at least 4
vertices. Let Us be a subset of V (H), and let As ⊆ Us. Let φs be a bijection from the leaves of
Fs to As. For each s ∈ J and a ∈ {�,�}, let Aas denote the set of x ∈ As such that φs(y) ∈ Va,
where x and y are the leaves of a path in Fs. Finally let for each s ∈ J0 the set Is be a subset of
[v(H)/2]. This is a (γ, L, d1, d2)-quasirandom setup if the following conditions are satisfied.
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(Quasi 1) The triple (H,V�, V�) is (L, γ, d1, d2)-index-quasirandom with respect to the sets
(Us)s∈J and (Is)s∈J0.

(Quasi 2) For each a, b ∈ {�,�} and each s ∈ J1 ∪ J2 we have |Abs ∩ Va| = (1± γ)1
4 |As|. For

each s ∈ J0 we have |As ∩ Va| = (1± γ)1
2 |As|.

(Quasi 3) For every v ∈ V (H), a ∈ {�,�} and i ∈ {1, 2} we have that the number of s ∈ Ji
such that Fs has a path with leaves x and y such that φs(x) = v and φs(y) ∈ Va is
equal to (1± γ) 1

2n

∑
s∈Ji |As|.

(Quasi 4) For each s ∈ J0, each u ∈ V� \ Us and each v ∈ V� \ Us we have∣∣{�i ∈ NH(u) : i ∈ Is}
∣∣, ∣∣{�i ∈ NH(v) : i ∈ Is}

∣∣ = (1± γ)d1|Is|

and
∣∣{�i ∈ NH(v) : i ∈ Is}

∣∣, ∣∣{�i ∈ NH(u) : i ∈ Is}
∣∣ = (1± γ)d2|Is| .

(Quasi 5) For each s ∈ J , each a ∈ {�,�}, each u ∈ V� \ Us and each v ∈ V� \ Us we have∣∣{�i ∈ NH(u) ∩Aas}
∣∣ = (1± γ)d1|Aas ∩ V�| ,(12) ∣∣{�i ∈ NH(v) ∩Aas}
∣∣ = (1± γ)d2|Aas ∩ V�| ,(13) ∣∣{�i ∈ NH(v) ∩Aas}
∣∣ = (1± γ)d1|Aas ∩ V�| ,(14)

and
∣∣{�i ∈ NH(u) ∩Aas}

∣∣ = (1± γ)d2|Aas ∩ V�| .(15)

(Quasi 6) Given disjoint sets S1, S2 ⊆ V (H) with |S1|, |S2| ≤ L, for each i = 1, 2 we have∣∣{s ∈ Ji : S1 ∩ Us = ∅, S2 ⊆ Us}
∣∣ = (1± γ)

∑
s∈Ji

(n− |Us|)|S1||Us||S2|

n|S1|+|S2|
.

Given additionally T ⊆ [v(H)/2] with |T | ≤ L such that {�i,�i : i ∈ T} is disjoint
from S1∪S2, suppose that there is no i such that {�i,�i} ⊆ S1∪S2. Then we have∣∣{s ∈ J0 : S1 ∩ Us = ∅, S2 ⊆ Us, T ⊆ Is}

∣∣ = (1± γ)
∑
s∈J0

(n− |Us|)|S1||Us||S2|(2|Is|)|T |

n|S1|+|S2|+|T |
.

(Quasi 7) For each i = 0, 1, 2 and each v ∈ V (H), the number of s ∈ Ji such that v ∈ As is
(1± γ)

∑
s∈Ji

|As|
n .

(Quasi 8) For each i = 1, 2 and each u, v ∈ V (H) with u 6= v, the number of s ∈ Ji such that
u ∈ As and v 6∈ Us is (1 ± γ)

∑
s∈Ji

|As|(n−|Us|)
n2 . If in addition there is no j such

that {u, v} = {�j ,�j} then the number of s ∈ J0 such that u ∈ As and v 6∈ Us is
(1± γ)

∑
s∈Ji

|As|(n−|Us|)
n2 .

Note that when we use this definition, in all the summations the summands will be constant
or very nearly so, for example |As| will vary by only a constant as s ranges over any one Ji.

The following lemma now encapsulates what we do in Stage C. We prove it in Section 10.
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Lemma 33 (Stage C, partite reduction). Given partial embeddings (φBs )s∈G as described in
Lemma 31 extending partial embeddings (φAs )s∈G as described in Lemma 30, we can construct
the following.

If n is even we find a labelling V (H) = {�i,�i}i∈[n/2]. If n is odd we find a suitable labelling
V (H) = {�} ∪ {�i,�i}i∈[(n−1)/2]. Set V� := {�i : i ∈ [bn2 c]} and V� := {�i : i ∈ [bn2 c]}.

We find partial embeddings (φCs )s∈G into H extending the (φBs )s∈G, such that no edge of H is
in the image of two different φCs , φCs′ and such that the following holds. For each s ∈ J , the map
φCs embeds some entire paths from SpecPathss, and no other vertices. For each s ∈ J0, the map
φCs embeds exactly one path of SpecPathss if n is odd, and exactly zero paths if n is even. For
each s ∈ J1 ∪ J2, φCs embeds at most n0.6 paths. We denote the remaining unembedded paths in
Gs by SpecPaths∗s for each s ∈ J . We write imC(s) = im(φCs ).

In addition, every edge of H of the form �i�i for i ∈ [bn/2c] is in the image of some φCs . If
n is odd, every edge of H incident with � is in the image of some φCs .

Let HC be the graph on V�∪̇V� of edges of H which are not in the image of any φCs . Let dC
be the density of HC. With the given J0,J1,J2, let for each i = 0, 1, 2 and s ∈ Ji the path-forest
FC
s be SpecPaths∗s, the set UC

s = imC(s), and the set AC
s be the images of the leaves of FC

s under
φCs , with φs the restriction of φCs to the leaves of FC

s . For each s ∈ J we have AC
s ⊆ V (HC),

i.e. all unembedded paths have their anchors in V� ∪ V�. Finally let for each s ∈ J0 the set
ICs = {i ∈ [bn2 c] : �i,�i 6∈ UC

s }. Then we have a (100γA, LC, dC, dC)-quasirandom setup.
Furthermore, for each s ∈ J0 we have |Is| = (1±10γA)n2

(
1− |U

C
s |
n

)2, and for each u ∈ V (HC)

and index j ∈ [bn2 c] such that u 6∈ {�j ,�j), the number of s ∈ J0 such that u ∈ AC
s and j ∈ ICs

is (1± 100γA)
∑

s∈J0
2|AC

s ||ICs |
n2 .

In Stage D we shall extend our packing by outer parts of paths of
⋃
s∈J0 SpecPaths

∗
s; recall

Figure 3. More precisely, for each s ∈ J0 we shall extend the packing to

G��s := Gs −
⋃

P∈SpecPaths∗s

middlepath1(P ) .

Observe that |SpecPaths∗s| has the same size for every s ∈ J0, which we denote by

(16) |SpecPaths∗s| = λ∗n .

Recalling that SpecPathss = BasicPathss (see Section 6.3) has size λn, we see that λ∗ = λ, if
n is even, and λ∗ = λ − 1/n, if n is odd. A crucial property guaranteed in Lemma 34 is that
the unembedded edges middlepath2(P ) are always anchored on a terminal pair , that is, a pair of
vertices of the form {�i,�i}. We shall call the graph consisting of edges that remain after this
step as HD. Observe that the density of HD will satisfy

dD :=
e(HD)(|V�∪V�|

2

) = (1± ξ)
(
14(λ− σ0 − σ1)λ+ 6λσ0 + 22σ2

1

)
.(17)

The following lemma is proved in Section 11.
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Lemma 34 (Stage D, connecting to terminal pairs). Given partial embeddings (φCs )s∈G as de-
scribed in Lemma 33, we can construct the following.

We find partial embeddings (φDs )s∈G into H extending the (φCs )s∈G, such that no edge of H
is in the image of two different φDs , φDs′ such that the following holds. For each s ∈ J \ J0 we
have φDs = φCs . For each s ∈ J0 and each P ∈ SpecPaths∗s, the map φDs embeds all vertices of P
except for the two vertices middlepath1(P ), which are not embedded. Furthermore, the fifth and
eighth vertices of P are embedded to {�i,�i} for some i ∈ [bn2 c] (not necessarily in this order).
We write imD(s) = im(φDs ).

Let HD be the graph on V� ∪ V� of edges of H which are not in the image of any φDs . Let dD
be the density of HD. With the given J0,J1,J2, let for each i = 1, 2 and s ∈ Ji the path-forest
Fs be SpecPaths∗s, the set Us = imD(s), and the set As be the images of the leaves of Fs under
φDs , with φs the restriction of φDs to the leaves of Fs. Let for each s ∈ J0 the path-forest Fs be
SpecShortPathss := {middlepath3(P ) : P ∈ SpecPaths∗s}, the set Us = im(φDs ), and the set As be
the images of the leaves of Fs under φDs , with φs the restriction of φDs to the leaves of Fs. Let
the set Is = {i ∈ [bn2 c] : �i,�i ∈ As}. Then we have a (γD, LD, dD, dD)-quasirandom setup.

In Stage E we shall finish packing of (Gs)s∈J2 . To this end we need to pack SpecPaths∗s for
each s ∈ J2. The main feature is that we achieve a precise given count of edges of HE within
V�, within V�, and from V� to V�. To motivate where these count requirements come from, we
need to explain packings in Stage F and Stage G.

[fg1] In Stage F, we pack {SpecPaths∗s}s∈J1 . Recall that each path P from this set has 11
edges. If one endvertex of P was mapped (in Stage A) to V� and the other to V�, then
the packing in Stage F will be such that 3 edges of P will be mapped inside V�, 3 edges
will be mapped inside V� and 5 edges will be mapped into H[V�, V�]. If both endvertices
of P were mapped (in Stage A) to V�, then the packing in Stage F will be such that 2
edges of P will be mapped inside V�, 3 edges will be mapped inside V� and 6 edges will
be mapped into H[V�, V�]. The situation when both endvertices of P were mapped (in
Stage A) to V� is symmetric.

[fg2] In Stage G, we pack {SpecShortPathss}s∈J0 . Recall that each path P from this set has 3
edges. The packing will be such that 1 edge of P will be mapped inside V�, 1 edge will
be mapped inside V� and 1 edge will be mapped into H[V�, V�]. (Recall Figure 3.)

So, denote by j��, (resp. j��, and j��), the number of paths from {SpecPaths∗s, s ∈ J1} with
one anchor in V� (resp. in V�, and in V�) and the other one in V� (resp. in V�, and in V�). The
above description explains why we require the counts (18).

Define d∗E := 8(λ∗σ0 + 11
4 σ

2
1) and d̄E := 4(λ∗σ0 + 11

2 σ
2
1). The following fact is immediate.

Fact 35. We have min{d∗E, d̄E} ≥ 4σ0λ
∗ and d∗E − d̄E = 4λ∗σ0.

The numbers d̄E and d∗E will be close to the edge densities between the vertex sets V� and V�,
and within either of the sets V� and V�, respectively, after Stage E finishes. This is expressed by
the quasirandomness setup below. The proof of the following lemma can be found in Section 12.
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Lemma 36 (Stage E, density correction). Given partial embeddings (φDs )s∈G as described in
Lemma 34, we can construct the following.

We find partial embeddings (φEs )s∈G into H extending the (φDs )s∈G, such that no edge of H is in
the image of two different φEs , φEs′. Furthermore, the following holds. For each s ∈ J \J2 we have
φEs = φDs . For each s ∈ J2, the map φEs embeds all vertices of Gs. We write imE(s) = im(φEs ).
Let HE be the graph on V� ∪ V� of edges of H which are not in the image of any φEs . We have

eHE
(V�) = σ0λ

∗n2 + 2j�� + 3(j�� + j��) ,

eHE
(V�) = σ0λ

∗n2 + 2j�� + 3(j�� + j��) ,

eHE
(V�, V�) = σ0λ

∗n2 + 6(j�� + j��) + 5j�� .

(18)

With the given J0,J1 and ∅ let for each s ∈ J0 the path-forest Fs be SpecShortPaths∗s, and
for each s ∈ J1 the path-forest Fs be SpecPaths∗s. Let for each i = 0, 1 and s ∈ Ji the set
Us = im(φEs ), and the set As be the images of the leaves of Fs under φEs , with φs the restriction
of φEs to the leaves of Fs. For each s ∈ J0 let the set Is = {i ∈ [bn2 c] : �i,�i ∈ As}. Then we
have a (γE, LE, d

∗
E, d̄E)-quasirandom setup, for suitable numbers d∗E, d̄F > 0.

At this moment, it only remains to embed
⋃
s∈J1 SpecPaths

∗
s and

⋃
s∈J0 SpecShortPathss. In

Stage F we embed the former family in such a way that it will allow embedding the latter family
in Stage G. In order to see how the embedding should look in Stage F, we thus need to look at
the situation we will be in before and during Stage G. For any v ∈ V� ∪ V�, let us write t(v) for
the number of paths from {SpecShortPathss, s ∈ J0} anchored at v. Observe that since for each
s ∈ J0 the set SpecShortPathss is a set of disjoint paths, we have t(v) equal to the number of
s ∈ J0 such that v ∈ As, which by (Quasi 7) is

(19) t(v) = (1± γD)2λ∗σ0n .

Since each path of SpecShortPathss is anchored to a terminal pair by Lemma 34 for each i ∈ [bn2 c]
we have t(�i) = t(�i).

In Stage G, we will embed all paths as follows: given a path abcd ∈ SpecShortPathss, with
φFs (a) = �i and φFs (d) = �i, we will embed b into V� and c into V�. Consider some �i. In
Stage G, we will use t(�i) edges from �i into V� to deal with the paths anchored at �i, and
(since we complete a perfect packing in Stage G) all the remaining edges from �i to V� are used
to accommodate inner vertices of paths in

⋃
s∈J0 SpecShortPathss, and these paths also use all

the edges from �i to V�. A similar statement holds for �i. It follows that in HF we need, for
each i ∈ [bn2 c],

(20) degHF
(�i, V�) = degHF

(�i, V�) + t(�i) and degHF
(�i, V�) = degHF

(�i, V�) + t(�i) .

We will see that this is essentially the only requirement for Stage F. That is, the fact that
we have after Stage E a quasirandom setup, together with the fact that we will use only very
few edges at any given vertex in Stage F, ensures that we still have a quasirandom setup after
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Stage F, which is one of the key properties needed for the existence of designs in Stage G. The
following lemma is proved in Section 13.

Lemma 37 (Stage F, degree correction). Given partial embeddings (φEs )s∈G as described in
Lemma 36, we can construct the following.

We find partial embeddings (φFs )s∈G into H extending the (φEs )s∈G, such that no edge of H
is in the image of two different φFs , φFs′ such that the following holds. For each s ∈ J0 we have
φFs = φEs . For each s /∈ J0, the map φFs embeds all vertices of Gs. Let HF be the graph on V�∪V�
of edges of H which are not in the image of any φFs . The for each i ∈ bn/2c the equation (20)
holds. We write imF(s) = im(φFs ).

With the given J0, ∅ and ∅ let for each s ∈ J0 the path-forest Fs be SpecShortPaths∗s. Let for
each s ∈ J0 the set Us = imF(s), and the set As be the images of the leaves of Fs under φFs , with
φs the restriction of φFs to the leaves of Fs. For each s ∈ J0 let the set Is = {i ∈ [bn/2c] : �i,�i ∈
As}. Then we have a (γF, LE, d

∗
F, d̄F)-quasirandom setup, for suitable numbers d∗F, d̄F > 0.

It remains to pack {SpecShortPathss}s∈J0 . This is done in our last stage, encapsulated by the
following lemma, which we prove in Section 14.

Lemma 38 (Stage G, designs completion). Given partial embeddings (φFs )s∈G as described in
Lemma 37, there exist maps (φGs )s∈G with the following properties.

(G.i) For each s ∈ J0, the map φGs is an embedding of Gs into H which extends φFs . For
each s ∈ G \ J0, set φGs = φFs .

(G.ii) The collection (φGs )s∈G is a packing of (Gs)s∈G into the graph H.

The key tool of the proof of Lemma 38 is Keevash’s machinery of generalised designs as we
introduced in a tailored setting in Proposition 14. Again, recall that the key features for this
machinery to work are the (γF, LE, d

∗
F, d̄F)-quasirandom setup, (20) and that no terminal pair

forms an edge (which we obtained in Stage C).
Once all these stages are complete, we obtained the desired packing of (Gs)s∈G into H. This

finishes the proof of Theorem 10.

7. Packing paths

A path-forest is a nonempty collection of components, each of which is a path of length at
least 2. In this section we show how to pack a collection of path-forests into a quasirandom graph
H, with several constraints. First, the quasirandom graph will be partitioned into two sides V�
and V� of equal size, and the vertices of each path in each path forest will be pre-assigned to one
side or the other. Furthermore, the path-forests are ‘anchored’, i.e. each leaf is pre-embedded
to a specific vertex of H, and each path-forest is required to avoid a set of ‘used’ vertices given
for that path-forest. What is helpful, the path-forests we pack will always contain only paths of
bounded length, they will never be spanning (in fact they will always miss a positive proportion
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of the unused vertices in each part of H), and the assignment of sides is such that we finish the
packing with a positive density of edges in each side and between the two sides of H unused.

Such a packing is not generally possible; however we will assume that the anchors and used
vertices are quasirandomly distributed, and under this additional condition we show the following
simple random algorithm works. We go through the path-forests in turn and in each path-forest
pack one (randomly chosen) path after another, in each case choosing one of the possible paths
consistent with the assigned sides uniformly at random. Our aim is to show that the resulting
packing ‘looks random’ in the sense that in each path-forest the vertices used, and in total the
edges in and between sides used, look like uniform random sets of the appropriate sizes. The
main result of this section is Lemma 42.

7.1. Embedding one path-forest. To begin with, we formally state the algorithm we use to
embed one path-forest, and give the analysis of this algorithm.

Algorithm 1: RandomPathEmbedding
Input: • a path-forest F with anchors A,

• a graph H on V�∪̇V�,
• a set U0 ⊆ V (H) of used vertices,
• an assignment ξ : V (F ) \A→ {V�, V�},
• an embedding φ0 : A→ V (H) such that imφ0 ⊆ U0

choose a uniform random order F1, . . . , Ft∗ of the components of F ;
ψ0 := φ0;
for t = 1 to t∗ do

let x1, . . . , xk be the path Ft;
let v1 = φ0(x1), and vk = φ0(xk);
let Pathst be the set of v1-vk-paths v1, v2, . . . , vk of length k− 1 in H −Ut−1 such that
vi ∈ ξ(xi) for each 1 < i < k;
if Pathst is empty then halt with failure;
choose a path P uniformly at random in Pathst;
ψt := ψt−1 ∪ {Ft ↪→ P};
Ut := U0 ∪ imψt;

end
return φ = ψt∗ ;

In order to analyse this algorithm, we only need to specify what precisely we mean by a
quasirandom distribution of the anchors.

Definition 39 (anchor distribution property). Suppose that we are given an n-vertex graph H
with V (H) = V�∪̇V�, a subset U of V (H), a path-forest F whose degree-1 vertices are the set
A. For γ ≥ 0, we say an injective map φ0 : A → U and assignment ξ : V (F ) \ A → {V�, V�}
has the γ-anchor distribution property if the following holds.

Given a, b, c ∈ {�,�} let Aa,b,c denote the collection of x ∈ A such that φ0(x) ∈ Va, and
such that the neighbour y of x satisfies ξ(y) = Vb, and the next vertex z (adjacent to y) satisfies
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ξ(z) = Vc. Define d�,� = d�,� to be the bipartite density of H[V�, V�], d�,� to be the density of
H[V�], and d�,� to be the density of H[V�]. For each v ∈ Vb \ U we have∣∣{x ∈ Aa,b,c : φ0(x) ∈ NH(v)

}∣∣ = (1± γ)da,b|Aa,b,c| ± 1
2γn

0.99 .

We write Aa,b = Aa,b,� ∪Aa,b,�, and normally we will only need to refer to Aa,b; the γ-anchor
distribution property implies∣∣{x ∈ Aa,b : φ0(x) ∈ NH(v)

}∣∣ = (1± γ)da,b|Aa,b| ± γn0.99 .

The following lemma contains all the facts we need about the running of Algorithm 1.

Lemma 40 (Embedding a path forest). Given an integer L ≥ 5 and real ν > 0, there is a
constant C > 0 such that the following holds for all 0 < γ < C−1 and all sufficiently large n
(depending on γ).

Let F be a path-forest with leaves A (also called anchors), in which each path has at least 5

and at most L vertices. Suppose νn ≤ |V�|, |V�| ≤ n, and let H be (γ, L)-block-quasirandom on
V�∪̇V� with densities d(H[V�]) = d��, d(H[V�]) = d��, d(H[V�, V�]) = d��, each at least ν.
Let φ0 : A→ V (H) be an embedding of the anchors and ξ : V (F )→ {V�, V�} be an assignment
of the vertices of the paths to the parts of H such that φ0(x) ∈ ξ(x) for each x ∈ A. For each
a ∈ {�,�} let Xa := {x ∈ V (F ) : ξ(x) = Va}, and suppose that |Xa \A| ≥ νn. Let U ⊆ V (H)

be a set of “used” vertices such that imφ0 ⊆ U , and suppose that for each a ∈ {�,�} we have∣∣Va \ U ∣∣− ∣∣{x ∈ V (F ) \A : ξ(x) = Va
}∣∣ ≥ νn .

Suppose that we have the γ-anchor distribution property, and (H,U) is (γ, L)-block-diet. Suppose
that

∣∣{(x, y) : xy ∈ E(F ), x ∈ Xa \A, y ∈ Xb \A
}∣∣ ≥ νn for each a, b ∈ {�,�}. Let V ′ be a set

of specified vertices with |V ′| ≥ νn and V ′ ⊆ V� \ U or V ′ ⊆ V� \ U .
When we execute RandomPathEmbedding (Algorithm 1), then

(PE 1) with probability at least 1 − exp
(
− n−0.3

)
, we obtain an embedding φ : V (F ) →

imφ0 ∪
(
V (H) \ U

)
of F in H extending φ0 and such that φ(x) ∈ ξ(x) for each

x ∈ V (F ) \A.
Moreover, if we get such an embedding φ, the following hold.

(PE 2) If a ∈ {�,�} is such that V ′ ⊆ Va \ U , then

P
[
| imφ ∩ V ′| 6= (1± Cγ)|V ′| |Xa|

|Va\U |

]
≤ exp

(
− n0.3

)
.

(PE 3) For each S� ⊆ V� \ U, S� ⊆ V� \ U with |Sa| ≤ L for each a, we have

P
[
(S� ∪ S�) ∩ imφ = ∅

]
= (1± Cγ)

∏
a∈{�,�}

(
|Va\U |−|{x∈V (F )\A: ξ(x)=Va}|

|Va\U |

)|Sa|
.

(PE 4) For each edge e ∈ E(H−U), setting a, b ∈ {�,�} such that e ∈ E(H[Va, Vb]), we have

P
[
φ uses e

]
= (1± Cγ)

∣∣{(x, y) : xy ∈ E(F ), x ∈ Xa \A, y ∈ Xb \A
}∣∣

dab|Va \ U ||Vb \ U |
.
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(PE 5) For each a, b ∈ {�,�}, each x ∈ A such that x ∈ Xa and the neighbour of x in F is
in Xb, and each v ∈ Vb \ U with φ0(x)v ∈ E(H) we have

P
[
φ uses φ0(x)v

]
= (1± Cγ)

1

dab|Vb \ U |
.

(PE 6) For each pair of edges uv, u′v′ ∈ E(H), we have

P[φ uses uv and u′v′] ≤ n−3/2 .

Proof. Given an integer L ≥ 2 and ν > 0, we set

C := exp
(
104L4ν−6

)
,

and given 0 < γ < 1/C, for each x ∈ R we let t∗ be the number of components of F , and let

βx := γ exp
(

1000L2x
ν3t∗

)
.

We set ε = γ2C−1, and note that βt∗ ≤
√
Cγ.

First, we show that after randomly ordering the paths of F , each interval of εn consecutive
paths from this order has the anchor-distribution property. This avoids the possibility that
neighbours of anchors are distributed in a non-uniform way for most of the process: this imbalance
would eventually be corrected, but it would complicate the analysis.

Claim 40.1. In the uniform random order F1, . . . , Ft∗ of the components of F , with probability
at least 1− exp

(
− n0.4

)
for each 1 ≤ i ≤ t∗ + 1− εn the forest F ∗i (with the same U , and ξ and

φ0 restricted to F ∗i ) whose components are Fi, Fi+1, . . . , Fi+εn−1 has the γ-anchor distribution
property. Furthermore, for each a ∈ {�,�}, we have |Xa∩V (F ∗i )\A|

|V (F ∗i )\A| = (1± ε) |Xa\A|
|V (F )\A| .

Proof. Since for each 1 ≤ i ≤ t∗ + 1 − εn, the distribution of paths in F selected to F ∗i is a
uniform random set of εn paths, by the union bound it suffices to show the above properties of
F ∗i hold with probability 1− exp

(
− n0.5

)
for a uniform random set F ∗ of εn paths of F . Note

that |Xa| ≥ νn for each a, and so in particular t∗ ≥ νn/L > 2εn.
To begin with, we show that the vertices in Xa \ A are well distributed. Given a ∈ {�,�},

we partition the path components of F according to their number of vertices in Xa \A. Suppose
there are uj paths with j vertices in Xa \ A for each 0 ≤ j ≤ L (and note no path has more
than L vertices). Then in expectation we choose ujεn

t∗ paths with j vertices in Xa \A to F ∗, and
so by Fact 23 the probability we do not pick ujεn

t∗ ± n
0.98 such paths is at most exp

(
− n0.9

)
.

Assuming none of these bad events occur, we conclude

|Xa ∩ V (F ∗) \A| =
L∑
j=0

j ·
(
ujεn
t∗ ± n

0.98
)

= |Xa∩V (F )\A|εn
t∗ ± L2n0.98 .

So with probability at least 1−exp
(
−n0.8

)
the above estimate holds for each a ∈ {�,�}, which

implies |Xa∩V (F ∗)\A|
|V (F ∗)\A| = (1± ε) |Xa\A|

|V (F )\A| for each a ∈ {�,�}.
We now show F ∗ is likely to have the γ-anchor distribution property. To that end, fix a vertex

v ∈ V (H) \ U . For any a, b, c ∈ {�,�}, consider the set Aa,b,c. Each path of F may have zero,
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one, or two endpoints x ∈ Aa,b,c such that φ0(x) ∈ NH(v), and we partition the paths of F
accordingly into sets of sizes u0, u1, u2 respectively. By the given γ-anchor distribution property
we have

∑2
j=0 juj = (1 ± γ)dab|Aa,b,c| ± 1

2γn
0.99. Moreover, as before, the expected number of

paths in the jth set we select to F ∗ is ujεn
t∗ , and by Fact 23 the probability of failing to select

ujεn
t∗ ± n

0.98 of these paths is at most exp
(
− n0.8

)
. Assuming none of these bad events occur,

we see that the total number of endpoints x ∈ Aa,b,c of paths of F ∗ such that φ0(x) ∈ NH(v) is
2∑
j=0

j ·
(
ujεn
t∗ ± n

0.98
)

=
(1±γ)dab|Aa,b,c|εn±

1
2γεn·n

0.99

t∗ ± 3n0.98.

By a similar argument, we have∣∣Aa,b,c ∩ V (F ∗)
∣∣ =

|Aa,b,c|εn
t∗ ± n0.98

with probability at least 1− exp
(
− n0.8

)
. It follows that the number of endpoints x ∈ Aa,b,c of

paths of F ∗ such that φ0(x) ∈ NH(v) is(
1± γ

)
da,b
∣∣Aa,b,c ∩ V (F ∗)

∣∣± 1
4γn

0.99 ± 5n0.98

with probability at least 1− exp
(
− n0.7

)
, where we use that t∗ > 2εn. Taking the union bound

over choices of a, b, c and v we see the probability that this part of the γ-anchor distribution
property holds for F ∗ is at least 1− exp

(
− n0.6

)
. �

From this point on we will assume that the outcome of the uniform random choice of P1, . . . , Pt∗

is fixed and the likely statements of the above claim hold. In particular, this means that (unless
Algorithm 1 fails before time t) the number |Va \Ut−1| is fixed for each a ∈ {�,�} (although the
sets themselves are not). We next argue that vertices are used with a predictable probability in
each path.

Claim 40.2. Given any t ∈ [t∗] and 0 < % < 2−4L, let Ht−1 denote the event that the embedding
of the first t − 1 paths succeeds and furthermore (H,Ut−1) is (%, 2)-block-diet. Given any y ∈
V (Pt)\A, let x and z be the neighbours of y on Pt; if exactly one of these is in A suppose x ∈ A.
Let a, b, c ∈ {�,�} be such that ξ(x) = Va, ξ(y) = Vb and ξ(z) = Vc. Given any v ∈ Vb \ Ut−1,
we have

P
[
ψt(y) = v

∣∣Ht−1

]
=

(1± 5L%) 1
|Vb\Ut−1| if x, z 6∈ A

(1± 5L%) 1
dab|Vb\Ut−1| if x ∈ A, z 6∈ A, v ∈ NH

(
φ0(x)

) .

In all other cases, the probability of embedding y to v is zero.

Proof. Observe that since 0 < % ≤ 2−4L we have (1± 2%)L(1± 2%)−L = 1± 5L%.
The probability zero statement of the claim is trivial, since y must be embedded to Vb \ Ut−1

and since it must be embedded to a neighbour of the images of x and z.
Given any three vertices p, q, r of V (H) and any 3 ≤ k ≤ ` − 2, we can count the number of

`-vertex paths from p to r in H − Ut−1 whose kth vertex is q and whose ith vertex (for each
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1 ≤ i ≤ `) is in Vi ∈ {V�, V�}, for any given choice of the Vi. We do this as follows. Mark p, q, r
used. We count the number of vertices of V2 \Ut−1 adjacent to p and not so far used, for each of
these the number of vertices of V3 \ Ut−1 adjacent to the first and not so far used, and so on up
to the (k−1)st vertex which we require to be adjacent to both the (k−2)nd and to q; we repeat
this (avoiding previously used vertices) for the path from q to r. Denote with dij the bipartite
density d[Vi, Vj ] if Vi 6= Vj , or the density d[Vi] if Vi = Vj . Then, by the block-diet condition we
have (1±%)d12|V2\Ut−1|±` choices for the second vertex, for each of these (1±%)d23|V3\Ut−1|±`
choices for the third vertex, and so on until we get to

(
1± %

)
d(k−2)(k−1)d(k−1)k|Vk−1 \ Ut−1| ± `

choices for the (k − 1)st vertex, and similarly for the path from q to r. Here the ±` comes
from the vertices previously used on the path we construct. Since n is sufficiently large, and
since Va \ Ut is linear in n for each a ∈ {�,�} while ` ≤ L, we can absorb the ±` into the
multiplicative error to obtain (1 ± 2%)d12|V2 \ Ut−1| choices for the second vertex, and so on.
Putting this together, the total number of such paths is

(1± 2%)`−2
∏̀
i=1

di(i+1)

k−1∏
i=2

|Vi \ Ut−1|
`−1∏
i=k+1

|Vi \ Ut−1| .

If x, z 6∈ A, then using the above with p and r being the embeddings of the ends of Pt, letting q
range over all vertices of ξ(y) \Ut−1, and letting ` = v(Pt) with y being the kth vertex of Pt and
assignments as specified in the lemma statement, we obtain the total number of paths from p to
r from which Algorithm 1 chooses uniformly at random. We can thus compute the probability
of φt(y) = v. Most of the terms cancel, leaving

P
[
ψt(y) = v

∣∣Ht−1

]
= (1± 2%)`−2(1± 2%)2−` 1

|Vb\Ut−1| ,

which by choice of % is as desired.
Suppose x ∈ A and y 6∈ A, and that v ∈ NH

(
φ0(x)

)
. By a similar argument, for each vertex

u ∈ NH
(
φ0(x)

)
∩Vb we can estimate the number of correctly assigned paths in H−Ut−1 between

the embedded anchors of Pt. Summing over the (1 ± %)dab|Vb \ Ut−1| ± 3 choices of u given by
the block-diet condition, we find the total number of such paths and hence

P
[
ψt(y) = v

∣∣Ht−1

]
= (1± 2%)`−1(1± 2%)1−` 1

dab|Vb\Ut−1| ,

which again is as desired. �

In light of this claim, given v ∈ V (H) \ U0 and y ∈ V (Pt) \ A, it is natural to define a
quantity pv,y which approximates the probability that y is embedded to v, conditioned on the
first t − 1 paths being embedded in such a way that v is not used and the block-diet condition
is maintained. To that end, suppose ξ(y) = Vb and the neighbours of y on Pt are x and z; if
exactly one of these is in A, suppose it is x. Suppose ξ(x) = Va and ξ(z) = Vc. We define

(21) pv,y :=

 1
|Vb\Ut−1| if x, z 6∈ A

1
dab|Vb\Ut−1| if x ∈ A, z 6∈ A, v ∈ NH

(
φ0(x)

) .
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We also define

p∗v,t :=
t+εn−1∑
t′=t

∑
y∈V (Pt′ )\A
ξ(y)=Vb

pv,y ,

which (as we will see) is roughly the probability that v is used in embedding one of the first εn
paths from Pt onwards, given it was not used earlier. For now, we will use the anchor distribution
property established in Claim 40.1 to evaluate p∗v,t.

Claim 40.3. Given 1 ≤ t ≤ t∗− εn+ 1, b ∈
{
�,�

}
and v ∈ Vb \Ut−1, let X int

b,t denote the set of
vertices y which are internal to Pt′ for some t ≤ t′ < t + εn and furthermore satisfy ξ(y) = Vb.
Then we have

p∗v,t = (1± 2γ)
|Xint

b,t |
|Vb\Ut−1| .

Proof. We split X int
b,t into parts corresponding to the cases of the definition of pv,y, including the

choice of a in the line where this appears. Let Xzero be the subset of y ∈ X int
b,t whose neighbours

are not in A. For each a ∈ {�,�} let Aa,b be the set of y ∈ X int
b,t whose neighbours are x, z with

x ∈ A and z 6∈ A and where x ∈ Va. Note that these sets partition X int
b,t .

The contribution to p∗v,t from vertices of Xzero is |Xzero|
|Vb\Ut−1| . Now fix a ∈ {�,�}. The contri-

bution to p∗v,t from vertices of Aa,b is, by the γ-anchor distribution property from Claim 40.1,

(1± γ)dab|Aa,b| ± γn0.99

dab|Vb \ Ut−1|
= (1± γ)

|Aa,b|
|Vb\Ut−1| ± n

−0.001 ,

where the equality uses dab ≥ ν and |Vb \ Ut−1| ≥ |Vb \ U | − |{x ∈ V (F ) \ A : ξ(x) = Vb}| ≥ νn,
the last inequality being an assumption of the lemma. Summing up we obtain

p∗v,t = |Xzero|
|Vb\Ut−1| + (1± γ)

|A�,b|
|Vb\Ut−1| + (1± γ)

|A�,b|
|Vb\Ut−1| ± 2n0.001 = (1± γ)

|Xint
b,t |

|Vb\Ut−1| ± 2n−0.001 .

By the ‘furthermore’ part of Claim 40.1, and since each path of F has at least 5 vertices, we
have

|X int
b,t | ≥ (1− ε) |Xa\A|

|V (F )\A| · 3εn ≥
νn
2n · 3εn ≥ ενn ,

and this justifies absorbing the 2n−0.001 additive error to the relative error as claimed. �

We are now in a position to estimate the number of vertices embedded to a given subset X of
Va \ Ut−1 when Pt, . . . , Pt+εn−1 are embedded by Algorithm 1, where a ∈ {�,�}.

Claim 40.4. Given any 1 ≤ t ≤ t∗−εn+1, let Ht−1 denote the event that embedding of the first
t− 1 paths succeeds and furthermore (H,Ut−1) is (βt−1, 2)-block-diet. Given any b ∈ {�,�} and
X ⊆ Vb \ Ut−1 such that |X| ≥ ν4n, when Algorithm 1 embeds paths Pt, . . . , Pt+εn−1, we have

P

[∣∣X ∩ Ut+εn−1

∣∣ = (1± 50Lβt−1)|X| |Vb∩(Ut+εn−1\Ut−1)|
|Vb\Ut−1|

∣∣∣∣∣Ht−1

]
≥ 1− exp

(
− n0.5

)
.

Proof. Suppose that Ht−1 occurs, and consider the running of Algorithm 1 to embed Pt onwards.
Fix b ∈ {�,�} and X ⊆ Vb \ Ut−1.
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Observe that in embedding Pt, . . . , Pt+εn−1 we embed in total at most Lεn vertices. Thus the
estimates provided by the (βt−1, 2)-block-diet condition for (H,Ut−1) are changed by at most
Lεn for any t − 1 ≤ t′ < t + εn. Since dpq ≥ ν and |Vp \ Ut−1| ≥ νn for each p, q ∈ {�,�},
and by choice of ε, we see that for any t − 1 ≤ t′ < t + εn, the pair (H,Ut′−1) satisfies the
(2βt−1, 2)-block-diet condition. This in particular implies that Algorithm 1 cannot fail at any
time in this interval, and that the conclusions of Claim 40.2 are valid with % = 2βt−1 for each of
these paths.

Given v ∈ X and t ≤ t′ ≤ t + εn − 1, the probability that a vertex of Pt′ is embedded to
v, conditioned on the embedding of Pt, . . . , Pt′−1, is either zero (if a vertex of Pt, . . . , Pt′−1 has
been embedded to v) or given by summing, over all internal vertices y of Pt′ such that ξ(y) = Vb,
the probability

(
1± 10Lβt−1

)
pv,y given by Claim 40.2. The latter statement holds because the

events ψt′(y) = v for different y in Pt′ are disjoint. We wish to estimate

Z =
t+εn−1∑
t′=t

E
[∣∣ψt′(V (Pt′)

)
∩X

∣∣ ∣∣∣ embeddings of Pt, . . . , Pt′−1

]
,

and it follows that an upper bound for this sum is (1 ± 10Lβt−1)
∑

v∈X p
∗
v,t. Furthermore, the

difference between this upper bound and the correct value of the (random variable) Z is that
vertices v to which we embed at some time cease to contribute to the sum; there are at most
Lεn such vertices, and so we obtain

Z = (1± 10Lβt−1)
∑
v∈X

p∗v,t ± Lεn · 2 |Xint
b,t |

|Vb\Ut−1| = (1± 20Lβt−1)
|X|·|Xint

b,t |
|Vb\Ut−1| ,

where we use Claim 40.3 to estimate p∗v,t.
Now consider the process of embedding Pt, . . . , Pt+εn−1 following Algorithm 1. By Corol-

lary 25(b ), since each path has at most L vertices, we obtain

P

[
|X ∩ Ut+εn−1

∣∣ 6= (1± 40Lβt−1)
|X|·|Xint

b,t |
|Vb\Ut−1|

∣∣∣∣Ht−1

]
≤ exp(−n0.5) .

Since
∣∣X int

b,t

∣∣ =
∣∣Vb ∩ (Ut+εn−1 \ Ut−1)

∣∣, this completes the proof. �

Using the above claim, we can show that, given any 1 < t′ ≤ t∗ , any b ∈ {�,�} and any
large enough X ⊆ Vb \ U0, with very high probability the following holds when Algorithm 1 is
run. Either the (βt−1, 2)-block-diet condition fails for some (H,Ut−1) with 1 ≤ t < t′ ≤ t∗, or
|X ∩ Ut′ | is roughly |X|

|Vb∩(Ut′\U0)|
|Vb\U0| .

Claim 40.5. Given any t ≥ 1, any b ∈ {�,�} and any X ⊆ Vb \ U0 such that |X| ≥ ν2n, when
Algorithm 1 embeds paths P1, . . . , Pt, we have

P
[∣∣X \ Ut∣∣ =

(
1± 3

4βt
)
|X| |Vb\Ut|

|Vb\U0| or ∃t
′ ∈ [t− 1] : (H,Ut′) is not (βt′ , 2)-block-diet

]
≥ 1− exp

(
− n0.4

)
.
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Proof. The proof of this claim is simply an iteration of Claim 40.4, similar to the proof of [2,
Lemma 26]. For this, observe that

∣∣X \ Ut′∣∣ = (1± βt′)|X|
|Vb\Ut′ |
|Vb\U0| implies |X \ Ut′ | ≥ ν4n, since

|X| ≥ ν2n and |Vb \ Ut′ | ≥ νn, and hence we are allowed to apply Claim 40.4 iteratively.
Now, given t ≥ 1, b ∈ {�,�} and X ⊆ Vb \U0, we suppose that the likely event of Claim 40.4

holds for each time t′ with 1 ≤ t′ ≤ t − εn + 1, with the input set X \ Ut′−1 (provided this
set has size at least ν4n). The probability that this likely event does not occur, but (H,Ut′) is
(βt′ , 2)-block-diet for each such t′, is by the union bound at most n exp

(
− n0.5

)
< exp

(
− n0.4

)
.

We claim that outside of the unlikely event the claim statement holds.
Let s = b tεnc. We require specifically the above likely event for each t′ = 1 + kεn, where k is

an integer between 0 and s− 1 inclusive; this yields∣∣X \ Usεn∣∣ =
∣∣X∣∣ · s−1∏

k=0

(
1− (1± 50Lβkεn)

|Vb∩(U(k+1)εn\Ukεn)|
|Vb\Ukεn|

)

=
∣∣X∣∣ · s−1∏

k=0

(
|Vb\U(k+1)εn|
|Vb\Ukεn| ± 50Lβkεn

|Vb∩(U(k+1)εn\Ukεn)|
|Vb\Ukεn|

)

=
∣∣X∣∣ · s−1∏

k=0

|Vb\U(k+1)εn|
|Vb\Ukεn|

(
1± 50Lβkεn

|Vb∩(U(k+1)εn\Ukεn)|
|Vb\U(k+1)εn|

)

=
∣∣X∣∣ · |Vb\Usεn|

|Vb\U0| ·
s−1∏
k=0

(
1± 50Lβkεn

|U(k+1)εn\Ukεn|
|Vb\U(k+1)εn|

)
.

Taking logs, we obtain

log
∣∣X \ Usεn∣∣ = log

∣∣X∣∣+ log |Vb\Usεn|
|Vb\U0| +

s−1∑
k=0

log
(
1± 50Lβkεn|U(k+1)εn\Ukεn|

|Vb\U(k+1)εn|
)

= log
∣∣X∣∣+ log |Vb\Usεn|

|Vb\U0| ±
s−1∑
k=0

100Lβkεn|U(k+1)εn\Ukεn|
|Vb\U(k+1)εn|

where the last line uses the approximation to the logarithm log(1 ± x) = ±2x, valid for all
sufficiently small x. In this case the term is sufficiently small because

∣∣U(k+1)εn \ Ukεn| ≤ Lεn,
because ε is sufficiently small, and because |Vb \ Ut| ≥ νn. Now we have

s−1∑
k=0

100Lβkεn|U(k+1)εn\Ukεn|
|Vb\U(k+1)εn|

≤ 100L

νn

s−1∑
k=0

βkεn|U(k+1)εn \ Ukεn| ≤
100L

νn

s−1∑
k=0

βkεnLεn

≤ 100L2

νn

∫ sεn

−∞
βxdx ≤ ν2t∗

10n βsεn ≤ 0.1ν2βsεn ,

where the third inequality uses the fact that βx is increasing in x and nonnegative. We obtain

log
∣∣X \ Usεn∣∣ = log

∣∣X∣∣+ log |Vb\Usεn|
|Vb\U0| ±

1
4βsεn = log

∣∣X∣∣+ log |Vb\Usεn|
|Vb\U0| + log

(
1± 1

2βsεn
)
,
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hence
∣∣X \ Usεn∣∣ = (1± 1

2βsεn)|X| |Vb\Usεn|
|Vb\U0| . Since sεn ≤ t ≤ (s+ 1)εn and since βx is increasing

in x, we have ∣∣X \ Ut∣∣ = (1± 1
2βt)|X|

|Vb\Ut|±Lεn
|Vb\U0| ± Lεn ,

which by choice of ε gives the desired conclusion. �

If at some time t Algorithm 1 gives us a Ut such that the (βt, 2)-block-diet condition fails for
(H,Ut), then there is a first such time t. Suppose that b ∈ {�,�} and S (which is a set of either
one or two vertices) is a witness of the failure. Because (H,U0) is (γ, 2)-block-diet, we have∣∣NH(S) \ U0

∣∣ = (1± γ)di1�bd
i2
�b|Vb \ U0|

where i1 and i2 are the number of vertices of S in � and � respectively. Now by Claim 40.5,
with probability at least 1− exp(n−0.4) we have∣∣NH(S) \ Ut

∣∣ =
(
1± 3

4βt
)
(1± γ)di1�bd

i2
�b|Vb \ Ut|

which by choice of γ is a contradiction to b and S witnessing failure of (βt, 2)-block-diet.
Taking the union bound over 1 ≤ t ≤ t∗ and witnesses to failure of block-diet (i.e. singletons or

pairs of vertices and b ∈ {�,�}), the probability that such a first time t exists is by Claim 40.5 at
most n4 exp

(
−n0.4

)
. In other words, with probability at least 1−exp

(
−n0.3

)
, for each 1 ≤ t ≤ t∗

the pair (H,Ut) is (βt, 2)-block-diet (and so Algorithm 1 does not fail). This establishes (PE 1)
and by Claim 40.5 also (PE 2).

Next, we find the probability that any one of a given small collection of vertices is embedded
to in some interval of time by Algorithm 1. To begin with, we deal with intervals of length
exactly εn.

Claim 40.6. Given any 1 ≤ t ≤ t∗−εn, let Ht−1 be a history of Algorithm 1 up to and including
the embedding of Pt−1. Suppose Ht−1 is such that the pair (H,Ut−1) is (βt−1, 2)-block-diet. Let
for each b ∈ {�,�} the set Sb ⊆ Vb \ Ut−1 contain at most L elements. Then we have

P
[
(S� ∪ S�) ∩ Ut+εn−1 6= ∅

∣∣Ht−1

]
=
(
1± 30Lβt−1

) ∑
b∈{�,�}

|Sb| |Vb∩(Ut+εn−1\Ut−1)|
|Vb\Ut−1| .

Proof. Fix a history Ht−1 as in the claim statement; throughout we condition on Ht−1. Let
S = S� ∪ S�. We write

P
[
|S ∩ Ut+εn−1| ≥ 1

]
=

t+εn−1∑
t′=t

P
[
|S ∩ φ

(
V (Pt′)

)
| ≥ 1 and S ∩ imψt′−1 = ∅

]
=

t+εn−1∑
t′=t

∑
ψt′−1

P
[
|S ∩ φ

(
V (Pt′)

)
| ≥ 1

∣∣ψt′−1

]
·P[ψt′−1] ,

where the sum over ψt′−1 runs only over embeddings where S ∩ imψt′−1 = ∅. Note that since
by choice of Ht−1 the pair (H,Ut−1) is (βt−1, 2)-block-diet, it follows as before that (H,Ut′−1) is
(2βt−1, 2)-block-diet for each t′ we consider, and in particular the embeddings we assume exist
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indeed do. Observe that the expected number of vertices of P ′ embedded to S is
2L∑
j=1

P
[
|S ∩ φ

(
V (Pt′)

)
| ≥ j

∣∣ψt′−1

]
,

and rearranging this we get

P
[
|S ∩ φ

(
V (Pt′)

)
| ≥ 1

∣∣ψt′−1

]
= E

[∣∣S ∩ φ(V (Pt′)
)∣∣ ∣∣ψt′−1

]
± |S|P

[
|S ∩ φ

(
V (Pt′)

)
| ≥ 2

∣∣ψt′−1

]
.

Now by Claim 40.2, and since |S| ≤ 2L, we have

P
[
|S ∩ φ

(
V (Pt′)

)
| ≥ 1

∣∣ψt′−1

]
= (1± 10Lβt−1)

( ∑
b∈{�,�}

∑
u∈Sb

∑
y∈V (Pt′ )\A
ξ(y)=Vb

pu,y

)
± 2LP

[∣∣S ∩ φ(V (Pt′)
)∣∣ ≥ 2

∣∣∣ψt′−1

]
.

We can bound above 2LP
[∣∣S ∩ φ(V (Pt′)

)∣∣ ≥ 2
∣∣ψt′−1

]
by 20L5ν−Ln−2 < n−1.5, by similar logic

as in Claim 40.2. Since the pu,y do not depend on ψt′−1, we get

P
[
|S ∩ Ut+εn−1| ≥ 1

]
= (1± 10Lβt−1)

(∑
u∈S

p∗u,t ± 2n−0.5
)
P[S ∩ imψt′−1 = ∅] .

This expression is trivially bounded above by (1 + 10Lβt−1)
(∑

u∈S p
∗
u,t + 2n−0.5

)
< 8L2εν−1, so

P[S ∩ imψt′−1 = ∅] = 1± 8L2εν−1 and we get

P
[
|S ∩ Ut+εn−1| ≥ 1

]
= (1± 10Lβt−1)

(∑
u∈S

p∗u,t ± 2n−0.5
)
·
(
1± 8L2εν−1

)
= (1± 20Lβt−1)

∑
u∈S

p∗u,t = (1± 30Lβt−1)
∑

b∈{�,�}

|Sb|
|Xint

b,t |
|Vb\Ut−1| ,

where the last equality uses Claim 40.3. Since |X int
b,t | =

∣∣Vb∩(Ut+εn−1\Ut−1)
∣∣, we get the claimed

probability. �

Using this repeatedly we can deduce similar estimates for general intervals.

Claim 40.7. Given any 1 ≤ t < t′ ≤ t∗, let Ht−1 be a history of Algorithm 1 up to and including
embedding Pt−1. Suppose Ht−1 is such that the pair (H,Ut−1) is (βt−1, 2)-block-diet. Let for each
b ∈ {�,�} the set Sb ⊆ Vb \ Ut−1 contain at most L elements. Then we have

P
[
(S� ∪ S�) ∩ Ut′−1 = ∅

∣∣Ht−1

]
=
(
1± 2βt′−1

)( ∏
a∈{�,�}

(
|Va\Ut′−1|
|Va\Ut−1|

)|Sa|
)
± ε−1P[block-diet fails|Ht−1] ,

where the last probability refers to the event that, at some time t′′ between t and t∗, the pair
(H,Ut′′−1) is not (βt′′−1, 2)-block-diet.
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Proof. We condition throughout on Ht−1 as given in the claim statement. We allow an error
term of size ε−1P[block-diet fails|Ht−1], so we can throughout assume that block-diet does not
fail (for the purposes of applying Claim 40.6 at most ε−1 times) since the errors caused by its
failure are subsumed in this error term. Because ε is small, it is enough to prove the desired
statements with relative error 1 ± 99Lβt′−1 under the additional assumption that t′ − t is an
integer multiple of εn (the change in βt′−1 and the change in the main term caused by increasing
t′ by a further εn is covered by the increase in the relative error). So we may assume t′ = t+kεn

for some integer k ≥ 1. We write S = S� ∪ S�. By Claim 40.6, we have

P
[
S ∩ Ut′−1 = ∅

]
=

k−1∏
`=0

1−
(
1± 30Lβt+`εn−1

) ∑
a∈{�,�}

|Sa|
|Xint

a,t+`εn|
|Va\Ut+`εn−1|


=

k−1∏
`=0

(1± 65L2εν−1βt+`εn−1)

1−
∑

a∈{�,�}

|Sa|
|Xint

a,t+`εn|
|Va\Ut+`εn−1|


=

k−1∏
`=0

(1± 70L2εν−1βt+`εn−1)
∏

a∈{�,�}

(
1− |Xint

a,t+`εn|
|Va\Ut+`εn−1|

)|Sa|

=
k−1∏
`=0

(
1± 70L2εν−1βt+`εn−1

) ∏
a∈{�,�}

(
|Va\Ut+(`+1)εn−1|
|Va\Ut+`εn−1|

)|Sa|

=

(
k−1∏
`=0

(
1± 70L2εν−1βt+`εn−1

)) ∏
a∈{�,�}

(
|Va\Ut+kεn−1|
|Va\Ut−1|

)|Sa|
.

To see that the second line is valid, we use |X int
a,t+`εn| ≤ εn and |Va \ Ut+`εn−1| ≥ νn. For the

third line, observe that expanding out all the brackets in the product on the third line, we get

the brackets of the second line plus a collection of at most 22L products in which
|Xint

a,t+`εn|
|Va\Ut+`εn−1|

terms appear at least twice. Since |X int
a,t+`εn| ≤ εn, by choice of ε all of these terms are tiny

compared to β0 and hence are accounted for by the increase in the error term. The fourth and
fifth lines are straightforward equalities.

It remains to show that the product of error terms is sufficiently close to 1. Taking logs and
using the Taylor series approximation (valid since ε is sufficiently small), we have

log

k−1∏
`=0

(
1± 70L2εν−1βt+`εn−1

)
= ±

k−1∑
`=0

80L2εν−1βt+`εn−1 = ±
∫ t′

x=−∞

80L2ν−1βx
n dx < βt′−1

where the final equality uses the definition of βx and the fact t∗ ≤ n. We obtain
k−1∏
`=0

(
1± 70L2εν−1βt+`εn−1

)
= exp

(
± βt′−1

)
= 1± 2βt′−1 ,

as desired. �
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From this point we will no longer require the detailed definition of βt−1; it will suffice that
βt−1 ≤ βt∗ ≤

√
Cγ, and we will simply replace error bounds from the earlier claims with the

latter. The remaining parts of Lemma 40 are relatively straightforward at this point.
As noted earlier, the probability of block-diet failing is at most exp

(
− n0.3

)
. Now, taking in

particular the case t = 1 and t′ = t∗ of Claim 40.7, and observing that
∣∣{x ∈ V (F ) \ A : ξ(x) =

Va
}∣∣ = |Va ∩ (Ut∗−1 \ U0)| ± L, we obtain (PE 3).
For (PE 4), fix a, b ∈ {�,�} and let e = uv with u ∈ Va and v ∈ Vb. It is convenient to give to

each directed edge (y, z) of F a weight, which will relate to the probability that y is embedded
to u and z to v. We do this as follows. If one of y and z is in A, we set qy,z = 0. Otherwise,
suppose x, y, z, w are adjacent in F in that order, and suppose ξ(x) = Vc, ξ(y) = Va, ξ(z) = Vb

and ξ(w) = Vd, where c, d ∈ {�,�} and a, b are as above. If x is in A, and φ0(x)u is an edge of
H, we set qy,z = 1

dac
. If w is in A, and φ0(w)v is an edge of H, we set qy,z = 1

dbd
. Note that we

cannot have both x and w in A, since all paths have at least four edges. If neither x nor w is in
A, set qy,z = 1, and in all other cases set qy,z = 0.

Fix c ∈ {�,�} and consider the sum
∑

y,z qy,z where the sum runs over pairs (y, z) such that
x ∈ A and ξ(x) = Vc. By the γ-anchor distribution property, there are

(1± γ)dca|Ac,a,b| ± 1
2γn

0.99

summands equal to 1
dac

, and so this sum evaluates to

(1± γ)|Ac,a,b| ± n0.999 .

Similarly, given d ∈ {�,�}, considering the sum over pairs (y, z) such that w ∈ A has ξ(w) = Vd,
we have ∑

y,z

qy,z = (1± γ)|Ad,b,a| ± n0.999 .

Finally, the set
{

(y, z) : yz ∈ E(F ), y ∈ Xa \ A, z ∈ Xb \ A
}
splits up into |Ac,a,b| pairs (y, z)

such that x ∈ A and ξ(x) = Vc, |Ad,b,a| pairs (y, z) such that w ∈ A and ξ(w) = Vd, for each
c, d ∈ {�,�}, and the remaining pairs (y, z) each of which has qy,z = 1. We conclude∑

(y,z):yz∈E(F )

qy,z = (1± γ)
∣∣{(y, z) : yz ∈ E(F ), y ∈ Xa \A, z ∈ Xb \A

}∣∣± 4n0.999

= (1± 2γ)
∣∣{(y, z) : yz ∈ E(F ), y ∈ Xa \A, z ∈ Xb \A

}∣∣ ,(22)

where the second equality uses the lemma assumption that there are at least νn pairs in the set
on the right hand side of (22).

We observe that
P[φ uses e] =

∑
(y,z):yz∈E(F )

P[φ(y) = u, φ(z) = v]

and letting t be such that y, z ∈ V (Pt) we can write

P[φ(y) = u, φ(z) = v] =
∑
ψt−1

P
[
φ(y) = u, φ(z) = v

∣∣ψt−1

]
P[ψt−1] .
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Observe that if u or v is in imψt−1, then P
[
φ(y) = u, φ(z) = v

∣∣ψt−1

]
= 0. Furthermore, the total

probability of ψt−1 such that (H,Ut−1) is not (βt−1, 2)-block-diet is at most exp
(
− n0.3

)
; so we

are mainly interested in estimating P
[
φ(y) = u, φ(z) = v

∣∣ψt−1

]
when ψt−1 is (βt−1, 2)-block-diet

and u, v /∈ imψt−1. We can do this by much the same approach as in Claim 40.2; we obtain

P
[
φ(y) = u, φ(z) = v

∣∣ψt−1

]
=

(1±5Lβt−1)qy,z
dab|Va\Ut−1||Vb\Ut−1| .

Summing over all ψt−1, we obtain

P[φ(y) = u, φ(z) = v]

=
(1±5Lβt−1)qy,z

dab|Va\Ut−1||Vb\Ut−1| ·
(
1± 100Lβt−1

) |Va\Ut−1||Vb\Ut−1|
|Va\U0||Vb\U0| ± 2ε−1 exp

(
− n0.3

)
=
(
1± 200Lβt−1

) qy,z
dab|Va\U0||Vb\U0|

where the probability P[u, v 6∈ imψt−1] is estimated using Claim 40.7. Summing over all (y, z)

such that yz ∈ E(F ), and using (22), we obtain (PE 4). Note that we do not need to be careful
estimating a sum of βt here; the error bounds are larger than any of the βt (and this will be the
case for the next few properties, too).

For (PE 5), observe that we use φ0(x)v, where x ∈ V (Pt) is in Xa, if and only if v 6∈ imψt−1

and then v is selected as the vertex to which we embed the neighbour y of x, where y ∈ Xb.
The probability P[v 6∈ imψt−1] is (1 ± 100Lβt−1) |Vb\Ut−1|

|Vb\U0| ± ε−1 exp
(
− n0.3

)
by Claim 40.7.

Among ψt−1 in this event, the probability that (H,Ut−1) is not (βt−1, 2)-block-diet is at most
exp

(
− n0.3

)
, and for the remaining ψt−1, the probability of ψ(y) = v, conditioned on ψt−1, is

(1± 5Lβt−1) 1
dab|Vb\Ut−1| according to Claim 40.2. Putting these facts together we get (PE 5).

Finally, for (PE 6), we separate two cases. If uv and u′v′ share a vertex, suppose v = v′.
Observe that we use both uv and u′v if and only if there is some path Pt which uses both edges.
There are two subcases to consider. First, one or both of u and u′ is in φ0(A), in which case
there is at most one possible choice of t to consider, and second, neither is in φ0(A), in which
case we need to consider all paths Pt.

We deal with the first subcase first; assume without loss of generality u ∈ φ0(A). If ψt−1

is such that (H,Ut−1) is (βt−1, 2)-block-diet, then the probability of using both uv and u′v is
easily estimated to be O(n−2) (it is Θ(n−2) if neither v nor u′ is in imψt−1, but this event need
not occur). Moreover, the probability that ψt−1 fails to give block-diet is at most exp

(
− n0.3

)
.

Hence we conclude (PE 6).
For the second subcase, there are at most n paths Pt to consider and for each one, using both

uv and u′v fixes three vertices in φ
(
V (Pt)

)
. When ψt−1 is such that (H,Ut−1) is (βt−1, 2)-block-

diet, the probability of this is O(n−3), so the probability a given Pt uses uv and u′v is at most
n−2.5; taking the union bound over at most n choices of t we again get (PE 6).

If now uv and u′v′ are disjoint edges, we have a few more subcases to consider. If both uv and
u′v′ intersect φ0(A), then this fixes the path or paths that can use uv and u′v′. If there is only
one path (i.e. uv and u′v′ between them contain both anchors of that path) then using uv and
u′v′ fixes two additional vertices on that path, and hence the probability of picking it is O(n−2).
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If there are two such paths (i.e. uv and u′v′ both contain an anchor but of different paths) then
each path has one additional vertex on it fixed and again the probability of choosing such a pair
of paths is O(n−2). If uv intersects φ0(A), but u′v′ does not, then there is only one path which
can contain uv and doing so fixes one additional vertex on this path. While there are up to n
paths which might contain u′v′, for any given one of them to do so fixes two additional vertices
on that path. By the union bound the probability of choosing any one such path is O(n−1), and
again the probability of choosing both uv and u′v′ is O(n−2). The probability of choosing uv
and u′v′ on the same path is O(n−3) since doing so fixes three vertices on that unique path as
uv and u′v′ are disjoint. Finally, if uv and u′v′ are both disjoint from φ0(A), then either they
can both be chosen on one path, or on two different paths. In the first case, there are n possible
paths and for any one to contain both uv and u′v′ fixes four vertices, for a probability O(n−3)

by the union bound. In the second case, there are n2 possible pairs of paths, on each of which
two vertices are fixed for a probability O(n−2) by the union bound. In all these cases we duly
conclude (PE 6). �

7.2. Packing path-forests. Having analysed Algorithm 1, we now state the complete path-
forest packing algorithm, which simply runs Algorithm 1 repeatedly.

Algorithm 2: PathPacking
Input: • path-forests F1, . . . , Fs∗ , such that Fs has anchors As,

• a graph H0 on V�∪̇V�,
• sets Us ⊆ V (H0) of used vertices for s ∈ [s∗],
• assignments ξs : V (Fs)→ {V�, V�},
• embeddings φs : As → V (H0) such that imφs ⊆ Us

Randomly permute the Fs ;
for s = 1 to s∗ do

run RandomPathEmbedding(Fs,Hs−1,Us,ξs,φs) to get an embedding φ′s of Fs
into Hs−1;
let Hs be the graph obtained from Hs−1 by removing the edges of φ′s(Fs);

end

We (abusing notation) still refer to Fs after the uniform random permutation of the path-
forests; what we really mean is the sth forest in the random permutation, and we will continue
this abuse of notation in our analysis. However the statements we make about the algorithm in
Lemma 42 below are invariant under permutation.

We are now in a position to analyse Algorithm 2, and give the important result of this section.
Briefly, if we have a collection of anchored path-forests satisfying the conditions of Lemma 40, and
in addition we have the following pair distribution property, we can complete the analysis. We
should stress that this property depends only weakly on the graph structure of H: in particular,
if edges are removed from H it cannot cause the pair distribution property to fail.
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Definition 41 (Pair distribution property). Given a graph H with V (H) = V�∪̇V� and a
collection F1, . . . , Fs∗ of path-forests all of whose paths have at least four edges, where for each
s ∈ [s∗] the endvertices of Fs is the set As, and we have a used set Us ⊆ V (H) and an injective
map φs : As → Us. We say that a collection of maps (ξs : V (Fs)→ {V�, V�})s∈J2 has the γ-pair
distribution property if for each a, b ∈ {�,�} and pair u ∈ Va, v ∈ Vb of distinct vertices of H
the following holds. Define wuv;s by1

wuv;s =


|{(x,y):xy∈E(Fs),ξs(x)=Va,ξs(y)=Vb and x,y 6∈As}|

|Va\Us||Vb\Us| if u, v 6∈ Us(23a)
1

|Vb\Us| if φ
−1
s (u) = x ∈ As, v 6∈ Us, xy ∈ E(Fs) with ξs(y) = Vb(23b)

1
|Va\Us| if φ

−1
s (v) = x ∈ As, u 6∈ Us, xy ∈ E(Fs) with ξs(y) = Va(23c)

and otherwise wuv;s = 0. Then if uv ∈ E(H) we have

(24)
s∗∑
s=1

wuv;s = (1± γ)

∑s∗

s=1 |{(x, y) : xy ∈ E(Fs), ξs(x) = Va, ξs(y) = Vb}|
|Va||Vb|

± γn−0.01 .

Before stating the lemma, we need a slightly simplified version of the set defined by index-
quasirandomness. Given any sets S1, S2 ⊆ V (H), and any disjoint T1, T2 ⊆ [s∗], and any pairing
V� = {�i}i∈[n/2] and V� = {�i}i∈[n/2], let UH(S1, S2, T1, T2) denote the set of i ∈ [n/2] such
that �is ∈ E(H) for each s ∈ S1, and �is ∈ E(H) for each s ∈ S2, and �i 6∈ Ut for each t ∈ T1,
and �i 6∈ Ut for each t ∈ T2. The simplification as compared to index-quasirandomness is that
we have no set T3. We similarly define U′H′(S1, S2, T1, T2) by replacing each Ut with Ut ∪ imφ′t
(where φ′t is the embedding of Ft by Algorithm 2) and H with H ′ := Hs∗ the final graph left by
Algorithm 2.

Lemma 42 (Path packing lemma). Given ν > 0 and L ≥ 2, there exists a constant C ′ such that
for all 0 < γ < 1/C ′ the following holds.

Let n be even and sufficiently large, and H be (γ, L)-block-quasirandom on V�∪̇V�, each of
which has n/2 vertices, with densities d(H[V�]) = d��, d(H[V�]) = d��, d(H[V�, V�]) = d��.
Suppose s∗ ≥ νn. For each 1 ≤ s ≤ s∗, suppose Fs is a path-forest with leaves (anchors) As
in which each path has between 5 and L vertices inclusive, and suppose φs : As → V (H) is an
embedding of the anchors. Let ξs : V (Fs) → {V�, V�} be an assignment of the vertices of Fs to
sides of H such that φs(x) ∈ ξs(x) for each x ∈ As. Finally let Us be a set of vertices containing
φs(As). Suppose that for each s the pair (H,Us) is (γ, L)-block-diet, and we have the γ-anchor
distribution property for each Fs with respect to H. Suppose that for each a ∈ {�,�} and each
1 ≤ s ≤ s∗ we have |Va \ Us| −

∣∣{x ∈ V (Fs) \As : ξs(x) ∈ Va}
∣∣ ≥ νn and

∣∣ξ−1
s ({Va}) \As

∣∣ ≥ νn.
Suppose that for each 1 ≤ s ≤ s∗ we have

∣∣{(x, y) : xy ∈ E(Fs), x ∈ ξ−1
s ({Va}) \ As, y ∈

ξ−1
s ({Vb}) \ As

}∣∣ ≥ νn for each a, b ∈ {�,�}. Suppose in addition that we have the γ-pair

1We emphasise that in the formulae below, a single edge xy can be counted twice, as (x, y) and (y, x).
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distribution property. For each a ∈ {�,�} define

d′aa := 1

(n/2
2 )

(
eH(Va)−

s∗∑
s=1

eFs

(
ξ−1
s ({Va})

))
and

d′�� := 4
n2

(
eH(V�, V�)−

s∗∑
s=1

eFs

(
ξ−1
s ({V�}), ξ−1

s ({V�})
))
.

Suppose d′��, d
′
��, d

′
�� ≥ ν.

Let w : V (H) → [0, ν−1] be any weight function such that for each a ∈ {�,�} we have∑
u∈Va w(u) either equal to zero or at least νn. Given any S1, S2 ⊆ V (H) and any disjoint

T1, T2 ⊆ [s∗] such that |S1|, |S2|, |T1|, |T2| ≤ L, and any pairing V� = {�i}i∈[n/2] and V� =

{�i}i∈[n/2], let X ⊆ UH(S1, S2, T1, T2) be any set of size at least νn. Finally, given sets S� ⊆ V�
and S� ⊆ V� with |S�|, |S�| ≤ L, let Y be any subset of {s ∈ [s∗] : (S� ∪ S�) ∩ imφs = ∅} such
that |Y | ≥ νn.

When we execute PathPacking (Algorithm 2), then

(PP 1) with probability at least 1− exp
(
− n0.2

)
, for each 1 ≤ s ≤ s∗ we obtain an embedding

φ′s of Fs in H
[(
V (H) \ Us

)
∪ φs(As)

]
extending φs and such that φ′s(x) ∈ ξs(x) for

each x ∈ V (Fs). Furthermore, if we obtain such embeddings, the following hold for
H ′ := Hs∗.

(PP 2) For each uv ∈ E(H) there is at most one s such that φ′s uses the edge uv.

(PP 3) The graph H ′ is (C ′γ, L)-block-quasirandom on V�∪̇V� with densities d′��, d
′
��, d

′
��.

(PP 4) With probability at least 1− exp
(
− n0.2

)
, for each a, b ∈ {�,�} and u ∈ Va we have∑

v∈NH′ (u;Vb)

ω(v) =
(
1± C ′γ

)d′ab
dab

∑
v∈NH(u;Vb)

ω(v) .

(PP 5) With probability at least 1− exp
(
− n0.2

)
we have

∣∣X ∩ U′H′(S1, S2, T1, T2)
∣∣ = (1± C ′γ)

(d′��
d��

)|S1∩V�|(d′��
d��

)|S1∩V�|+|S2∩V�|(d′��
d��

)|S2∩V�|

·
( ∏
t∈T1

∣∣V� \ (Ut ∪ imφ′t)
∣∣∣∣V� \ Ut∣∣
)( ∏

t∈T2

∣∣V� \ (Ut ∪ imφ′t)
∣∣∣∣V� \ Ut∣∣
)
|X| .

(PP 6) With probability at least 1− exp
(
− n0.2

)
we have∣∣{s ∈ Y : (S� ∪ S�) ∩ imφ′s = ∅}

∣∣ = (1± C ′γ)
∑
s∈Y

∏
a∈{�,�}

(
|Va\(Us∪imφ′s)|
|Va\Us|

)|Sa|
.

The proof of this lemma mainly amounts to collecting the probabilistic estimates of Lemma 40
and our assumptions on the quasirandom distribution of the anchor sets and used sets of the
various path-forests to obtain expected values, then applying Corollary 25 to show these expected
values are likely all roughly correct. To begin with, we need to show that Hs−1 is likely to satisfy
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the required block-diet condition for Lemma 40 with the used set of Fs at each stage s and
the required anchor distribution property; for this purpose we will define an exponentially (in
s) increasing error parameter αs, much as in [2]. We should note that (PP 5) holds for any
pairing, and in particular it can be the case for some choices of Si, Ti that it holds vacuously (i.e.
UH(S1, S2, T1, T2) = ∅). In our applications, we will fix a single pairing and it will be such that
there are no vacuous cases.

Proof. Given ν and L, let νL40 = ν10L and let C be returned by Lemma 40 for input νL40 and
L. We set

C ′ = exp
(
2000CLν−20L

)
.

Furthermore, for any 0 < γ < 1/C ′, we define

αx := γ exp
(

1000CLν−20Lx
s∗

)
for x ∈ R, and we set ε = γ2(C ′)−1.

We first argue that the random permutation of the Fs ensures that the pair distribution
property holds not just globally but also on short intervals.

Claim 42.1. With probability at least 1 − exp
(
− n0.5

)
, for each 1 ≤ s ≤ s∗ + 1 − εn, after

the uniform permutation, the path-forests Fs, Fs+1, . . . , Fs+εn−1 have the 2γ-pair distribution
property.

Proof. By the union bound, it is enough to show that with probability at least 1− exp
(
−n0.55

)
a uniform random choice of εn path-forests has the 2γ-pair distribution property, since each
interval of εn paths in the uniform random permutation has this distribution. For this, it is
enough to show that a given pair of vertices u ∈ Va, v ∈ Vb with uv ∈ E(H) is, with probability
at least 1− exp

(
− n0.6

)
, not a witness of failure of the 2γ-pair distribution property.

We partition the set of path-forests according to the weight they assign to uv (as in Defi-
nition 41), rounded down to the nearest multiple of n−1.02. Since a path-forest has at most n
edges, and since |V� \ U |, |V� \ U | ≥ νn for U the used set of any path-forest, the maximum
weight assigned to uv by any path-forest is 2ν−2n−1 and hence there are at most 3ν−2n0.02 parts
in our partition. By Fact 23, with probability at least 1− exp

(
−n0.8

)
, in any given part P with

p path-forests, the uniform random choice of εn path-forests contains εn
s∗ p ± n

0.95 of them. Let
YP denote the random variable which is the sum of weights assigned to uv by paths of P in the
uniform random εn path-forests; then assuming the above likely event occurs, we have∣∣YP −E[Yp]

∣∣ ≤ n−1.02p+ 2ν−2n−0.05 .

With probability at least exp
(
− n0.7

)
, by the union bound, the likely event occurs for each P ,

and in this case we therefore have∣∣∣∑
P

(YP −E[YP ])
∣∣∣ ≤ n−1.02s∗ + 2ν−2n−0.05 · 3ν−2n0.02 ≤ 2n−1.02s∗ ,

where the final inequality is since s∗ ≥ νn.
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Note that
∑

P E[YP ] is simply εn
s∗ times the total weight assigned to uv by all path-forests,

which is as stated in Definition 41. By a similar argument (partitioning path-forests according
to the number of edges between Va and Vb, i.e. edges xy such that ξs(x) = Va and ξs(y) = Vb,
rounded down to the nearest multiple of n0.98) we conclude that if there are in total e edges
between Va and Vb in all path-forests, then with probability at least 1 − exp

(
− n0.7

)
, there

are εn
s∗ e ± 2n0.98 edges between Va and Vb in the uniform random εn path-forests. If both this

and the previous likely event occur, then we conclude uv does not witness failure of the 2γ-path
distribution property for the uniform random εn path forests, as desired. �

As remarked above, from this point when we write Fs we mean the sth path-forest in the
chosen permutation (and so on). We assume from this point that the likely event of Claim 42.1
occurs.

For each a ∈ {�,�} we define

daa;s := daa −
(
|Va|
2

)−1 s∑
i=1

e
(
Fi
[
ξ−1
i ({Va})

])
and

d��;s := d�� − |V�|−1|V�|−1
s∑
i=1

e
(
Fi
[
ξ−1
i ({V�}), ξ−1

i ({V�})
])
.

Note that by definition the dab;s give the densities within and between the sides of Hs, assuming
this graph is constructed by Algorithm 2. Moreover, d′ab = dab;s∗ for each a, b ∈ {�,�}.

To begin with, much as in the proof of Lemma 40, we define a quantity puv;s which ap-
proximates the probability that uv is used in the embedding of Fs, on the assumption that
uv ∈ E(Hs−1) and that the conditions of Lemma 40 are met when embedding Fs. Suppose
u ∈ Va and v ∈ Vb, where a, b ∈ {�,�}.

If neither u nor v is in Us, we set

puv;s :=
|{(x, y) : xy ∈ E(Fs), ξs(x) = Va, ξs(y) = Vb and x, y /∈ As}|

dab;s−1|Va \ Us||Vb \ Us|
.

If u = φs(x) for some x ∈ As, and v 6∈ Us, and the neighbour y of x has ξ(y) = Vb, we set

puv;s :=
1

dab;s−1|Vb \ Us|
,

and similarly if v = φs(y) for some y ∈ As, and u 6∈ Us, and the neighbour y of x has ξ(y) = Va,
we set

puv;s :=
1

dab;s−1|Va \ Us|
.

In all other cases we set puv;s := 0. Note that Lemma 40 parts (PE 4) and (PE 5) state that,
conditioning on running of Algorithm 2 up to creating Hs−1 and on the assumption that the
conditions of Lemma 40 are satisfied at this point, if uv is any edge of Hs−1 then the probability
that the embedding of Fs uses uv is (1± Cαs−1

)
puv;s. We also note that, since dab;s−1 ≥ ν and

|Va \ Us|, |Vb \ Us| ≥ νn, and since E(Fs) ≤ n, we always have puv;s ≤ ν−3n−1.
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Using the pair distribution property, we can estimate the sum
∑s+εn

i=s+1 puv;i for any 0 ≤ s ≤
s∗ − εn and any pair uv ∈ E(H); one should think of this as being the probability that uv is
used in the embedding of some graph in this interval, assuming it is in Hs and assuming the
process is well-behaved.

Claim 42.2. For each 0 ≤ s ≤ s∗ − εn, each a, b ∈ {�,�} and each pair of distinct vertices
u ∈ Va and v ∈ Vb with uv ∈ E(H), we have

s+εn∑
s′=s+1

puv;s′ = (1± 3γ)
dab;s − dab;s+εn

dab;s
± 3γn−0.01 .

Proof. Because dab;s∗ ≥ ν, and because at most εn2 edges are in the path-forests Fs+1, . . . , Fs+εn,
we have dab;s′ = (1± 10εν−1)dab;s for each s+ 1 ≤ s′ ≤ s+ εn. Because this collection of path-
forests has the 2γ-pair distribution property, we have

s+εn∑
s′=s+1

puv;s′ = (1±2γ)
(1±10εν−1)dab;s

∑s∗

s=1 |{(x, y) : xy ∈ E(Fs), ξs(x) = Va, ξs(y) = Vb}|
|Va||Vb|

± 2γn−0.01 ,

and by choice of ε and definition of dab;s we obtain the claim statement. Note that the big
fraction in the equation above is exactly dab;s−dab;s+εn

dab;s
if a 6= b; if a = b then it differs in that

|Va|2 is not 2
(|Va|

2

)
, but the ratio between these quantities is 1 +O(1/n) as n goes to infinity and

this is absorbed to the error term. �

We now argue that neighbourhoods of sets of not too many vertices in Hs into reasonably
large sets decrease roughly as one would expect if edges were removed uniformly at random
(rather than as path-forests). For purposes of establishing (PP 5) we need to consider a fixed
pairing V� = {�i : i ∈ [n/2]} and V� = {�i : i ∈ [n/2]}. We will not need to assume any special
properties of this pairing.

Claim 42.3. Fix each 1 ≤ s < s′′ ≤ s∗, and run Algorithm 2 up to the point where Hs is
defined (i.e. Fs has been embedded); condition on this Hs. Now choose sets W1,W2 ⊆ V (H) with
|W1|, |W2| ≤ L and a set U ⊆ [n/2] with |U | ≥ ν5Ln such that for each i ∈ U , w ∈ W1 and
w′ ∈ W2 we have w�i, w′�i ∈ E(Hs). We now run Algorithm 2 further until Hs′′ is defined.
With probability at least 1− exp

(
− n0.4

)
one of the following occurs. First, we have∣∣{i ∈ U : ∀w ∈W1, w

′ ∈W2 we have w�i, w′�i ∈ E(Hs′′)
}∣∣

=
(
1± 1

2αs′′
)
|U |
(
d��;s′′
d��;s

)|W1∩V�|(d��;s′′
d��;s

)|W1∩V�|+|W2∩V�|(d��;s′′
d��;s

)|W2∩V�|
,

(25)

Second, there is some stage s′ between s and s′′ inclusive such that either the conditions of
Lemma 40 are not met, or its low-probability event occurs.

Proof. Let Us = U , and for each s′ > s let Us′ be the set of i ∈ Us such that w�i, w′�i ∈ E(Hs′)

for all w ∈ W1 and w′ ∈ W2. Observe that it is enough to prove that a given s′′ is unlikely to
be the first s′′ such that (25) fails. So let E be the event that the conditions of Lemma 40 are
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met, and the low-probability event of that lemma does not occur, and (25) does not fail at any
stage before s′′. We aim to show that the probability that E occurs and (25) fails at stage s′′

is at most exp
(
− n−0.5

)
, since then taking the union bound over choices of s′′ establishes the

claim statement.
Let s < s′ ≤ s′′, and condition for a moment on the history of Algorithm 2 up to and

including the embedding of Fs′−1. Given i ∈ U such that for each w ∈ W1 and w′ ∈ W2 we
have w�i, w′�i ∈ E(Hs′−1), let Ei denote the edges w�i for w ∈ W1 and w′�i for w′ ∈ W2. If
|Ei| = |W1|+ |W2| we say i is normal, otherwise it is special. Note that if i is special, this means
that �i ∈W2 and �i ∈W1; there are therefore at most L special i.

By Lemma 40, property (PE 4), the conditional probability that the embedding of Fs′ uses
any given uv ∈ Ei is (1±Cαs′−1)puv;s′ . Furthermore the conditional probability that any given
pair of edges in Ei are used is, by (PE 6), at most n−3/2. It follows that, provided at least one
puv;s′ is non-zero with uv ∈ Ei, the conditional probability that at least one edge of Ei is used
by the embedding of Fs′ is

(1± Cαs′−1)
∑
uv∈Ei

puv;s′ ±
(

2L

2

)
n−3/2 = (1± 2Cαs′−1)

∑
uv∈Ei

puv;s′ ,

where we justify the equality as follows. If some puv;s′ is non-zero, then by definition of puv;s′ it is
at least νn−1 (here we use the assumption of the lemma that at least νn edges of Fs′ are assigned
within each of V�, V� and between V� and V�) and hence the error term, which is O(n−3/2),
can be absorbed in the relative error. If all puv;s′ with uv ∈ Ei are zero, then the

(
2L
2

)
n−3/2 error

term can be removed from the left side of the above: the probability that an edge of Ei is used
is zero. Thus also in this case the right side is a valid estimate.

By linearity of expectation, we see that the conditional expected number of i ∈ Us′−1 such
that at least one edge of Ei is used in embedding Fs′ , is(

1± 2Cαs′−1

) ∑
i∈Us′−1

∑
uv∈Ei

puv;s′ .

Now since embedding any one graph Fs′ uses at most two edges at any given vertex (in
particular those in W1 ∪W2), there are at most 4L values of i such that an edge of Ei is used in
embedding Fs′ . So Corollary 25 tells us that with probability at most exp

(
− n0.5

)
the event E

occurs and nevertheless we have∣∣Us \ Us′′∣∣ 6= s′′∑
s′=s+1

(
1± 3Cαs′−1

) ∑
i∈Us′−1

∑
uv∈Ei

puv;s′ ± εn .
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Observe that it is enough to show that within the event E we have
s′′∑

s′=s+1

(
1± 3Cαs′−1

) ∑
i∈Us′−1

∑
uv∈Ei

puv;s′ =

(
1−

(
1± 1

4αs′′
)(d��;s′′

d��;s

)|W1∩V�|(d��;s′′
d��;s

)|W1∩V�|+|W2∩V�|(d��;s′′
d��;s

)|W2∩V�|
)
|U | ,

(26)

since by choice of ε and ν the error term εn is absorbed into the larger error in (25).
Note that the left side of (26) is a random variable; we will now argue that within E it is surely

in the claimed interval. To that end, we split the sum over s′ into disjoint intervals of length
εn, together with a final interval of length less than εn. We deal first with the final interval: in
this interval, we use at most 2εn edges at any given vertex of W1 ∪W2, hence the sum over this
interval is at most (|W1|+ |W2|) · 2εn ≤ 4Lεn, which we can absorb in the error term. We can
thus assume s′′ − s is a multiple of εn, and we only need to show

s′′∑
s′=s+1

(
1± 3Cαs′−1

) ∑
i∈Us′−1

∑
uv∈Ei

puv;s′

= |U |

(
1−

(
d��;s′′
d��;s

)|W1∩V�|(d��;s′′
d��;s

)|W1∩V�|+|W2∩V�|(d��;s′′
d��;s

)|W2∩V�|
)
± 1

8αs′′ |U |ν
2L .

Consider the sum
s+(`+1)εn∑
s′=s+1+`εn

(
1± 3Cαs′−1

) ∑
i∈Us′−1

∑
uv∈Ei

puv;s′

where 0 ≤ ` ≤ s′′−s
εn − 1. To estimate this sum, fix an `. We separate the main term

s+(`+1)εn∑
s′=s+1+`εn

∑
i∈Us′−1

∑
uv∈Ei

puv;s′

and the error term

(27)
s+(`+1)εn∑
s′=s+1+`εn

3Cαs′−1

∑
i∈Us′−1

∑
uv∈Ei

puv;s′ ≤
s+(`+1)εn∑
s′=s+1+`εn

6Cαs′−1|U |Lν−3n−1 ,

where the inequality uses that each puv;s′ is bounded above by ν−3n−1 and |Ei| ≤ 2L.
To estimate the main term, observe that the set Us′−1 decreases, as s′ ranges over the interval

from s+ 1 + `εn to s+ (`+ 1)εn, by at most 4Lεn indices. Each normal i which is in Us+(`+1)εn

contributes, by Claim 42.2,

(1±3γ)
(
|W1∩V�|

d��;s+`εn − d��;s+(`+1)εn

d��;s+`εn
+
(
|W1∩V�|+|W2∩V�|

)d��;s+`εn − d��;s+(`+1)εn

d��;s+`εn

+ |W2 ∩ V�|
d��;s+`εn − d��;s+(`+1)εn

d��;s+`εn

)
± 6Lγn−0.01
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to the sum. Each special i (of which there are at most L) and each normal i which is not in
Us+(`+1)εn contributes at most this amount. Thus our main term is |Us+`εn| ± (4Lεn+L) times
the above estimate. Since we are in E , we know the size of Us+`εn; in particular it is of size
at least 1

2ν
3Ln, and so the error 4Lεn + L is tiny compared to α0 by choice of ε. Putting this

together, we have

(28)
s+(`+1)εn∑
s′=s+1+`εn

∑
i∈Us′−1

∑
uv∈Ei

puv;s′

=
(
1± αs+`εn

)
|U |
(
d��;s+`εn

d��;s

)|W1∩V�|(d��;s+`εn

d��;s

)|W1∩V�|+|W2∩V�|(d��;s+`εn

d��;s

)|W2∩V�|

·

(
|W1 ∩ V�|

d��;s+`εn−d��;s+(`+1)εn

d��;s+`εn
+
(
|W1 ∩ V�|+ |W2 ∩ V�|

)d��;s+`εn−d��;s+(`+1)εn

d��;s+`εn

+ |W2 ∩ V�|
d��;s+`εn−d��;s+(`+1)εn

d��;s+`εn

)
± 6Lγn0.99

To understand the right-hand side of (28), consider expanding out(
d��;s+`εn

d��;s

)|W1∩V�|(d��;s+`εn

d��;s

)|W1∩V�|+|W2∩V�|(d��;s+`εn

d��;s

)|W2∩V�|

=
(
d��;s+(`+1)εn

d��;s
+

d��;s+`εn−d��;s+(`+1)εn

d��;s

)|W1∩V�|

·
(
d��;s+(`+1)εn

d��;s
+

d��;s+`εn−d��;s+(`+1)εn

d��;s

)|W1∩V�|+|W2∩V�|

·
(
d��;s+(`+1)εn

d��;s
+

d��;s+`εn−d��;s+(`+1)εn

d��;s

)|W2∩V�|
.

We will split the above expression into three terms: the first term will be obtained by multiplying
all the left sides of the brackets; the second term will be given by the sum of the products which
are obtained by multiplying one term from the right sides of the brackets and the remainder
from the left; and the third term will consist of the left-over.

This way, the first term equals(
d��;s+(`+1)εn

d��;s

)|W1∩V�|
·
(
d��;s+(`+1)εn

d��;s

)|W1∩V�|+|W2∩V�|
·
(
d��;s+(`+1)εn

d��;s

)|W2∩V�|
.

Because dab;s+(`+1)εn ≥ ν, and because the path-forests Fs+1+`εn, . . . , Fs+(`+1)εn have at most
εn2 edges in total, we have that dab;s+(`+1)εn and dab;s+`εn differ at most by a factor (1±10εν−1).
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Therefore, the second term equals(
d��;s+(`+1)εn

d��;s

)|W1∩V�|(d��;s+(`+1)εn

d��;s

)|W1∩V�|+|W2∩V�|(d��;s+(`+1)εn

d��;s

)|W2∩V�|

·

(
|W1 ∩ V�|

d��;s+`εn−d��;s+(`+1)εn

d��;s+(`+1)εn
+
(
|W1 ∩ V�|+ |W2 ∩ V�|

)d��;s+`εn−d��;s+(`+1)εn

d��;s+(`+1)εn

+ |W2 ∩ V�|
d��;s+`εn−d��;s+(`+1)εn

d��;s+(`+1)εn

)
,

which equals

(29) (1± 30Lεν−1)
(
d��;s+`εn

d��;s

)|W1∩V�|(d��;s+`εn

d��;s

)|W1∩V�|+|W2∩V�|(d��;s+`εn

d��;s

)|W2∩V�|

·

(
|W1 ∩ V�|

d��;s+`εn−d��;s+(`+1)εn

d��;s+`εn
+
(
|W1 ∩ V�|+ |W2 ∩ V�|

)d��;s+`εn−d��;s+(`+1)εn

d��;s+`εn

+ |W2 ∩ V�|
d��;s+`εn−d��;s+(`+1)εn

d��;s+`εn

)
,

which is, except from the factors (1± 30Lεν−1) and (1± as+`εn)|U |, the same as the formula on
the right-hand side of (28).

For the third term observe that there are less than 22L summands each of which is a product
of at least two terms from the right sides of the brackets. Using again that dab;s+(`+1)εn and
dab;s+`εn differ at most by a factor (1± 10εν−1), we see that this third term amounts to at most
22L(10εν−1)2.

Putting this together, we see that the term in (29), equals(
d��;s+`εn

d��;s

)|W1∩V�|(d��;s+`εn

d��;s

)|W1∩V�|+|W2∩V�|(d��;s+`εn

d��;s

)|W2∩V�|

−
(
d��;s+(`+1)εn

d��;s

)|W1∩V�|
·
(
d��;s+(`+1)εn

d��;s

)|W1∩V�|+|W2∩V�|
·
(
d��;s+(`+1)εn

d��;s

)|W2∩V�|

± 22L(10εν−1)2 .

Plugging this into (28), we finally obtain that
∑s+(`+1)εn

s′=s+1+`εn

∑
i∈Us′−1

∑
uv∈Ei

puv;s′ equals

(
1± 2αs+`εn

)
|U |

((
d��;s+`εn

d��;s

)|W1∩V�|
·
(
d��;s+`εn

d��;s

)|W1∩V�|+|W2∩V�|
·
(
d��;s+`εn

d��;s

)|W2∩V�|

−
(
d��;s+(`+1)εn

d��;s

)|W1∩V�|
·
(
d��;s+(`+1)εn

d��;s

)|W1∩V�|+|W2∩V�|
·
(
d��;s+(`+1)εn

d��;s

)|W2∩V�|

± 22L(10εν−1)2

)
,
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which in turn equals

|U |

((
d��;s+`εn

d��;s

)|W1∩V�|
·
(
d��;s+`εn

d��;s

)|W1∩V�|+|W2∩V�|
·
(
d��;s+`εn

d��;s

)|W2∩V�|

−
(
d��;s+(`+1)εn

d��;s

)|W1∩V�|
·
(
d��;s+(`+1)εn

d��;s

)|W1∩V�|+|W2∩V�|
·
(
d��;s+(`+1)εn

d��;s

)|W2∩V�|
)

± 200ν−4Lεαs+`εn|U | .

At last, we can sum this over `, together with the error term bounded in (27), to obtain

s′′∑
s′=s+1

(
1± 3Cαs′−1

) ∑
i∈Us′−1

∑
uv∈Ei

puv;s′

= |U |

((
d��;s

d��;s

)|W1∩V�|
·
(
d��;s

d��;s

)|W1∩V�|+|W2∩V�|
·
(
d��;s

d��;s

)|W2∩V�|

−
(
d��;s′′
d��;s

)|W1∩V�|
·
(
d��;s′′
d��;s

)|W1∩V�|+|W2∩V�|
·
(
d��;s′′
d��;s

)|W2∩V�|
)

±
s′′∑
s′=s

(200ν−4Ln−1 + 6CLν−3n−1)|U |αs′−1

and hence

s′′∑
s′=s+1

(
1± 3Cαs′−1

) ∑
i∈Us′−1

∑
uv∈Ei

puv;s′

= |U |

(
1−

(
d��;s′′
d��;s

)|W1∩V�|
·
(
d��;s′′
d��;s

)|W1∩V�|+|W2∩V�|
·
(
d��;s′′
d��;s

)|W2∩V�|
)

±
s′′∑
s′=s

200CLν−4Ln−1αs′−1|U | .

For the last error term, we observe that it can be bounded by∫ s′′

x=−∞
200CLν−4Ln−1αx|U |dx = 0.2ν16Ls∗n−1αs′′ |U | < 1

8αs′′ |U |ν
2L ,

which completes the proof of the claim. �

This claim implies (we will see a proof later) that the block-quasirandomness and block-diet
requirements of Lemma 40 are satisfied at each stage. What we in addition need is the anchor
distribution property, which we will show follows from the next claim.

Claim 42.4. For each 1 ≤ s ≤ s∗, any a, b ∈ {�,�} and v ∈ Va, and any weight function
ω : V (H0)→ [0, ν−1] such that

∑
u∈NH0

(v;Vb) ω(u) ≥ νn, the following experiment has probability
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at least 1− exp
(
− n0.4

)
of success. We run Algorithm 2 up to the point at which φs and Hs are

defined. We declare the experiment a success if either

(30)
∑

u∈NHs (v;Vb)

ω(u) = (1± 1
2αs)

dab;s
dab

∑
u∈NH0

(v;Vb)

ω(u) ,

or at some stage 1 ≤ s′ < s the conditions of Lemma 40 fail or the low-probability event of that
lemma occurs.

Proof. Fix a weight function ω. As with the previous claim, we show that any given s has
probability at most exp

(
− n0.5

)
of being the first s for which the claim statement fails; the

claim then follows by the union bound over s. So fix s, and let E be the event that at each stage
from 1 to s inclusive the conditions of Lemma 40 are met and its low-probability event does not
occur, and in addition at each stage 1 ≤ s′ ≤ s− 1 we have∑

u∈NHs′
(v;Vb)

ω(u) = (1± 1
2αs′)

dab;s′
dab

∑
u∈NH0

(v;Vb)

ω(u) .

Note that Lemma 40 states that within E the probability that the embedding of Fs′ uses uv
is
(
1 ± Cαs′−1

)
puv;s′ . Let Hs′−1 denote the history of Algorithm 2 up to and including the

embedding of Fs′−1. Thus by linearity of expectation, within E we have

E
[ ∑
u∈NHs′−1

(v;Vb)\NHs′
(v;Vb)

ω(u)
∣∣∣Hs′−1

]
=
(
1± Cαs′−1

) ∑
u∈NHs′−1

(v;Vb)

ω(u)puv;s′ .

Observe that when we embed any given Fs′ , we use at most two edges leaving u, so the
maximum change to the weight of the neighbourhood of u is at most 2ν−1. Thus by Corollary 25,
the probability that E occurs and∑

u∈NH0
(v;Vb)\NHs (v;Vb)

ω(u) 6=
s∑

s′=1

(
1± Cαs′−1

) ∑
u∈NHs′−1

(v;Vb)

ω(u)puv;s′ ± n0.99

is at most exp
(
− n0.5

)
. As with the previous claim, it thus suffices to show that within E we

have
s∑

s′=1

(
1± Cαs′−1

) ∑
u∈NHs′−1

(v;Vb)

ω(u)puv;s′ =
(
1− (1± 1

4αs)
dab;s
dab

) ∑
u∈NH0

(v;Vb)

ω(u) .

As with the previous claim, note that the left side of this is a random variable which in E
we will see surely lies in the claimed interval; as there, we show this by splitting the sum over
s′ into intervals of length εn together with a final interval of length less than εn. In the final
interval at most 2εn edges are removed from v, and the weight of vertices at these edges is thus
at most 2εnν−1; this upper bounds the sum of expectations over this interval. Thus it is enough
to assume s is a multiple of εn and show
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(31)
s∑

s′=1

(
1± Cαs′−1

) ∑
u∈NHs′−1

(v;Vb)

ω(u)puv;s′ =
(
1− (1± 1

8αs)
dab;s
dab

) ∑
u∈NH0

(v;Vb)

ω(u) .

As before, we split this sum into a main term
s∑

s′=1

∑
u∈NHs′−1

(v;Vb)

ω(u)puv;s′

and an error term
s∑

s′=1

Cαs′−1

∑
u∈NHs′−1

(v;Vb)

ω(u)puv;s′ ≤
s∑

s′=1

Cαs′−1

∑
u∈NH0

(v;Vb)

ω(u)ν−3n−1

≤
s∑

s′=1

Cαs′−1ν
−4 ≤ ν4αsn .

In the main term, consider, for some integer ` ≥ 0, the interval `εn < s′ ≤ (` + 1)εn. Each
vertex u which is in NHs′ (v;Vb) for the entire interval contributes by Claim 42.2(

(1± 3γ)
dab;`εn−dab;(`+1)εn

dab;`εn
± 3γn−0.01

)
ω(u)

to the sum. Thus an upper bound for this interval of the main term is(
(1± 3γ)

dab;`εn−dab;(`+1)εn

dab;`εn
± 3γn−0.01

) ∑
u∈NH`εn

(v;Vb)

ω(u) .

Since at most 2εn vertices are removed from the neighbourhood during this interval, each of
which removes at most its weight times ν−3ε (by the general upper bound on puv;s′) from the
sum, this upper bound is off from the correct answer by at most 2ν−4ε2n. Furthermore, since
we are in E we know ∑

u∈NH`εn
(v;Vb)

ω(u) =
(
1± 1

2α`εn
)dab;`εn

dab

∑
u∈NH0

(v;Vb)

ω(u) ,
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and we conclude

(`+1)εn∑
s′=`εn+1

∑
u∈NHs′−1

(v;Vb)

ω(u)puv;s′

=
(

(1± 3γ)
dab;`εn−dab;(`+1)εn

dab;`εn
± 3γn−0.01

)(
1± 1

2α`εn
)dab;`εn

dab

∑
u∈NH0

(v;Vb)

ω(u)± 2ν−4ε2n

= (1± α`εn)
dab;`εn−dab;(`+1)εn

dab

∑
u∈NH0

(v;Vb)

ω(u)± 3ν−4ε2n

=
dab;`εn−dab;(`+1)εn

dab

∑
u∈NH0

(v;Vb)

ω(u)± α`εnν−22εn± 3ν−4ε2n .

Summing this over the at most ε−1 choices of `, we have

s∑
s′=1

∑
u∈NHs′−1

(v;Vb)

ω(u)puv;s′

=

s
εn−1∑
`=0

dab;`εn−dab;(`+1)εn

dab

∑
u∈NH0

(v;Vb)

ω(u)±

s
εn−1∑
`=0

α`εnν
−22εn± 3ν−4εn

=
dab−dab;s

dab

∑
u∈NH0

(v;Vb)

ω(u)± ν4αsn ,

where the final line uses our definition of αx and summing the error terms as in previous claims.
Putting back the error term, we find that the left side of (31) is in the interval

dab−dab;s
dab

∑
u∈NH0

(v;Vb)

ω(u)± 2ν4αsn

which in particular shows (31) holds, proving the claim. �

We are now in a position to prove that it is likely that Algorithm 2 completes, from which (PP 1)
and (PP 2) follow. What we need to do is show that it is likely that at each stage s the conditions
of Lemma 40 are met, since then it is unlikely (by Lemma 40 and the union bound) that at any
stage Lemma 40 fails to produce an embedding. As before, it is enough to show that, for any
given 1 ≤ s′ ≤ s∗, with probability at most exp

(
− n0.3

)
stage s′ is the first stage at which the

conditions of Lemma 40 are not met or its low-probability event occurs.
Fix vertices u1, . . . , up ∈ V (H0) for some p ≤ L and a ∈ {�,�}. The probability that

these vertices and side of Hs′−1 witness a failure of either (αs′−1, L)-block quasirandomness
of Hs′−1, or of the (αs′−1, L)-block diet condition for (Hs′−1, Us′), is by Claim 42.3 at most
2 exp

(
− n0.4

)
; in both cases we apply the claim with s = 1 and s′, in the first place with

U = {i ∈ [n/2] : ai ∈ NH0(u1, . . . , up)∩ Va}, and in the second place with U = {i ∈ [n/2] : ai ∈
NH0(u1, . . . , up)∩Va \Us′}; in either case, if a = � we use W1 = {u1, . . . , up} and W2 = ∅, while
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if a = � we use W2 = {u1, . . . , up} and W1 = ∅. Taking the union bound over choices of p, a
and u1, . . . , up we see that the probability such a witness exists is at most exp

(
− n0.3

)
.

Now fix a, b, c ∈ {�,�}, a vertex v ∈ Vb and let ω be the weight function on V (H0) where for
u ∈ Va we set ω(u) = 1 if there is x ∈ As′ such that φs′(x) = u and the neighbour y of x in Fs′
has ξ(y) = Vb and the next neighbour z of y in Fs′ has ξ(z) = Vc; and otherwise ω(u) = 0. The
γ-anchor distribution property with respect to H0 (which is an assumption of Lemma 42) states
that ∑

u∈NH0
(v;Va)

ω(u) = (1± γ)dab
∑
u∈Va

ω(u)± γn0.99 .

Now Claim 42.4 tells us that with probability at least 1− exp
(
− n0.4

)
we have∑

u∈NHs′−1
(v;Va)

ω(u) = (1± γ)(1± 1
2αs′−1)dab;s′−1

∑
u∈Va

ω(u)± γn0.99

and hence in particular this choice of a, b, c, v does not witness a failure of the αs′−1-anchor
distribution property for Fs′ in Hs′−1. Taking a union bound over the choices of a, b, c, v we see
that with probability at most exp

(
−n0.3

)
the αs′−1-anchor distribution property fails for Hs′−1

and Fs′ .
Now fix a, b ∈ {�,�}, a vertex v ∈ Vb and let ω be the weight function on V (H0) where

ω(u) = 1 if there is x ∈ As′ such that φs′(x) = u and the neighbour y of x in Fs′ has ξ(y) = Vb,
and otherwise ω(u) = 0. The γ-anchor distribution property with respect to H0 (which is an
assumption of Lemma 42) states that∑

u∈NH0
(v;Vb)

ω(u) = (1± γ)dab
∑
u∈Vb

ω(u)± γn0.99 .

Now Claim 42.4 tells us that with probability at least 1− exp
(
− n0.4

)
we have∑

u∈NHs′−1
(v;Vb)

ω(u) = (1± γ)(1± 1
2αs′−1)dab;s′−1

∑
u∈Vb

ω(u)± γn0.99

and hence in particular this choice of a, b, v does not witness a failure of the αs′−1-anchor dis-
tribution property for Fs′ in Hs′−1. Taking a union bound over the choices of a, b, v we see that
with probability at most exp

(
− n0.3

)
the αs′−1-anchor distribution property fails for Hs′−1 and

Fs′ .
Putting these together, the probability that the conditions of Lemma 40 are first not met at

stage s′ is at most 2 exp
(
n0.3

)
, and the probability that the conditions of Lemma 40 are met but

Algorithm 2 fails at stage s′ is at most exp
(
− n0.3

)
. Taking the union bound over the choices

of s′, we conclude that as desired the probability of any of these events occurring is at most
exp

(
− n0.25

)
.

By choice of C ′, we immediately see that if at each stage s′, including s∗, we have the above
claimed quasirandomness then (PP 3) holds. Furthermore Claim 42.4 states that (PP 4) holds.
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Next we prove (PP 5). To that end, fix S1, S2 sets of at most L vertices, and disjoint T1, T2 ⊆
[s∗] of size at most L, and a pairing V� = {�i : i ∈ [n/2]} and V� = {�i : i ∈ [n/2]}. Let X
be any subset of UH(S1, S2, T1, T2) of size at least νn. Observe that the elements of T1 ∪ T2 are
natural numbers and hence ordered, and the corresponding path-forests are embedded in that
order by Algorithm 2. We let X0 := X. We now define some subsets X ′j and Xj of X recursively.
For 1 ≤ j ≤ |T1|+ |T2|, let X ′j denote the set of indices i ∈ Xj−1 such that w�i, w′�i ∈ E(Hs)

for each w ∈ S1 and w′ ∈ S2, where s is the stage immediately before embedding the jth element
of T1 ∪ T2; let X ′|T1|+|T2|+1 be similarly defined, with s = s∗. For 1 ≤ j ≤ |T1| + |T2|, we define
Xj ⊆ X ′j as follows. Let the jth element of T1∪T2 be s. If s is in T1, then Xj is the set of i ∈ X ′j
such that �i 6∈ imφs. If s is in T2, then Xj is the set of i ∈ X ′j such that �i 6∈ imφs.

We show (PP 5) by finding ratios between sizes of each Xj−1 and X ′j , and each X ′j and Xj .
Note that X ′|T1|+|T2|+1 = U′Hs∗

(S1, S2, T1, T2) is the set whose size we want to find, by definition.
For the former, we use Claim 42.3 to estimate the effect of the sequence of embeddings of path-
forests strictly between the (j − 1)st and jth elements of T1 ∪ T2. We also need to estimate the
effect of removing edges when the (j − 1)st path-forest of T1 ∪ T2 is embedded (edges may be
removed going to a �i while the (j−1)st path-forest is in T1, for example, which is not accounted
for in Xj−1) but these can be responsible for removing at most 2L vertices from Xj−1. For the
latter, we use (PE 2). In each case, it will be enough to use αs∗ to bound error terms, which we
will do for simplicity.

We claim inductively that the sets Xj , X
′
j are of size at least ν5Ln; this justifies the following

applications of Claim 42.3 and (PE 2). First, for each 1 ≤ j ≤ |T1|+ |T2|+ 1, we estimate |X ′j |.
Given j, let s be the (j − 1)st index in T1 ∪ T2 (if j = 1, let s = 0) and s′′+ 1 the jth index. Let
Q denote the set of i ∈ Xj−1 such that w�i, w′�i are edges of Hs for each w ∈ S1 and w′ ∈ S2.
We have |Q| = |Xj−1| ± 2L. We apply Claim 42.3, with input W1 = S1,W2 = S2, U = Q, and
s, s′′. The result is that with probability at least 1− exp

(
− n0.4

)
, either we have

|X ′j | =
(
1± 1

2αs∗
)(
|Xj−1| ± 2L

)(d��;s′′
d��;s

)|S1∩V�|(d��;s′′
d��;s

)|S1∩V�|+|S2∩V�|(d��;s′′
d��;s

)|S2∩V�|

=
(
1± αs∗

)
|Xj−1|

(
d��;s′′
d��;s

)|S1∩V�|(d��;s′′
d��;s

)|S1∩V�|+|S2∩V�|(d��;s′′
d��;s

)|S2∩V�|

or there is some stage s′ between s and s′′ inclusive such that either the conditions of Lemma 40
are not met, or its low-probability event occurs.

Similarly, we can estimate |Xj | for each 1 ≤ j ≤ |T1| + |T2|. Given j, let s be the jth index
in T1 ∪ T2. If s is in T1, let a = � and Q = {�i : i ∈ X ′j}; if s is in T2, let a = � and
Q = {�i : i ∈ X ′j}. We apply Lemma 40 part (PE 2) with input a and V ′ = Q; recall that by
choice of X, we have Q ∩ Us = ∅. The result is that with probability at least 1 − exp

(
− n0.3

)
either we have

|Xj | =
(
1± Cαs∗

)
|X ′j |
|Va \ (Us ∪ imφ′s)|

|Va \ Us|
or the conditions of Lemma 40 are not met, or its low-probability event occurs.
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If all these equations hold, we obtain precisely the desired (PP 5), by choice of C ′. To see
this, observe that simply substituting each equation into the next, we are left with the main
term of (PP 5), multiplied by an error term of the form

(
1± Cαs∗

)2|T1|+2|T2|+1, multiplied by a
collection of terms of the form dab;s

dab;s−1
where s ∈ T1 ∪ T2 and a, b ∈ {�,�}. Each of these last

terms is of size 1±2ν−1n−1, and there are at most 2L(|T1|+ |T2|) of them, so that the product of
all these terms is 1± ε. Since the final estimate is of size at least ν5Ln this justifies the inductive
claim on set sizes. So the probability we do not obtain (PP 5) is by the union bound at most
exp

(
− n0.2

)
as required.

Finally, we prove (PP 6). Given Sa ⊆ Va with |Sa| ≤ L for each a ∈ {�,�}, and a set Y ⊆ [s∗]

such that (S�∪S�)∩Us = ∅ for each s ∈ Y , with |Y | ≥ νn, we apply Corollary 25 to estimate the
number of s ∈ Y such that (S�∪S�)∩ imφ′s = ∅. We let the good event for Corollary 25 be that
at each stage s the conditions of Lemma 40 are met and its low-probability event does not occur.
Within this good event, for each s ∈ Y , by (PE 3) the probability that imφ′s ∩ (S� ∪ S�) = ∅,
conditioned on the embeddings prior to embedding Fs, is

(1± Cαs∗)
∏

a∈{�,�}

(
|Va\(Us∪imφ′s)|
|Va\Us|

)|Sa|
.

By Corollary 25, we conclude that with probability at least 1− exp(−n0.2) we have∣∣{s ∈ Y : (S� ∪ S�) ∩ imφ′s}
∣∣ = (1± 2Cαs∗)

∑
s∈Y

∏
a∈{�,�}

(
|Va\(Us∪imφ′s)|
|Va\Us|

)|Sa|
,

as required for (PP 6). �

8. Stage A (Proof of Lemma 30)

In this stage, the graphs (Gs)s∈G\(K∪J )∪
(
G♠s
)
s∈K∪

(
G
‖
s

)
s∈J

are packed into H, which is very
quasirandom. We do this in two steps. In the first step, we use the algorithm PackingProcess
of [2] to pack the graphs (Gs)s∈G\(K∪J ) into H. We let H0 be the graph of leftover edges from
this packing, which we will argue (quoting results of [2]) is still very quasirandom; we will not
need any more facts about this part of the packing.

For the second step, we need to give two algorithms, RandomEmbedding (defined in [2]) and
PackingProcess’ (a modification of PackingProcess from [2]). To conveniently state these, we
need some notation and to define some constants.

8.1. Notation, constants and algorithms. Suppose G is a graph whose vertices are ordered
by natural numbers, V (G) = [`]. Suppose that i ∈ V (G). We write N−(i) = N(i) ∩ [i − 1] and
deg−(i) = |N−(i)| for the left-neighbourhood and the left-degree of i.

Definition 43. Let G be a graph with vertex set [v(G)], and H be a graph with v(H) ≥ v(G).
Further, assume ψj : [j]→ V (H) is a partial embedding of G into H for j ∈ [v(G)], that is, ψj
is a graph embedding of G

[
[j]
]
into H. Finally, given t ∈ [v(G)] we say the candidate set of t
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(with respect to ψj) is
CjG↪→H(t) = NH

(
ψj
(
N−G(t) ∩ [j]

))
.

If N−G(t)∩ [j] = ∅, we obtain the common neighbourhood of the empty set, which is V (H). When
j = t− 1, we call CjG↪→H(t) the final candidate set of t.

We now define some constants, which we will need in the following analysis and which are
identically defined in [1] and [2] (so that we can quote results from both verbatim).

We shall work with dA given by (9). Given D and δ, γA > 0, we choose 0 < γ < dA small
enough for two inequalities, which we give after defining the following (copied from [1] and [2],
with the exceptions that δ̃ and ξ′ defined below are there δ and ξ respectively).

Setting 44. Let D,n ∈ N and γ > 0 be given. We define

η =
γD

200D
, δ̃ =

γ10Dη

106D4
, C = 40D exp

(
1000Dδ̃−2γ−2D−10

)
, C ′ = 104Cδ̃−1 ,

αx =
δ̃

108CD
exp

(108CD3δ̃−1(x− 2n)

n

)
for each x ∈ R,

ε = α0δ̃
4γ10D/1000CD , c = D−4ε4/100 and ξ′ = α0/100 .

(32)

We require γ small enough that δ̃ ≤ 1
2δ. In addition, we need

(33) 106CC ′Dδ̃−1δ−1γ−1α3n/2 ≤ γA .

Since several of the terms on the left hand side of this inequality depend on γ, it may not be
obvious that the left hand side indeed tends to zero as γ → 0. We have

106CC ′Dδ̃−1δ−1γ−1α3n/2 = 100Cδ̃−2δ−1γ−1 exp
(
− 1

2 · 108CD3δ̃−1
)

≤ 100C3δ̃−3δ−1 exp
(
− 1

2 · 108CD3δ̃−1
)
.

Now δ is a fixed constant, while both C and δ̃−1, and so also Cδ̃−1, tend to infinity as γ → 0.
Since any exponential in Cδ̃−1 is eventually much larger than any polynomial in Cδ̃−1, indeed
this quantity tends to 0 as γ → 0, and hence there is a choice of γ > 0 such that (33) holds.

We briefly state the purpose of a few of these quantities which are immediately important. We
will pack D-degenerate graphs on up to n− δ̃n vertices into an n-vertex graph; after completing
the packing, at least γn2 edges will remain unused. When we borrow analysis from [1] and [2],
the quantity αs (or a multiple of it, usually Cαs) will upper bound the errors we have made
after packing s graphs; we pack in total at most 3

2n graphs, which is why (33) is what we need
to ensure all the error terms in our final analysis are small compared to γA.

We next recall RandomEmbedding from [2], which we repeat below. This algorithm takes a
graph G with n − δ̃n vertices, and (if successful) embeds it into an n-vertex graph H. We will
want to use it to embed graphs with at most n−δn < n− δ̃n vertices, so we add isolated vertices
to each graph we want to embed.
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Algorithm 3: RandomEmbedding
Input: graphs G and H, with V (G) = [v(G)] and v(H) = n
ψ0 := ∅;
t∗ := (1− δ̃)n;
for t = 1 to t∗ do

if Ct−1
G↪→H(t) \ im(ψt−1) = ∅ then halt with failure;

choose v ∈ Ct−1
G↪→H(t) \ im(ψt−1) uniformly at random;

ψt := ψt−1 ∪ {t ↪→ v};
end
return ψt∗

In [2] a packing is obtained by an algorithm PackingProcess which runs RandomEmbedding
repeatedly, but which does something in addition in order to allow for packing spanning graphs.
Nevertheless, the main task of [2] is to analyse the repeated running of RandomEmbedding, and
this analysis, and similar analysis in [1], is also valid for the following PackingProcess’ which
simply runs RandomEmbedding repeatedly.

Algorithm 4: PackingProcess′

Input: • graphs G1, . . . , Gs∗ , with Gs on vertex set [v(Gs)]
• a graph H0 on vertex set of order n

for s = 1 to s∗ do
run RandomEmbedding(Gs,Hs−1) to get an embedding φs of Gs into Hs−1;
let Hs be the graph obtained from Hs−1 by removing the edges of φs(Gs);

end

8.2. Packing and maintaining quasirandomness. We first prove that with high probability
the process outlined above does return a packing of (Gs)s∈G\(K∪J ) ∪

(
G♠s
)
s∈K ∪

(
G
‖
s

)
s∈J

, and
furthermore after embedding each graph, what is left of H remains quasirandom.

For convenience, we will let H0 be the spanning subgraph of H which we obtain by using [2,
Theorem 11] to pack (Gs)s∈G\(K∪J ), and we will renumber K ∪ J to be the integers [s∗]. Note
that s∗ ≤ 3

2n. This is since |K| ≤
∣∣⋃

s∈K |OddVerts
∣∣ ≤ (1 + 2α)n and |J | ≤ λn.

Proof of (A.i) and (αs, 2D + 3)-quasirandomness of Hs. Let ξ′ be as defined in Setting 44. We
choose η∗ > 0 such that the graphs of (Gs)s∈G\(K∪J ) have at most e(H) − η∗n2 edges, and in
addition η∗ ≤ 1

20D+30ξ
′. Let 0 < ξ ≤ ξ′ and c′ > 0 be small enough for [2, Theorem 11] with

these constants. The constants Lemma 30 returns are then ξ and min(c, c′).
Given H, which is (ξ, 2D+3)-quasirandom, we first run PackingProcess to pack (Gs)s∈G\(K∪J )

into H. [2, Theorem 11] states that this packing a.a.s. succeeds. Let H0 be the graph of edges
of H not used in this packing. Recall that H0 is composed of what remains of the ‘bulk’
and ‘reservoir’. Now [2, Lemma 17] states that the remainder H ′ of the bulk is

(
1
2α0, 2D + 3

)
-

quasirandom, while the reservoir H ′′ has maximum degree 1
20D+30ξ

′n. The size of NH0(v1, . . . , v`)
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is thus within `
20D+30ξ

′n of
∣∣NH′(v1, . . . , v`)

∣∣. Since H ′ is (1
2ξ
′, 2D + 3)-quasirandom, it follows

that H0 is (ξ′, 2D + 3)-quasirandom.
We now run PackingProcess’ to pack the graphs

(
G♠s
)
s∈K∪

(
G
‖
s

)
s∈J into H0. For convenience,

we renumber these graphs such that K∪J = [s∗]. For much of the analysis, we will not want to
distinguish between the graphs G♠s and G‖s, so we define graphs G′s as follows. For s ∈ K, we set
G′s = G♠s (and so v(G′s) ≤ (1−δ)n), and for s ∈ J we setG′s = G

‖
s and get v(G′s) = (1−δ−10σ1)n

for each s ∈ J1, v(G′s) = (1 − δ − 10λ)n for each s ∈ J0, and v(G′s) = (1 − δ − 6λ)n for each
s ∈ J2.

For each s let Hs be the graph obtained from Hs−1 by removing the edges used by Packing-
Process’ in embedding G′s. Let φAs be the embedding of G′s. Observe that [2, Lemma 18] states
that, provided Hs−1 is (αs−1, 2D+3)-quasirandom, then RandomEmbedding is unlikely to fail in
packing G′s. We claim that the proof of [2, Lemma 17] works (trivially, by simply ignoring each
mention of the ‘reservoir’) to show that indeed it is unlikely that Hs−1 is not (αs−1, 2D + 3)-
quasirandom, so that taking a union bound (for each choice of s, over the two unlikely events
just mentioned) we conclude that PackingProcess’ a.a.s. succeeds. However, the reader can also
verify that Hs−1 is unlikely to fail (αs−1, 2D+3)-quasirandomness from Lemma 50 below (taking
T to be the entire common neighbourhood, and using the union bound). �

What remains is to prove that the remaining properties of Lemma 30 a.a.s. hold, which requires
a more careful analysis of PackingProcess.

8.3. Behaviour of the random processes. We now need to quote some lemmas from [1]
and [2] which establish some useful properties of RandomEmbedding and PackingProcess. We
also need one additional concept, the cover condition, which we will see holds for a typical run
of RandomEmbedding.

Definition 45 (cover condition). Suppose that G and H are two graphs such that H has order
n, the vertex set of G is [n], and H has density p. Suppose that numbers β, ε > 0 and i ∈ [n−εn]

are given. For each d ∈ N we define

Xi,d := {x ∈ V (G) : i ≤ x < i+ εn, |N−(x)| = d} .

We say that a partial embedding ψ of G into H, which embeds N−(x) for each i ≤ x < i + εn,
satisfies the (ε, β, i)-cover condition if for each v ∈ V (H) such that v 6∈ ψi+εn−1, and for each
d ∈ N, if we have ∣∣{x ∈ Xi,d : v ∈ NH

(
ψ(N−(x))

)}∣∣ = (1± β)pd|Xi,d| ± ε2n .

Note that a corresponding condition for d = 0 is trivial, even with zero error parameters.

The following lemma puts together various results from [1] and [2] which describe the typical
behaviour of RandomEmbedding.
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Lemma 46. Assume Setting 44, and let α ∈ [α0, α2n] be arbitrary. For each t ∈ R we define

βt = 2α exp
(

1000Dδ̃−2γ−2D−10t
n

)
.

Let G be a graph on vertex set [v(G)] with at most (1− δ̃)n vertices and maximum degree at most
cn/ log n such that deg−(x) ≤ D for each x ∈ V (G), and let H be an (α, 2D + 3)-quasirandom
n-vertex graph with at least γ

(
n
2

)
edges. Fix k ≤ 2D + 3, a vertex x ∈ V (G), distinct vertices

v, v′, v′′ ∈ V (H) and distinct neighbours u1, . . . , uk of v.
Then with probability at least 1− 2n−9 all of the following good events hold.

(a ) When RandomEmbedding is run it does not fail and generates a sequence (ψi)i∈[v(G)] of
partial embeddings of G into H.

(b ) For each t ∈ [v(G)] the pair (H, imψt) satisfies the (βt, 2D + 3)-diet condition.

(c ) The embedding ψv(G) of G into H satisfies the (ε, 20Dβt−εn+2, t−εn+2)-cover condition
for each t ∈ [εn− 1, n− δ̃n].

Note that we have 20Dβt ≤ Cα for each 0 ≤ t ≤ n. We have

P
[
x ↪→ v

]
= (1± 104CαDδ̃−1)n−1 ,(34)

P
[
x ↪→ v and v′ 6∈ imψv(G)

]
= (1± 104CαDδ̃−1)

(
n− v(G)

)
n−2 and(35)

P
[
x ↪→ v and v′, v′′ 6∈ imψv(G)

]
= (1± 104CαDδ̃−1)

(
n− v(G)

)2
n−3 .(36)

Finally, the probability that there is at least one uiv to which some edge of G is embedded is

(37)
(
1± 1000Cαδ̃−1

)4D+2
p−1n−2 · 2ke(G) . �

The part of this lemma showing that (a )—(c ) are likely are part of [1, Lemma 36]. The
statement (34) is [1, Lemma 40]. The equations (35) and (36) follow from the method of [2,
Lemma 29] but for completeness we give a proof in the following section. Finally (37) is given
by [2, Lemma 30].

We should note that the quantities βt defined in this lemma are needed only for the more
precise bounds in (b ) and (c ). We will only need these more precise bounds in two places,
namely when we state Lemma 51 below and apply the following lemma from [1] in its proof, and
when we apply Lemma 51 to prove (A.ii). Otherwise, when we use (b ) and (c ) we will need
only the weaker bound Cα.

Lemma 47 ([1, Lemma 37]). We assume Setting 44. Given α0 ≤ α ≤ α2n, for each t ∈ R we
define

βt = 2α exp
(

1000Dδ̃−2γ−2D−10t
n

)
.

Let G be a graph on vertex set [v(G)] with at most (1− δ̃)n vertices and maximum degree at most
cn/ log n such that deg−(x) ≤ D for each x ∈ V (G), and let H be an (α, 2D + 3)-quasirandom
n-vertex graph with at least γ

(
n
2

)
edges. When we run RandomEmbedding to embed G into H,

suppose that it produces a partial embedding ψj such that (H, imψj) has the (βj , 2D + 3)-diet
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condition, and let T ⊆ V (H) \ imψj with |T | ≥ 1
2γ

2D+3δ̃n. Conditioning on ψj, with probability
at least 1− 2n−2D−19, one of the following occurs.

(a ) ψv(G) does not have the (ε, 20Dβj , j)-cover condition, or

(b )
∣∣{x : j ≤ x < j + εn, ψt−1(x) ∈ T}

∣∣ = (1± 40Dβj)
|T |εn
n−j .

8.4. Seminovo analysis. In this subsection we give some more analysis of PackingProcess’
which is similar to results of [1] and [2]; the proofs are copied and modified appropriately.

We first need a strengthening of [2, Lemma 28], allowing us to estimate accurately the proba-
bility that not just one or two but a collection of up to D vertices of H are avoided in any given
interval of vertices of G that RandomEmbedding embeds. To begin with, we show the statement
for intervals of length εn, a modification of [2, Lemma 27].

Lemma 48. Assume Setting 44. The following holds for any α0 ≤ α ≤ α2n and all sufficiently
large n. Suppose that G is a graph on [v(G)] with v(G) ≤ (1 − δ)n such that deg−(x) ≤ D for
each x ∈ V (G), and H is an (α, 2D + 3)-quasirandom graph with n vertices and p

(
n
2

)
edges,

with p ≥ γ. Suppose that 1 ≤ k ≤ D and u1, . . . , uk are any distinct vertices of H. When
RandomEmbedding is run to embed G into H, for any 1 ≤ t′ ≤ v(G)+1−εn the following holds.
Suppose the history Ht′−1 up to and including embedding t′−1 is such that u1, . . . , uk 6∈ imψt′−1,
the (Cα, 2D + 3)-diet condition holds for (H, imψt′−1), and

P
[
(H,ψt′+εn−1) does not satisfy the (Cα, ε, t′)-cover condition

∣∣Ht′−1

]
≤ n−3 .

Then we have

P
[∣∣{u1, . . . , uk} ∩ imψt′+εn−1

∣∣ ≥ 1
∣∣∣Ht′−1

]
= (1± 10Cα) kεnn−t′ .

The proof of this lemma is a straightforward modification of the proof of [2, Lemma 27], which
we include for completeness.

Proof. We modify RandomEmbedding as follows to obtain Modified RandomEmbedding. At the
line where RandomEmbedding chooses v ∈ Ct−1

G↪→H(t) \ im(ψt−1) uniformly at random, we choose
instead

w ∈ Ct−1
G↪→H(t) \

(
im(ψt−1) \ {u1, . . . , uk}

)
uniformly at random and report w. If w ∈ im(ψt−1), then we choose v ∈ Ct−1

G↪→H(t) \ im(ψt−1)

uniformly at random; if not, we set v = w. We then embed t to v and continue as in RandomEm-
bedding.

Observe that the distribution over embeddings created by Modified RandomEmbedding is iden-
tical to that created by RandomEmbedding. The difference is that Modified RandomEmbedding
in addition creates a string of reported vertices. For each t, let r(t) be the vertex reported by
Modified RandomEmbedding at time t. Note that r(t) is the vertex to which t is embedded,
except when r(t) is one of the ui and that ui is in im(φt−1). We shall use the following two
auxiliary claims.
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Let t′ and Ht′−1 be as in the lemma statement. Define E as the random variable counting the
times when some ui is reported by Modified RandomEmbedding in the interval t′ ≤ x < t′ + εn,

E =
∣∣ {x ∈ [t′, t′ + εn) : r(x− 1) ∈ {u1, . . . , uk}

} ∣∣ .
The probability that RandomEmbedding uses at least one vertex of {u1, . . . , uk} in the interval
t′ ≤ x < t′ + εn, conditioning on Ht′−1, is equal to the probability that Modified RandomEm-
bedding reports some vertex of {u1, . . . , uk} at least once in that interval, which probability is
by definition at least

E (E |Ht′−1)−
εn∑
j=2

P
[
vertices of {u1, . . . , uk} are reported

at least j times in the interval [t′, t′ + εn)
∣∣Ht′−1

]
.

Our first claim estimates E (E |Ht′−1).

Claim 48.1. We have that

E (E |Ht′−1) = (1± 4Cα)
εkn

n− t′
± 8D(D + 1)ε2γ−2Dδ−2 .

Our second claim is that the sum in the expression above is small.

Claim 48.2. We have that
εn∑
j=2

P
[
vertices of {u1, . . . , uk} are reported

at least j times in the interval [t′, t′ + εn)
∣∣Ht′−1

]
≤ 8k2ε2γ−2Dδ−2 .

By choice of ε, we have 16D(D+ 1)ε2γ−2Dδ−2 < Cαεδ. Thus the two claims give Lemma 48.
We now prove the auxiliary Claims 48.1 and 48.2.

Proof of Claim 48.1. Note that since the (Cα, 2D+ 3)-diet condition holds for (H, imψt′−1), for
each t′ ≤ x < t′ + εn, setting S = ψx−1(N−(x)), we have∣∣Cx−1(x) \ imψx−1

∣∣± 2 =
∣∣NH(S) \ imψt′−1

∣∣± εn± k
= (1± Cα)p|N

−(x)|(n− t′)± εn± k

= (1± 2Cα)p|N
−(x)|(n− t′) .

(38)

We first give a simple upper bound on P
[∣∣{u1, . . . , uk} ∩ imψt′+εn−1

∣∣ ≥ 1
∣∣Ht′−1

]
. When we

embed any one vertex x with t′ ≤ x ≤ t′+εn−1, the probability of embedding x to {u1, . . . , uk}
is at most k

∣∣Cx−1(x) \ imψx−1

∣∣−1. Using (38) and summing over the εn choices of x, we have

P
[∣∣{u1, . . . , uk} ∩ imψt′+εn−1

∣∣ ≥ 1
∣∣Ht′−1

]
≤ kεn

1
2p
Dδn

≤ 2kεγ−Dδ−1 .
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By linearity of expectation, we have

E
[
E |Ht′−1

]
=

t′+εn−1∑
x=t′

P
[
a vertex of {u1, . . . , uk} is reported at time x

∣∣Ht′−1

]
=

t′+εn−1∑
x=t′

k∑
j=1

P
[
uj is reported at time x

∣∣Ht′−1

]
=

t′+εn−1∑
x=t′

k∑
j=1

E

(
1{uj ∈ Cx−1(x)}

|Cx−1(x) \ (imψx−1 \ {u1, . . . , uk})|

∣∣∣Ht′−1

)

=

t′+εn−1∑
x=t′

k∑
j=1

E

(
1{uj ∈ Cx−1(x)}

|Cx−1(x) \ imψx−1| ± k

∣∣∣Ht′−1

)
.

(39)

Using (38), we get

E (E |Ht′−1) =
t′+εn−1∑
x=t′

k∑
j=1

P
[
uj ∈ Cx−1(x)

∣∣Ht′−1

]
(1± 2Cα)p|N−(x)|(n− t′)

.

Splitting this sum up according to |N−(x)|, and again using linearity of expectation, we have

E (E |Ht′−1) =
k∑
j=1

D∑
d=0

E
(
|{x ∈ Xt′,d : uj ∈ Cx−1(x)}|

∣∣Ht′−1

)
(1± 2Cα)pd(n− t′)

.

Now fix 0 ≤ d ≤ D and each j ∈ [k]. If the (ε, Cα, t′)-cover condition holds, and if v 6∈
imψt′+εn−1, we have

∣∣{x ∈ Xt,d : v ∈ Cx−1(x)}
∣∣ =

(
1±Cα

)
pd|Xt,d|±ε2n. If the (ε, Cα, t′)-cover

condition fails, or if v ∈ imψt+εn−1 (which occur with total probability n−3 + 2kεγ−Dδ−1 ), we
have 0 ≤

∣∣{x ∈ Xt,d : v ∈ Cx−1(x)}
∣∣ ≤ εn. In particular, in this case we have∣∣{x ∈ Xt,d : v ∈ Cx−1(x)}

∣∣ =
(
1± Cα

)
pd|Xt,d ± ε2n± εn .

Putting these together, we get

E
(
|{x ∈ Xt′,d : uj ∈ Cx−1(x)}|

∣∣Ht′−1

)
=
(
(1± Cα)pd|Xt′,d| ± ε2n

)
±
(
n−3 + 2kεγ−Dδ−1

)
· εn

= (1± Cα)pd|Xt′,d| ± 4kγ−Dδ−1ε2n .

Substituting this in, we have

E (E |Ht′−1) =

k∑
j=1

D∑
d=0

(1± Cα)pd|Xt′,d| ± 4kγ−Dδ−1ε2n

(1± 2Cα)pd(n− t′)

= (1± 4Cα) εknn−t′ ± 8D(D + 1)ε2γ−2Dδ−2 ,

where the last equality uses k ≤ D, p ≥ γ and n− t′ ≥ δn. �

Proof of Claim 48.2. Since the (Cα, 2D + 3)-diet condition holds for (H, imψt′−1), since p ≥ γ,
and since n − t′ ≥ δn, for each x ∈ [t′, t′ + εn), when we embed x we report a uniform random
vertex from a set of size at least 1

2γ
Dδn. The probability of reporting one of u1, . . . , uk when we
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embed x is thus at most 2kγ−Dδ−1n−1, conditioning on Ht′−1 and any embedding of the vertices
[t′, x). Since the conditional probabilities multiply, the probability that at each of a given j-set
of vertices in [t′, t′ + εn) we report a vertex of {u1, . . . , uk} is at most 2jkjγ−jDδ−jn−j . Taking
the union bound over choices of j-sets, we have

εn∑
j=2

P
[
vertices of {u1, . . . , uk} are reported at least j times in the interval [t′, t′ + εn)

∣∣Ht′−1

]
≤

εn∑
j=2

(
εn

j

)
2jkjγ−jDδ−jn−j ≤

εn∑
j=2

(
2kεγ−Dδ−1

)j ≤ 4k2ε2γ−2Dδ−2

1−2kεγ−Dδ−1 ≤ 8k2ε2γ−2Dδ−2 ,

where we use the bound
(
εn
j

)
≤ (εn)j and sum the resulting geometric series. �

This completes the proof of Lemma 48. �

We now deduce a similar result for intervals of any length starting at a given time t0 ≥ 0,
again following [2, Lemma 28].

Lemma 49. Assume Setting 44. Then the following holds for any α0 ≤ α ≤ α2n and all
sufficiently large n. Suppose that G is a graph on [v(G)] with v(G) ≤ (1−δ)n such that deg−(x) ≤
D for each x ∈ V (G), and H is an (α, 2D + 3)-quasirandom graph with n vertices and p

(
n
2

)
edges, with p ≥ γ. Let 0 ≤ t0 < t1 ≤ v(G) and let k ∈ [D]. Let L be a history ensemble of
RandomEmbedding up to time t0, and suppose that P[L ] ≥ n−4. Then for any distinct vertices
u1, . . . , uk ∈ V (H) such that u1, . . . , uk 6∈ imψt0 we have

P[u1, . . . , uk 6∈ imψt1 |L ] = (1± 100CDαδ−1)
(
n−1−t1
n−t0

)k
.

Proof. We divide the interval (t0, t1] into j := d(t1−t0)/εne intervals, all but the last of length εn.
Let L0 := L . Let, for each 1 ≤ i < j, the set Li be the embedding histories up to time t0 + iεn

of RandomEmbedding which extend histories in Li−1 and are such that u1, . . . , uk 6∈ ψiεn. Let
Lj be the embedding histories up to time t1 extending those in Lj−1 such that u1, . . . , uk 6∈ ψt1 .
Thus we have

P[u1, . . . , uk 6∈ imψt1 ] = P[Lj ] .

Finally, for each 1 ≤ i ≤ j, let the set L ′
i−1 consist of all histories in Li−1 such that the

(Cα, 2D+3)-diet condition holds for (H, imψt0+(i−1)εn) and the probability that the (ε, Cα, t0 +

1 + (i− 1)εn)-cover condition fails, conditioned on ψt0+(i−1)εn, is at most n−3. In other words,
L ′
i is the subset of Li consisting of typical histories, satisfying the conditions of Lemma 48.
We now determine P[Lj ], and in particular we show inductively that P[Li] > n−5 for each

i. Observe that for any time t, the probability (not conditioned on any embedding) that either
the (Cα, 2D+ 3)-diet condition fails for (H, imψi) for some i ≤ t or that the (ε, Cα, t+ 1)-cover
condition has probability greater than n−3 of failing, is at most 2n−6 by Lemma 46. In other
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words, for each i we have P[Li \L ′
i ] ≤ 2n−6. Thus by Lemma 48 we have

P[Li] =
(
1− (1± 10Cα) εkn

n−(i−1)εn

)
P[L ′

i−1]± 2n−6

=
(
1− (1± 10Cα) εn

n−(i−1)εkn

)(
P[Li−1]± 2n−6

)
± 2n−6

=
(
1− (1± 20Cα) εn

n−(i−1)εkn

)
P[Li−1] ,

where the final equality uses the lower bound P[Li−1] ≥ n−5. Similarly, we have P[Lj ] =(
1± (1 + 20Cα) εkn

n−t1

)
P[Lj−1].

Putting these observations together, we can compute P[Lj ]:

P[Lj ] = P[L ]
(
1± (1 + 20Cα) εkn

n−t1

) j−1∏
i=1

(
1− (1± 20Cα) εkn

n−t0−(i−1)εn

)
.

Observe that the approximation log(1 + x) = x ± x2 is valid for all sufficiently small x. In
particular, since n− (i− 1)εn ≥ n− t1 ≥ δn and by choice of ε, for each i we have

log
(

1− (1± 20Cα) εkn
n−t0−(i−1)εn

)
= −(1± 30Cα) εkn

n−t0−(i−1)εn .

Thus we obtain

logP[Lj ] = logP[L ]± (1 + 30Cα) εkn
n−t1 −

j−1∑
i=1

(1± 30Cα) εkn
n−t0−(i−1)εn

= logP[L ]± 2δ−1ε− (1± 40Cα)

∫ t0+(j−1)εn

x=t0

k
n−t0−x dx

= logP[L ]± 2δ−1ε− (1± 50Cα)k
(

log(n− t0)− log(n− 1− t1)
)

= logP[L ] + log
(
n−1−t1
n−t0

)k ± 2δ−1ε± 50Ckα log δ−1 ,(40)

where we use t1 ≤ n− δn, and we justify that the integral and sum are close by observing that
for each i in the summation, if t0 + (i− 1)εn ≤ t0 + x ≤ t0 + iεn then we have

1
n−t0−iεn ≤

1
n−t0−x ≤

1
n−t0−(i−1)εn ≤ (1 + α) 1

n−t0−iεn ,

where the final inequality uses n − t0 − iεn ≤ n − t1 ≤ δn and the choice of ε. By choice of ε
and since k ≤ D, this gives the lemma statement. Furthermore, (40), and the fact t1 ≤ n− δn,
imply that P[Lj ] ≥ n−5. Since the Li form a decreasing sequence of events the same bound
holds for each Li. �

Now, we prove (35) and (36), by copying the proof of [2, Lemma 29] and modifying it very
slightly (simply by removing the vertex y and references to it).

Proof of (35) and (36). Let x ∈ V (G) and three distinct vertices v, v′, v′′ ∈ V (H) be given. We
begin with (35). Let z1, . . . , zk be the vertices of N−(x) in increasing order. Define time intervals
using z1, . . . , zk, x as separators: I0 = [1, z1 − 1], I1 = [z1 + 1, z2 − 1], . . . , Ik = [zk + 1, x − 1],
Ik+1 = [x+ 1, v(G)].
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We now define a nested collection of events, the first being the trivial (always satisfied) event
and the last being the event {x ↪→ v, v′ 6∈ imψv(G)}, whose probability we wish to estimate.
These events are simply that we have not yet (by given increasing times in RandomEmbedding)
made it impossible to have {x ↪→ v, v′ 6∈ imψv(G)}. We will see that we can estimate accurately
the probability of each successive event, conditioned on its predecessor.

Let L ′
−1 be the trivial (always satisfied) event. If L ′

i−1 is defined, we let Li be the event that
L ′
i−1 holds intersected with the event that

(A1) (if i ≤ k:) no vertex of G in the interval Ii is mapped to v or v′, or

(A2) (if i = k + 1:) no vertex of G in the interval Ik+1 is mapped to v′.

In other words, Li is the event that we have not covered v or v′ in the interval Ii. It turns out
that we do not need to know anything else about the embeddings in the interval Ii.

If Li is defined, we let L ′
i be that event that Li holds and that

(B1) (if i < k:) we have the event zi+1 ↪→ NH(v) \ {v′},
(B2) (if i = k:) we have the event x ↪→ v.

Again, in order for {x ↪→ v, v′ 6∈ imψv(G)} to occur we obviously need that a neighbour of x is
embedded to a neighbour of v and so on, hence the above conditions.

By definition, we have Lk+1 = {x ↪→ v, v′ 6∈ imψv(G)}. Since we have L ′
i ⊆ Li ⊆ L ′

i−1 for
each i and L ′

−1 is the sure event, we see

P
[
x ↪→ v, v′ 6∈ imψv(G)

]
=

P[L0]

P[L ′
−1]
·
k∏
i=0

P[L ′
i ]

P[Li]
· P[Li+1]

P[L ′
i ]

(41)

= P
[
L0 |L ′

−1

] k∏
i=0

P
[
L ′
i |Li

]
P
[
Li+1 |L ′

i

]
.(42)

Thus, we need to estimate the factors in (42). This is done in the two claims below. In each
claim we assume P[L ′

i ],P[Li] > n−4. This assumption is justified, using an implicit induction,
since the smallest of all the events we consider is Lk+1, whose probability according to the
following (46) is bigger than n−4.

Claim 49.1. We have
k+1∏
i=0

P
[
Li |L ′

i−1

]
= (1± 200Cαδ̃−1)2k+4 · (n− x)(n− v(G))

n2
.

Proof. By definition of (A1), for each i = 0, . . . , k, we have

(43) P
[
Li |L ′

i−1

]
= (1± 200Cαδ̃−1) · (n− 1−max(Ii))

2

(n−min(Ii) + 1)2

by the 2-vertex case of Lemma 49, with L = L ′
i−1. Note that looking at two consecutive indices

i and i + 1 in (43) we have cancellation of the former nominator and the latter denominator,



THE TREE PACKING CONJECTURE FOR TREES OF ALMOST LINEAR MAXIMUM DEGREE 79

n− 1−max(Ii) = n−min(Ii+1) + 1. Thus,

(44)
k∏
i=0

P
[
Li |L ′

i−1

]
= (1± 200Cαδ̃−1)2k+2 · (n− x)2

n2
.

To express P [Lk+1 |L ′
k], by definition of (A2) we have to repeat the above replacing the 2-vertex

case of Lemma 49 with the 1-vertex case. We get that

(45) P
[
Lk+1 |L ′

k

]
= (1± 200Cαδ̃−1)2 · n− v(G)

n− x
.

Putting (44) and (45) together, we get the statement of the claim. �

Claim 49.2. We have
k∏
i=0

P
[
L ′
i |Li

]
= (1± 100Cα)k+1 · 1

n+ 1− x
.

Proof. Suppose that we have embedded up to vertex max(Ii), and that Li holds. The probability
of the event L ′

i depends on which of the cases (B1) and (B2) applies. When L ′
i is defined

using (B1) then the probability P[L ′
i |Li] is equal to P[{zi+1 ↪→ NH(v) \ {v′}}|Li]. Let X :=

NH
(
ψ(N−G(zi+1))

)
\ imψzi+1−1 be the set of vertices in H to which we could embed zi+1, given

the embedding of all vertices before zi+1. Suppose that the (Cα, 2D + 3)-diet condition holds
for (H, imψzi+1−1). Then we have

P
[
zi+1 ↪→ NH(v) \ {v′}|Li

]
=
|(NH(v) \ {v′}) ∩X|

|X|
=
|NH(v) ∩X| ± 2

|X|

=
(1± Cα)p1+deg−(zi+1)(n− (zi+1 − 1))± 2

(1± Cα)pdeg−(zi+1)(n− (zi+1 − 1))
= (1± 4Cα)p ,

where the last line uses the (Cα, 2D+ 3)-diet condition for (H, imψzi+1−1) twice, in the denomi-
nator with the set ψ(N−(zi+1)) and in the numerator with the set {v}∪ψ(N−(zi+1)). Recall that
we assume the event Li, and so we have v 6∈ imψzi+1−1. Therefore, the set {v} ∪ ψ(N−G(zi+1))

has indeed size 1 + deg−(zi+1).
Let us now deal with the term P [L ′

k |Lk], which corresponds to (B2). Suppose that Lk

holds. In particular, N−(x) is embedded to NH(v). Suppose first that the (Cα, 2D + 3)-diet
condition for (H, imψx−1) holds. With this, conditioning on the embedding up to time x − 1,
the probability of embedding x to v is (1± 2Cα)p− deg−(x) 1

n+1−x .
Thus, letting F be the event that the (Cα, 2D+ 3)-diet condition fails for (H, imψt) for some

t ∈ [v(G)] we have
k∏
i=0

P
[
L ′
i |Li

]
=
((

(1± 4Cα)p
)k · (1± 2Cα)p− deg−(x) 1

n+1−x

)
±P[F ] ,
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We have P[F ] ≤ 2n−9 by Lemma 46. Thus we obtain
k∏
i=0

P
[
L ′
i |Li

]
= (1± 4Cα)k+1 · 1

n+1−x ± 2n−9 ,

and the claim follows. �

Plugging Claims 49.1 and 49.2 into (42), we get

(46) P
[
x ↪→ v, v′ 6∈ imψv(G)

]
= (1± 500Cαδ̃−1)3D+3 · (n−x)(n−v(G))

n2(n−x+1)
,

and (35) follows.
For (36), we use the same approach. The only difference is that we define events

(A’1) (if i ≤ k:) no vertex of G in the interval Ii is mapped to v, v′ or v′′, or

(A’2) (if i = k + 1:) no vertex of G in the interval Ik+1 is mapped to v′ or v′′.

and if Li is defined, we let L ′
i be that event that Li holds and that

(B’1) (if i < k:) we have the event zi+1 ↪→ NH(v) \ {v′, v′′},
(B’2) (if i = k:) we have the event x ↪→ v.

The calculations are almost identical: in particular the calculations and results for the B’ events
are verbatim the same, while for the A’ events we use respectively the 3-vertex and 2-vertex cases
of Lemma 49 rather than the 2- and 1-vertex cases; but the calculations go through without
further trouble. We omit the details. �

We need a slight strengthening of [1, Lemma 43]. The idea of this lemma is that we pause
PackingProcess after it has packed s graphs, and fix a set of vertices T in the common neigh-
bourhood of some v1, . . . , vk in the graph Hs. We then allow the process to continue up to some
point s′, and of course the common neighbourhood of v1, . . . , vk shrinks; this lemma states that
its intersection with T shrinks proportionally. The difference to [1, Lemma 43] is that we look at
the common neighbourhood of a set of vertices rather than one vertex, and we give a different
bound on the set size, but the proof is very similar.

Lemma 50. Assume Setting 44 and let s, s′ ∈ J ∪K with s < s′. Consider the following experi-
ment. Suppose v1, . . . , vk are fixed vertices of H0, with k ≤ 2D+3. Run PackingProcess’ with in-
put (G′s′′)s′′∈J∪K and H0 up to and including the embedding of G′s. Then fix T ⊆ NHs(v1, . . . , vk)

with |T | ≥ 1
2γ

DδDn, and continue PackingProcess’ to perform the embedding of G′s+1, . . . , G
′
s′.

The probability that PackingProcess’ fails before embedding G′s′ , or Hi fails to be (αi, 2D+ 3)-
quasirandom for some 1 ≤ i ≤ s′, or we have∣∣T ∩ NHs′ (v)

∣∣ = (1± d−1
A αs′)

(ps′
ps

)k|T | ,
is at least 1− n−C .

To prove this, we follow the proof of [1, Lemma 43], using (37) in place of [1, Lemma 39].
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Proof of Lemma 50. For s ≤ i ≤ s′, we define the event Ei that PackingProcess does not
fail before embedding G′i, and Hj is (αj , 2D + 3)-quasirandom for each 1 ≤ j ≤ i, and |T ∩
NHj (v1, . . . , vk)| = (1± d−1

A αj)
(pj
ps

)k|T | for each s ≤ j ≤ i. If the event in the lemma statement
fails to occur, then there must exist some s ≤ i < s′ such that Ei occurs and

|T ∩ NHi+1(v1, . . . , vk)| 6= (1± d−1
A αi+1)

(pi+1

ps

)k|T | .
It suffices to show that each of these bad events occurs with probability at most n−C−1, since
then the union bound over the at most 3

2n choices of i gives the lemma statement. This is an
estimate we can obtain using Corollary 25. We now fix s ≤ i < s′ and prove the desired estimate.

Suppose s ≤ j ≤ i, and let Yj := |NHj (v1, . . . , vk)∩T \NHj+1(v1, . . . , vk)| count the number of
stars with leaves v1, . . . , vk and centre in T , at least one edge of which is used for the embedding
of G′j+1. Then we have

∣∣T ∩ NHi+1(v1, . . . , vk)
∣∣ = |T | −

∑i
j=s Yj , and what we want to do is

argue that the sum of random variables is concentrated. To that end, suppose H is a history of
PackingProcess’ up to time j such thatHj is (αj , 2D+3)-quasirandom and |T∩NHj (v1, . . . , vk)| =
(1± d−1

A αj)
(pj
ps

)
|T |. Then we have

E
[
Yj
∣∣H ]

=
(
1± 1000Cαj δ̃

−1
)4D+2

p−1
j n−2 · 2ke(G′j+1) ·

(
1± d−1

A αj
)(pj

ps

)k|T | ,
where we use linearity of expectation: the first factor is (37) the probability that a given star
with leaves v1, . . . , vk and centre in T in Hj is used in the embedding of G′j+1, and the second
factor is the number of such edges. Simplifying, we obtain

E
[
Yj
∣∣H ]

=
2kpk−1

j e(G′j+1)|T |
pksn(n− 1)

± 105δ̃−1CD2|T |
psn

αj ,

where for the error term we use the upper bound e(G′j+1) ≤ Dn, the fact pj/ps ≤ 1, and
δ̃−1 > d−1

A . Let

µ̃ :=
i∑

j=s

2kpk−1
j e(G′j+1)|T |
pksn(n− 1)

and ν̃ :=
i∑

j=s

105δ̃−1CD2|T |
psn

αj

and observe that µ̃ ≤ |T | ≤ n and ν̃ ≤ 105δ̃−1CD2|T |
ps

αi <
|T |
103

since ps ≥ dA and by the definition
of αj .

We trivially have 0 ≤ Yj ≤ k∆(G′j+1) ≤ kcn/ log n. So what Corollary 25(b ), with %̃ = εn,
gives us is that

P

Ei and i∑
j=s

Yi 6= µ̃± (ν̃ + εn)

 < 2 exp
(
− ε2n2

4kcn2/ logn

)
< n−C−1 ,

where we use the upper bound µ̃+ ν̃ + %̃ ≤ 2n for the first inequality and the choice of c as well
as ε < 1

C for the second. This is the probability bound we wanted. We now simply need to show
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that if
i∑

j=s

Yi = µ̃± (ν̃ + εn)

then we have
|T ∩ NHi+1(v)| = (1± d−1

A αi+1)
(pi+1

ps

)k|T | .
In order to estimate µ̃, observe that e(G′j+1) = (pj − pj+1)

(
n
2

)
, and that for every x, h ∈ [0, 1]

we have (x + h)k − xk = kh(x + h)k−1 ± 2kh2. Using the latter equality with x = pj+1 and
h = pj − pj+1, and using (pj − pj−1)

(
n
2

)
≤ Dn, we see

kpk−1
j e(G′j+1) =

(
pkj − pkj+1

)(n
2

)
± 2k+2D2 .

Using this we see

|T | − µ̃ = |T |
(

1−
i∑

j=s

(
pkj − pkj+1

)
p−ks ±

2k+2D2(
n
2

) )
=

pki+1

pks
|T | ± 2k+4D2 ,

since i + 1 ≤ 2n. So what remains is to argue ν̃ + εn + 2k+4D2 < d−1
A αi+1

pi+1

ps
|T |. Since

αj = δ̃
108CD

exp
(

108CD3δ̃−1(j−2n)
n

)
is increasing in j, we have

i∑
j=s

αj ≤
∫ i+1

s
αj dj ≤

∫ i+1

−∞
αj dj

=
[ δ̃

108CD
· n

108CD3δ̃−1
· exp

(108CD3δ̃−1(j − 2n)

n

)]i+1

j=−∞
=

δ̃n

108CD3
αi+1 .

(47)

It follows that

ν̃ + εn+ 2k+4D2 ≤ 105δ̃−1CD2|T |
psn

· δ̃n

108CD3
αi+1 + εn+ 2k+4D2 ≤ αi+1

1000D ·
1
ps
|T |+ εn+ 2k+4D2 .

Finally, since pi+1, p ≥ dA, by choice of ε, since dA ≤ pi+1, because |T | ≥ 1
2δ
DγD, and because

n is sufficiently large, we conclude ν̃ + εn+ 2k+4D2 ≤ d−1
A αi+1

pi+1

ps
|T | as desired. �

The next lemma, which is almost the same as [1, Lemma 44], shows that in a run of Ran-
domEmbedding (considered as step s in PackingProcess’) the image of V (G′s) covers a predictable
amount of any previously given reasonably large vertex set S. For completeness, we copy the
proof from [1] and make the appropriate small modifications.

Lemma 51. Assume Setting 44 and let s ∈ J ∪K. Run PackingProcess’ with input (G′s′′)s′′∈J∪K

and H0 up to just before the embedding of G′s. Suppose v(G′s) ≤ (1 − δ)n. We define for each
t ∈ R

βt = 2αs−1 exp
(

1000Dδ̃−2γ−2D−10t
n

)
.

Then fix any S ⊆ V (Hs−1) with |S| ≥ 1
2γ

DδDn, and let PackingProcess’ perform the embedding
of G′s. With probability at least 1− n−2D−18, either Hs−1 is not (αs−1, 2D+ 3)-quasirandom, or
RandomEmbedding fails to construct the embedding of G′s, or the embedding of G′s fails to have
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the (ε, 20Dβt, t)-cover condition for some 1 ≤ t ≤ v(G′s) + 1− εn, or for some 1 ≤ t ≤ v(G′s) the
pair

(
Hs−1, φs([t])

)
does not have the (βt, 2D + 3)-diet condition, or we have

|S \ imφAs | = (1± C ′αs)n−v(G′s)
n |S| .

We will refer to the first four of the events mentioned above as ‘bad events’, and the fifth (the
equation) as the good event.

Proof. Fix s ∈ J ∪ K, and condition on Hs−1. If Hs−1 is not (αs−1, 2D + 3)-quasirandom, or
the embedding of G′s fails, or we do not have the (ε, Cαi, i)-cover condition, then the bad event
of this lemma cannot occur. So it is enough to show that the probability that none of these bad
events occurs but |S \ imφAs | 6= (1± C ′αs)µ|S|, conditioned on Hs−1, is at most n−2D−18. This
is what we will now do, so we suppose that Hs−1 is (αs−1, 2D + 3)-quasirandom. Consider the
run of RandomEmbedding which embeds G′s.

Define S0 = S, and for i = 1, . . . , τ with τ =
⌈v(G′s)

εn

⌉
set Si = Si−1 \ imψiεn. Since Sτ ⊆

S \ imφAs ⊆ Sτ−1, it is enough to show both |Sτ−1| and |Sτ | are likely to be in the claimed range.
Recall that v(G′s) ≤ (1 − δ)n < (1 − δ̃ − ε)n, so that RandomEmbedding does embed vertices
(namely isolated vertices added to G′s) long enough to create Sτ . Since |Sτ−1| and |Sτ | differ by
at most εn, we will focus on estimating |Sτ |.

Given 0 ≤ j ≤ τ − 1, either one of the bad events of the lemma occurs, or φjεn exists
and (Hs−1, imφjεn) has the (βjεn, 2D + 3)-diet condition. Lemma 47, with input T = Sjεn =

S \ imψjεn, then states that conditioning on φjεn, with probability at least 1− 2n−2D−19 either
ψv(G) does not have the (ε, 20Dβj , j)-cover condition, or we have

(48)
∣∣{x : jεn ≤ x < (j + 1)εn : ψ(j+1)εn(x) ∈ S \ imψjεn

}∣∣ = (1±40Dβjεn)
|S \ imψjεn|εn

n− jεn
.

In particular, since the failure of the cover condition is one of the bad events of the lemma,
taking the union bound over the at most τ choices of j, with probability at least 1−2τn−2D−19 ≥
1−n−2D−18, either one of the bad events of the lemma occurs or we have (48) for each 0 ≤ j < τ .
Let us suppose that the latter is the case. Then we have for each 1 ≤ j ≤ τ

|Sjεn| = |S(j−1)εn|
(

1−
(1± 40Dβ(j−1)εn)ε

1− (j − 1)ε

)
,

and hence

|Sτ | = |S|
τ∏
i=1

(
1−

(1± 40Dβ(i−1)εn)ε

1− (i− 1)ε

)
.

In order to evaluate this product, observe that

1− (1± 40Dβiεn)ε

1− iε
=

1− (i+ 1)ε

1− iε
± 40Dβiεnε

1− iε
=

1− iε− ε
1− iε

(
1± 40Dβiεnε

1− (i+ 1)ε

)
,

and therefore

|Sτ | = |S|
τ−1∏
i=0

1− iε− ε
1− iε

·
(

1± 40Dβiεnε

1− (i+ 1)ε

)
= |S|(1− τε)

τ−1∏
i=0

(
1± 40Dβiεnε

1− (i+ 1)ε

)
.
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By the definition of τ we have n−v(G′s)
εn ≤ τ ≤ n−v(G′s)

εn +1 and hence (1−τε) = n−v(G′s)
n (1± ε

δ ).
Moreover, we obtain that

τ−1∑
i=0

40Dβiεnε

1− (i+ 1)ε
≤ 40Dε

1− τε

τ−1∑
i=0

βiεn ≤
80Dεn

n− v(G′s)

τ−1∑
i=0

βiεn

≤ 80D

δn

∫ τ

0
εnβiεn di ≤ 80D

δn

∫ τεn

0
βx dx

≤ 80D

δ · 1000Dδ̃−2γ−2D−10
βτεn

≤ 80D

δ · 1000Dδ̃−2γ−2D−10
β(1−δ+ε)n ≤

1

2
C ′αs−1

since β(1−δ+ε)n = 2αs−1 exp(1000Dδ̃−2γ−2D−10(1− δ + ε)) and

C ′ = 104 · 40D

δ̃
exp(1000Dδ̃−2γ−2D−10) .

So, since
∏
i(1± xi) = 1± 2

∑
i xi as long as

∑
i xi <

1
100 and since 1

2C
′αs <

1
100 , we get

|Sτ | = |S|(1− τε)
(

1± 2

τ−1∑
i=0

40Dβiεnε

1− (i+ 1)ε

)
= |S|(1− τε)

(
1± 80Dε

1− τε

τ−1∑
i=0

βiεn

)

= |S|
(

1− τε± 80Dε
τ−1∑
i=0

βiεn

)
= |S|n−v(G′s)

n

(
1± ε

δ
± 80Dε

δ

τ−1∑
i=0

βiεn

)
= |S|n−v(G′s)

n

(
1± 1

2
αs ±

1

2
C ′αs

)
,

where for the last equation we use that ε ≤ α0δ̃
2γ ≤ 1

2αsδ. It follows that

|S \ imφ′s| = |Sτ | ± εn = |S|n−v(G′s)
n

(
1± 1

2αs ±
1
2C
′αs
)
± εn =

(
1± C ′αs

)n−v(G′s)
n |S| ,

as desired. �

8.5. Proofs of the remaining properties of Lemma 30. We are now in a position to
prove (A.vi). The idea is that first we will show the equation holds with HA replaced by
Hs−1 and dA replaced with the density ds−1 of Hs−1, and then Lemma 50 tells us it is likely
that (A.vi) holds. For the first part, we argue (using the diet condition) that each path-end
vertex has about a ds chance of being embedded to the neighbourhood of v, conditional on the
previous embedding history, and then Corollary 25 gives the conclusion we want.

Proof of (A.vi). Fix v ∈ V (H) and s. Suppose that PackingProcess’ has not failed before cre-
ating Hs−1, and furthermore Hs−1 is (αs−1, 2D + 3)-quasirandom. Let ds−1 be the density of
Hs−1.

Let X =
⋃
P∈SpecPathss{leftpath0(P ), rightpath0(P )}. Let Hx−1 denote the history of Ran-

domEmbedding embedding G′s into Hs−1, up to but not including the embedding of x; let ψx−1

denote the partial embedding of G′s at this time.
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Suppose that Hx−1 is such that (Hs−1, imψx−1) satisfies the (Cαs−1, 2D + 3)-diet condition,
and furthermore that v 6∈ imψx−1. Then we embed x uniformly to NHs−1(y1, . . . , y`) \ imψx−1,
where the yi are the back-neighbours of x in G′s. This is a set of size (1±Cαs−1)(n+ 1−x)d`s−1

by the diet condition. Again by the diet condition, and since v is not one of the yi (it is not in
imψx−1), the number of these vertices which are in NHs−1(v) is (1±Cαs−1)(n+ 1− x)d`+1

s−1. So
the probability that x is embedded to NHs−1(v), conditioned on Hx−1, is (1± 3Cαs−1)ds−1.

We now apply Corollary 25(b ) to estimate the total number of vertices of X embedded to
NHs−1(v). We take η̃ = 3Cαs−1 and µ̃ = |X|ds−1, R = 1, and E the event that each Hx−1

satisfies the diet condition and v 6∈ imφAs . The conclusion is that with probability at least
1− 2 exp

(
− |X|ds−1 · 9C2α2

s−1/4
)
≥ 1− n−10, we have Ē or∣∣{x ∈ X : φAs (x) ∈ NHs−1(v)

}∣∣ = (1± 6Cαs−1)|X|ds−1 .

By Lemma 46, the probability that v 6∈ imφAs and we are not in E is at most 2n−9. So with
probability at least 1− 3n−9, either v ∈ imφAs or∣∣{x ∈ X : φAs (x) ∈ NHs−1(v)

}∣∣ = (1± 6Cαs−1)|X|ds−1 .

We condition on this good event. Now if v 6∈ imφAs then we have NHs−1(v) = NHs(v), and
furthermore ds−1

(
n
2

)
= ds

(
n
2

)
±Dn, so if v 6∈ imφAs we have∣∣{x ∈ X : φAs (x) ∈ NHs(v)

}∣∣ = (1± 10Cαs−1)|X|ds .

We now apply Lemma 50, with T the subset of NHs(v) lying in X, and s′ the final stage of
PackingProcess’. The conclusion is that, with probability at least 1− n−C , we have∣∣{x ∈ X : φAs (x) ∈ NHA

(v)
}∣∣ = (1± γ−1αs′)(1± 10Cαs−1)|X|dA ,

which by (33) is what we need for (A.vi). Taking the union bound over choices of s and v and
the various bad events, we conclude that a.a.s. (A.vi) holds. �

Putting Lemmas 50 and 51 together, we can show that (A.ii) holds with very high probability
for any given S and T , and so by the union bound holds with high probability.

Proof of (A.ii). Let S ⊆ V (H) and T ⊆ G, with |S|, |T | ≤ D, be given. Let T = {t1, . . . , t|T |},
and for convenience let t0 = 0 and t|T |+1 = |J | + |K| + 1. We aim to show that the following
holds for each 0 ≤ i ≤ |T |:

(49)
∣∣∣NHti

(S) \
i⋃

j=1

imA(j)
∣∣∣ =

(
1± 2(i+ 1)(d−1

A + C ′)αti
)( e(Hti )

(n2)

)i
n
( i∏
j=0

(
1− imA(j)

n

))
.

Observe that the i = 0 case of (49) is true because H0 is (α0, 2D + 3)-quasirandom. Observe
furthermore that for any i, the set on the left hand side of (49) is fixed before PackingProcess’
begins (if i = 0) or immediately after completing the embedding of G′ti (if i ≥ 1).

It follows that for each 0 ≤ i ≤ |T |, we have the setup for Lemma 50, which tells us that with
probability at least 1−n−C either PackingProcess’ fails before embedding G′ti+1−1, or Hj fails to
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be (αj , 2D+ 3)-quasirandom for some 1 ≤ j ≤ ti+1 − 1 (these are the bad events of Lemma 50),
or we have the good event∣∣∣NHti+1−1(S) \

i⋃
j=1

imA(j)
∣∣∣

= (1± d−1
A αti+1−1)

(
1± 2(i+ 1)(d−1

A + C ′)αti
)( e(Hti+1−1)

(n2)

)i
n
( i∏
j=1

(
1− imA(j)

n

))

=
(
1± 2(i+ 1)(d−1

A + C ′)αti ± 3
2d
−1
A αti+1−1

)( e(Hti+1−1)

(n2)

)i
n
( i∏
j=0

(
1− imA(j)

n

))
.

Observe that if i = |T |, by (33) this is the desired statement of (A.ii). If 0 ≤ i ≤ |T | −
1, then we have the setup for Lemma 51, analysing the embedding of G′ti+1

, which tells us
that with probability at least 1 − n−2D−18, either one of the following bad events (as listed
in Lemma 51) occurs, or the final good event occurs. The bad events are: Hti+1−1 is not
(αti+1−1, 2D+ 3)-quasirandom, or RandomEmbedding fails to construct the embedding of G′ti+1

,
or
(
Hti+1−1, φ

A
ti+1

([j])
)
does not have the (βj , 2D + 3)-diet condition for some 1 ≤ j ≤ v(G′ti+1

),
or φAti+1

fails to have the (ε, 20Dβj , j)-cover condition for some 1 ≤ j ≤ v(G′ti+1
) + 1− εn. Here

βj = βj
(
αti+1−1

)
is as defined in Lemma 51. The good event is that we have∣∣∣NHti+1−1(S) \
i+1⋃
j=1

imA(j)
∣∣∣

= (1± C ′αti+1)
(
1± 2(i+ 1)(d−1

A + C ′)αti ± 3
2d
−1
A αti+1−1

)( e(Hti+1−1)

(n2)

)i
n
( i+1∏
j=1

(
1− imA(j)

n

))

=
(
1± 2(i+ 1)(d−1

A + C ′)αti ± 3
2d
−1
A αti+1−1 ± 3

2C
′αti+1

)( e(Hti+1−1)

(n2)

)i
n
( i+1∏
j=1

(
1− imA(j)

n

))
.

Finally, observe that at most cn
logn edges are removed from any vertex of S when G′ti+1

is embed-
ded, so we get∣∣∣NHti+1

(S) \
i+1⋃
j=1

imA(j)
∣∣∣ =

∣∣∣NHti+1−1(S) \
i+1⋃
j=1

imA(j)
∣∣∣± |S|∆

=
(
1± 2(i+ 2)(d−1

A + C ′)αti+1

)( e(Hti+1−1)

(n2)

)i
n
( i+1∏
j=1

(
1− imA(j)

n

))
since αj is increasing with j and since n is sufficiently large. For 0 ≤ i ≤ |T | − 1, this shows that
with probability at least 1− n−C + n−2D−18, if (49) holds for i then it holds for i+ 1 or one of
the bad events of Lemma 50 or 51 occurs. Putting these together, we conclude that either a bad
event of Lemma 50 or 51 occurs, or (A.ii) holds for the given S and T with probability at least
1−(|T |+1)n−C−|T |n−2D−18, and so taking the union bound over the at most (2n)|S|+|T | choices
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of S and T , we conclude that either one of the bad events of Lemma 50 or 51 occurs, or (A.ii)
holds, with probability at least 1 − n−15. Now we already established in Section 8.2 that with
high probability Hs−1 is (αs−1, 2D+3)-quasirandom for each s ∈ K∪J , and Lemma 46 (a )—(b )
state that the remaining bad events with high probability do not occur. So we conclude that
with high probability (A.ii) holds, as desired. �

For the two OddVert conditions, we do not need to obtain accurate estimates and will not
try to do so. The first condition, (A.iv), states that no vertex v of HA can be the embedded
neighbour of too many vertices of

⋃
s∈KOddVerts. We separate this estimate into two parts: the

contribution due to vertices of some Gs which are adjacent to at most n0.8 vertices in OddVerts,
and the rest. The contribution of the first class is not too large by Corollary 25 (the expected
contribution is in fact constant, and by definition no one vertex embedding contributes more
than n0.8), and we will show that it is very unlikely that 20 or more vertices of the second class
(of which there are at most 2n0.2)are embedded to v; since any one vertex contributes at most
∆(Gs) ≤ cn

logn we obtain the claimed bound.

Proof of (A.iv). Let E be the event that PackingProcess does not fail and that for each s the
graph Hs−1 is (αs−1, 2D + 3)-quasirandom and for each time in the embedding of G′s by Ran-
domEmbedding we have the (Cαs−1, 2D + 3)-diet condition. Note that E a.a.s. occurs.

Fix v ∈ V (H0). For any given s ∈ K and y ∈ G′s, let Hy denote the history of PackingProcess
up to immediately before embedding y. Suppose that Hy is in E . The probability that we embed
y to v, conditioning on Hy, is at most 2d−DA δ−1n−1, since we embed y to a set of size at least
1
2d

D
Aδn by the diet condition. Let ω(y) denote the number of neighbours of y in OddVerts. Then

for (A.iv) we want to show ∑
y

ω(y)1y→v ≤ 20cn
logn .

We split this sum into two parts. Let S denote the vertices y such that ω(y) ≤ n0.8. Note
that

∑
y∈S ω(y) ≤ 2Dn. So Corollary 25 tells us that the probability that E occurs and∑

y∈S
ω(y)1y→v ≥

4Dn

dDAδn
+ n0.9

is at most 2 exp
(
− n1.8

4n0.8n0.9

)
≤ exp

(
− n0.05

)
.

Now consider the vertices of S̄, i.e. those y such that ω(y) > n0.8. There are at most 2Dn0.2

such vertices. Since conditional probabilities multiply, the probability that E occurs and 20 or
more of the vertices of S̄ are mapped to v is at most(

2Dn0.2

20

)(
2d−DA δ−1n−1

)20 ≤ n−10 .

We conclude that with probability at least 1− n−9, either we are not in E or∑
y

ω(y)1y→v ≤
4Dn

dDAδn
+ n0.9 + 19 cn

logn ≤
20cn
logn .
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Taking the union bound over choices of v, and since as observed E a.a.s. occurs, we conclude
that a.a.s. we have (A.iv). �

For (A.v) we have to work a bit harder. Fix a vertex v ∈ V (H0). In order for a vertex
x ∈ OddVerts to contribute to the sum in (A.v), two things have to happen. First, we have to
embed NGs(x) to vertices of NHs−1(v) and not embed any vertex of G′s to v (we say we create
x covering v). Second, we have to not use any of the edges from v to the embedded neighbours
of x in the remaining stages of PackingProcess (we say we lose x covering v if this happens). It
turns out to be rather inconvenient to deal with these two things together.

So what we do is first show that we create a reasonably large number of OddVert covering v
in total. We do this by considering the embedding of each G′s one after another. It is enough
to estimate, for each s ∈ K and x ∈ OddVerts, the probability that NGs(x) is embedded to
NHs−1(v) and v 6∈ imφs, conditioned on the history of PackingProcess up to the point where
Hs−1 is defined; this is an easy consequence of the diet condition. Then Corollary 25 gives what
we want, because the contribution made by embedding any one G′s is at most |OddVerts| ≤ cn

logn .
We should note that it is at this point where we need this bound on |OddVerts|. But for our
approach this bound is necessary: if |K| ≤ 1

10 log n, it is likely that there would be a vertex v in
the image of all the φs for s ∈ K, and hence (A.v) would fail.

We then try to argue separately that we do not lose too many of these OddVert as edges
are removed to form HA. For this argument, we do not work G′s by G′s, but rather consider
separately each vertex embedding that causes an edge to be removed at v. There are two types
of such vertex embedding: for each s ∈ K∪J the vertex embedded to v (if there is one) removes
at most D edges, and thereafter each neighbour removes one edge. In both cases, by (A.iv) the
number of OddVert we lose is at most 20Dcn

logn , which is small enough for Corollary 25 to give useful
probability bounds. For this sketch we ignore the first type, which turns out not to cause much
trouble. It is not too hard to see that each time we remove an edge at v, we can give an upper
bound on the number of OddVert covering v we lose which is proportional to the current number
of OddVert covering v.

We separate two cases. First, the number of OddVert covering v never reaches ζn (where ζ > 0

is some not-too-small constant). In this case, we can use Corollary 25 and the diet condition
to show that the total number of OddVert covering v that we lose is small. But this gives us a
contradiction: at the end of the process we have less than ζn OddVert covering v, and we lost in
total few OddVert, yet we created many OddVert covering v.

Second, there is some time in this process where there are ζn OddVert covering v. We argue
(using Corollary 25 and the diet condition) that (ignoring any creation of new OddVert covering
v) the number of edges we have to remove at v in order to lose ζn

2 OddVert is Θ(n). Once we
removed half of the OddVert, we lose OddVert at half the rate, so it takes as many edges to
remove the next ζn

4 OddVert, and so on. Since we remove less than n edges at v (because H0

is an n-vertex graph) this argument necessarily stops after a constant number of iterations, and
this gives us (A.v).
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Proof of (A.v). Let E be the event that PackingProcess does not fail, that for each s the graph
Hs−1 is (αs−1, 2D+3)-quasirandom, and that at each time in using RandomEmbedding to embed
G′s the (Cαs−1, 2D + 3)-diet condition holds. Note that E a.a.s. occurs.

Fix v ∈ V (H0), s ∈ K and x ∈ OddVerts. Suppose that Hs−1 is (αs−1, 2D + 3)-quasirandom.
We aim to find a lower bound for the probability that NGs(x) is mapped by RandomEmbedding
to NHs−1(v) and furthermore v 6∈ imφs. Observe that RandomEmbedding embeds in total less
than n vertices of G′s. Consider the following coupling with RandomEmbedding. At each time
RandomEmbedding embeds a vertex y of G′s which is not a neighbour of x, we sample from a
distribution on {0, 1} with probability 2d−DA δ−1n−1 of getting 1, such that if y → v we get 1. At
each time RandomEmbedding embeds a vertex of G′s which is a neighbour of x, we sample from
a distribution on {0, 1} with 1

2dA probability of getting a zero, such that if y 6→ NHs−1(v) we get
1. We claim that if at each step we have the (Cαs−1, 2D + 3)-diet condition, then this coupling
succeeds. Furthermore, if in the coupled independent Bernoulli random variables we never get
1, then necessarily we create x covering v. The probability of none of these Bernoulli random
variables taking the value 1 is at most(

1− 2d−DA δ−1n−1
)n · (1

2dA
)D ≤ exp

(
− 4d−DA δ−1

)
2−DdDA ≤ exp

(
− 8Dd−DA δ−1

)
,

and the probability of the coupling failing — that is, of the diet condition at some point not
holding — is at most 3n−9, so the probability that RandomEmbedding creates x covering v is at
least exp

(
− 10Dd−DA δ−1

)
.

By linearity of expectation, the expected number of vertices of OddVerts which RandomEm-
bedding create covering v, conditioning on Hs−1, is at least |OddVerts| exp

(
− 10Dd−DA δ−1

)
.

Summing this over all s ∈ K we obtain at least n exp
(
−10Dd−DA δ−1

)
, since there are in total at

least n OddVert. Finally Corollary 25 tells us that, since no OddVerts has size more than cn
logn ,

with probability at least n−C either E does not occur, or in total we create at least

(50) 1
2n exp

(
− 10Dd−DA δ−1

)
OddVert covering v. This completes the first step of the sketch.

We now need to show that we do not lose too many of the OddVert covering v we know exist.
To that end, given Hs−1, let Xs−1 ⊆

⋃
s′∈KOddVerts′ be the set of x ∈ OddVerts′ with s′ ≤ s− 1

such that NGs′ (x) is embedded to NHs−1(v) and v 6∈ imφs′ . Let

ωs−1(u) :=
∑

x∈Xs−1

1φ−1
s′ (u)x∈E(Gs′ )

where given x in the summation we set s′ such that x ∈ Gs′ . Thus removing the edge vu from
Hs−1 removes exactly ω(u) vertices from Xs−1; removing several edges vui removes at most∑

i ω(ui) vertices from Xs−1. Furthermore we have

|Xs−1| ≤
∑

u∈NHs−1
(u)

ω(u) ≤ D|Xs−1| ,
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since each vertex of Xs−1 has between one and D embedded neighbours. Consider the entire
running of PackingProcess as it embeds each graph vertex by vertex. There are two possibleloss
events, i.e. ways that we can use edges at v: for each G′s, the embedding of a vertex x (if it
exists; if not we still count the embedding of G′s as a loss event) of G′s to v can use edges, and the
subsequent times when neighbours of x are embedded. In either case, we use at most D edges at
v and hence the maximum change is by (A.iv) at most 20Dn

logn . We need to estimate the expected
number of OddVert lost in each case. Note that if a non-zero number of OddVert are lost at v,
then necessarily a vertex of G′s is embedded to v and so no vertex of OddVerts covers v.

We begin with estimating the effect of the vertex of G′s embedded to v, conditioned on Hs−1.
This is at most the effect of the entire embedding of G′s. By linearity of expectation, this is∑

u∈NHs−1
(v)

ω(u)P
[
uv used in embedding G′s

∣∣Hs−1

]
,

which we can estimate by (37) with k = 1; we see that this conditional expectation is at most

2D|Xs−1|2e(G
′
s)

dAn2 ≤ 4D2|Xs−1|n−1 .

Suppose that a vertex x of G′s has been embedded to v; let y be a neighbour of x not yet
embedded. The expectation of ω

(
φ(u)

)
, conditioned on the embedding up to immediately before

embedding u and assuming this embedding satisfies the (Cαs−1, 2D+3)-diet condition, is at most
D|Xs−1|
1
2d

D
Aδn

, since we embed y to a set of size at least the denominator which contains at most all

vertices with positive weight.
In either case, the expected effect is at most

(51) 4D2d−DA δ−1n−1|Xs−1| .

We want to estimate the sum of these conditional expectations in order to apply Corollary 25.
The total number of loss events is at most |K|+ |J |+ n ≤ 3n, since if we have removed n edges
from v certainly E fails (the remaining graph is no longer quasirandom).

We now separate two cases. First, suppose that there is no s such that

|Xs| ≥ ζn := 1
100D

−2dDAδ exp
(
− 10Dd−DA δ−1

)
n .

Then the sum of conditional expectations is at most 12D2d−DA δ−1ζn. By Corollary 25, with
probability at least n−C either we are not in E or the total number of OddVert lost is at most
24D2d−DA δ−1ζn. However, if this event occurs, after PackingProcess runs we have at most ζn
leaves covering v, and have lost at most 24D2d−DA δ−1ζn, so at most 25D2d−DA δ−1ζn leaves
covering v can have been created. As we just showed in (50), the probability of E occurring and
this few leaves being created is at most n−C . So the probability of E occurring and being in this
case is at most 2n−C .

Second, suppose that at some stage s′ we have |Xs′ | ≥ ζn. We (slightly abusing notation)
at this point ignore any new creation of OddVert covering v, and write Xs and ωs(u) for s ≥ s′
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for the corresponding sets and functions. Note that (51) still upper bounds the expected loss of
members of the (redefined) Xs−1.

Consider following PackingProcess from the point at which Xs′ is created (i.e. when Hs′ is
defined) onwards. We pause for each ` ∈ N when for the first time a vertex is embedded and we
have lost at least 4`−2

4`
|Xs′ | of the Xs′ covering v. We claim that it is likely that we pause less

than 25D2d−DA δ−1 times, so that in particular before the final vertex embedding which causes us
to lose vertices of Xs′ covering v, there are at least 2 · 4−25D2d−D

A δ−1 |Xs′ | vertices of Xs′ covering
v; since that final vertex embedding causes us to lose at most 20Dn

logn of the Xs′ covering v, when

PackingProcess finishes, still at least 4−25D2d−D
A δ−1 |Xs′ | vertices cover v, which is what we want

to show.
Let us now prove this claim. At the start of the interval where we have paused ` − 1 times

(when we begin to embed G′s′+1, if ` = 0) we have between 41−`|Xs′ | and 2 · 41−`|Xs′ | vertices of
Xs′ covering v. So assuming E holds, in this interval, at each loss event, the expected number of
vertices of Xs′ covering v we lose, conditioned on the history immediately before the loss event,
is by (51) at most

4D2d−DA δ−1n−1 · 2 · 41−`|Xs′ | .

Suppose the interval where we have paused `−1 times has less than 1
8D
−2dDAδn loss events. Then

by Corollary 25 the probability that we are in E and lose in total 2 · 4−`|Xs′ | vertices covering
v is at most n−C . So within E the probability that this interval has less than 1

8D
−2dDAδn loss

events is at most n−C . Taking the union bound over `, the probability that we are in E and
any interval has less than 1

8D
−2dDAδn loss events is at most n1−C . There are in total at most

|J |+ |K|+ n ≤ 3n loss events, so in this likely event there are less than 25D2d−DA δ−1 intervals,
which is what we wanted to show. �

To prove (A.iii) we use Lemma 49 to estimate the probability that the embedding of a given
Gs by RandomEmbedding uses a vertex of S. Given this estimate, (A.iii) follows easily from
Corollary 25 and the union bound.

Proof of (A.iii). Let E be the event that PackingProcess succeeds and for each s the graph Hs−1

is (αs−1, 2D + 3)-quasirandom.
Given S1, S2 ⊆ V (H0) with 1 ≤ |Si| ≤ D, i = 1, 2, and s ∈ J , we condition on Hs−1 and

assume we are in E . By Lemma 49 and the inclusion-exclusion principle the probability that
imφAs is disjoint from S1 and includes S2 is

(1± 200CD2αs−1δ
−1)
(n−1−v(G′s)

n

)|S1| ·
|S2|∑
k=0

(
|S2|
k

)
=
(
1± 1

8γA
)
·
(n−v(G′s)

n

)|S1| · (v(G′s)
n )|S2| .

It follows that∑
s∈J0

P
[

imφAs ∩ S1 = ∅, S2 ⊆ imφAs
∣∣Hs−1

]
=
(
1± 1

8γA
)
|J0| ·

(
δ + 10λ

)|S1| ·
(
1− δ − 10λ

)|S2| ,
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since each G′s with s ∈ J0 has (1 − δ − 10λ)n vertices. We obtain similar estimates for J1 and
J2; then by Corollary 25 and the union bound over {J0,J1,J2} and choices of S1 and S2, (A.iii)
follows. �

To prove (A.vii), given v, we need to estimate the probability that the embedding of a single
G′s with s ∈ J puts a SpecPaths end-vertex on v. Given such an estimate, Corollary 25 then
tells us that with high probability we have all the three desired equalities for each v. To estimate
the probability of embedding some path end-vertex of Gs to v, it is enough (since the events
are disjoint) to estimate the probability of a specific path end-vertex x ∈ Gs being embedded to
v, which is provided by (34). The proof of (A.viii) is essentially the same, except that (34) is
replaced with (35), and we prove both statements together.

Proof of (A.vii) and (A.viii). Fix u, v ∈ V (H), and let E be the event that PackingProcess
succeeds and for each s the graph Hs−1 is (αs−1, 2D + 3)-quasirandom.

We first prove (A.vii). For a given s ∈ J , let Xs := {leftpath0(P ), rightpath0(P ) : P ∈
SpecPathss}. Note that |Xs| = 2|SpecPathss|. Conditioning on Hs−1, and assuming we are in E ,
for any x ∈ Xs we have by (34)

P
[
x ↪→ v

]
=
(
1± 104Cαs−1Dδ̃

−1
)
n−1 .

Since these events are disjoint, the conditional probability that some vertex of Xs is mapped to
v is (

1± 104Cαs−1Dδ̃
−1
)
· 2|Xs|n−1 =

(
2± 1

8γA
)
|Xs|n−1 .

For each Ji the sum of these conditional probabilities is easy to compute. For J1, we have
|J1| summands, in each of which |Xs| = σ1n. For J0 and J2, we have |Xs| = λn. Applying
Corollary 25, we see that with high probability either E does not occur, or we have (A.vii). The
former is unlikely, so with high probability we have (A.vii).

The proof of (A.viii) is almost identical, so we only mention the difference. For (a )–(c ), we
use (35) to obtain the probability that the embedding of G′s maps a given x ∈ Xs to v and also
u 6∈ imφAs , and we note that

(
n−v(G′s

)
)n−1 = δ+10σ1 for s ∈ J1,

(
n−v(G′s

)
)n−1 = δ+10λ for

s ∈ J0, and
(
n− v(G′s

)
)n−1 = δ + 6λ for s ∈ J2. For (d ), we use (36) to obtain the probability

that the embedding of G′s maps a given x ∈ Xs to v and also u, u′ 6∈ imφAs . �

Finally we prove (A.ix). Here we do not need an accurate estimate. Given v1, v3, we find an
upper bound for the probability of the embedding of a given G′s contributing to the count for
this pair, and apply Corollary 25 to obtain the desired result.

Proof of (A.ix). Fix v1, v2 ∈ V (H). Let P =
⋃
s∈J SpecPathss; we aim to count the number of

paths in P whose ends are embedded to {v1, v2}.
Observe that the embedding of any given G′s for s ∈ J contributes at most one to this count,

so it is enough to find a good upper bound on the probability that a given G′s with s ∈ J does
contribute one. Consider the embedding of G′s into Hs−1 by RandomEmbedding. Suppose that at
some point a vertex x, which is the first end of a path P ∈ P, is embedded to one of {v1, v2} and
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the other of {v1, v2} is not yet used in the embedding. Then the embedding of G′s contributes
only if the other end y of P is embedded to the other of {v1, v2}. If the (Cαs−1, 2D + 3)-diet
condition holds at the time when y is embedded, then y is embedded to a set of size at least
1
2d

D
Aδn, so the probability of its being embedded to the other of {v1, v2} is at most 2

dDAδn
in this

case. If Hs−1 is (αs−1, 2D + 3)-quasirandom, then by Lemma 46 the probability that the diet
condition fails is at most 2n−9.

So we conclude that if Hs−1 is (αs−1, 2D+3)-quasirandom, the probability that Gs embeds the
ends of a path of P to {v1, v2} is at most 3

dDAδn
. Let E be the event that Hs−1 is (αs−1, 2D+ 3)-

quasirandom for each s; then Corollary 25(b ), with µ̃ = ν̃ = 3γ−Dδ−1 and %̃ = n0.2, says that
the probability that E occurs and yet more than 2n0.2 paths of P have their ends embedded to
{v1, v2}, is at most exp

(
− n0.1

)
.

Taking the union bound over choices of v1 and v2, a.a.s. either E fails or we have (A.ix). Since
we proved that E a.a.s. does not fail, a.a.s. we have (A.ix). �

9. Stage B (Proof of Lemma 31)

The main purpose of this stage is to embed (OddVerts)s∈K so that the parities of the degrees
of the vertices of the host graph are prepared for later stages of the embedding process. This
key parity condition is (B.iii). We begin by finding a pairing of vertices in HA with some
vertices of

⋃
s∈KOddVerts such that embedding any collection of the paired

⋃
s∈KOddVerts to

their paired vertices of HB gives a valid packing. Recall that each graph G♠s with s ∈ K has
by (5) (1 − δ)n − |OddVerts| vertices. Since |OddVerts| ≤ cn

logn by Definition 9(e ), this means
v(G♠s ) =

(
1− δ+ o(1)

)
n and the o(1) will always absorb into the error term (5) in the following

arguments.

Lemma 52. There is an injective map π : V (HA) →
⋃
s∈KOddVerts such that if π(v) = x ∈

V (Gs), then v 6∈ imA(s), the pair vφAs (y) is an edge of HA for each y ∈ NGs(x), and no edge of
HA is obtained twice in this way (i.e. no embedded neighbour of π−1

(
φAs (y)

)
is embedded to v).

Proof. Let
−→
H be a uniform random orientation of E(HA). Given any ` ≤ 2D + 3 and vertices

v1, . . . , v` of HA, and any subset T of NHA
(v1, . . . , v`) such that |T | ≥ γAn, the expected number

of vertices of T which are out-neighbours of each of v1, . . . , v` in
−→
H is 2−`|T |, and by Chernoff’s

inequality the probability that the actual number is not (1± γA)2−`|T | is at most exp
(
− n0.1

)
.

In particular with high probability, by the union bound, for each of the polynomially many sets
defined by (A.ii) with ` vertices, a (1 ± γA)2−`-fraction are out-neighbours of each of the `
vertices in

−→
H . We will need two specific cases of this: if x ∈ OddVerts, then

(52)
∣∣Nout−→

H

(
φAs (NGs(x))

)
\ imA(s)

∣∣ = (1± 3γA)2−DodddDodd
A δn ,

and if in addition y ∈ OddVerts′ , with s′ 6= s, is such that φAs (NGs(x)) and φAs′ (NGs′ (y)) are
disjoint, we have

(53)
∣∣Nout−→

H

(
φAs (NGs(x)) ∪ φAs′ (NGs′ (y))

)
\
(

imA(s) ∪ imA(s′)
)∣∣ = (1± 3γA)2−2Doddd2Dodd

A δ2n .
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Furthermore, from (A.v), with high probability for each v ∈ V (
−→
H ) there are at least

(54) 2−Dodd−1 · 4−50D2d−D
A δ−1

n

vertices of
⋃
s∈KOddVerts which we could map to v using only edges going to v and without

destroying the packing (i.e. v is not in the image of that particular graph).
We draw an auxiliary bipartite graph F whose parts are V (

−→
H ) and

⋃
s∈KOddVerts. We put

an edge from x ∈ OddVerts to v ∈ V (
−→
H ) if and only if v 6∈ imA(s) and v is an out-neighbour of

φAs (y) for each y ∈ NGs(x).

Claim 52.1. There exists a matching in F covering V (
−→
H ).

Such a matching gives the desired π; the orientation of
−→
H ensures that no edge is used twice.

Proof of Claim 52.1. We verify the defect Hall condition for F . To this end, consider an arbitrary
nonempty set T ⊆ V (

−→
H ). Let S ⊆

⋃
s∈KOddVerts be the vertices of adjacent to at least one

member of T .
Firstly, applying (54) to an arbitrary vertex of T , we see that |S| ≥ 2−Dodd−1 · 4−50D2d−D

A δ−1
n.

In particular, the only cases for which it remains to prove Hall’s condition are when

(55) |T | > 2−Dodd−1 · 4−50D2d−D
A δ−1

n .

We claim that in such a case, we actually have in this case we have

(56) |S| ≥
∣∣ ⋃
s∈K

OddVerts
∣∣− 20γAn .

This obviously verifies Hall’s condition since

|S| ≥
∣∣ ⋃
s∈K

OddVerts
∣∣− 20γAn > n ≥ |T | .

So, suppose for a contradiction that (56) fails, and for the set S∗ :=
⋃
s∈KOddVerts \ S we

have

(57) |S∗| ≥ 20γAn .

Let T ∗ := V (H) \ T . Let us count the number N of triples (u, v, u′) such that u, u′ ∈ S∗ and
v ∈ T ∗ so that uv, u′v ∈ E(F ).

By (52), we have that the average degree of a vertex in T ∗ to S∗ is

eF (T ∗, S∗)

|T ∗|
=

∑
x∈S∗ degF (x)

|T ∗|
≥

(1− 3γA)dDodd
A 2−Doddδn|S∗|
|T ∗|

.

Hence by Jensen’s inequality the average number of pairs of F -neighbours a vertex t ∈ T ∗ has
in S∗ is at least

|S∗|2

|T ∗|2
(1− 3γA)2d2Dodd

A 2−2Doddδ2n2 .
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It follows that

(58) N ≥ |S
∗|2

|T ∗|
(1− 3γA)2d2Dodd

A 2−2Doddδ2n2 .

On the other hand, we bound N from above by counting starting from pairs (u, u′) of (not
necessarily distinct) vertices of S∗. Let ι(u) denote the index such that u ∈ V (Gι(u)). We say
that (u, u′) is of Type 1 if ι(u) = ι(u′). We say that (u, u′) is of Type 2 if ι(u) 6= ι(u′) and
the embeddings of the neighbourhoods of u and u′ are not disjoint; in particular this happens
if ι(u) = ι(u′). The remaining pairs (u, u′) are Type 3. To bound the number M1 of pairs of
Type 1, we have

(59) M1 =
∑
x∈S∗

|S∗ ∩ OddVertι(x)|
D9(e )
≤ |S∗| · cn

logn .

To bound the numberM2 of pairs of Type 2, we consider an arbitrary vertex x ∈ S∗. By (A.iv),
we know that for each v ∈ φAι(x)(NGι(x)

(x)) there there are at most 20cn
logn vertices x′ ∈ S∗ whose

embedded neighbourhood touches v. That means that there are at most 20Doddcn
logn vertices x′ ∈ S∗

whose embedded neighbourhood is not disjoint with the embedded neighbourhood of x. Hence,

(60) M2 ≤
20Doddcn

log n
· |S∗| .

For the number M3 of pairs of Type 3, we use the trivial bound

(61) M3 ≤ |S∗|2 .

We now need to bound the number of ways a given pair (u, u′) can be extended to a triple
(u, v, u′) as above. We shall use the trivial bound that the number of such extensions is at most
|T ∗| for pairs of Type 1 and 2. For pairs of Type 3, we use (53) and see that the number of the
extensions is at most

(1 + 3γA)d2Dodd
A 2−2Doddδ2n .

Using (59), (60) and (61), we obtain

N ≤M1 · |T ∗|+M2 · |T ∗|+M3 · (1 + 3γA)d2Dodd
A 2−2Doddδ2n

≤ |S∗|2(1 + 4γA)d2Dodd
A 2−2Doddδ2n ,

(62)

where the argument that the contribution from Type 1 and 2 is negligible compared to Type 3
uses (57).

Comparing (58) and (62), we get

n(1− 3γA)2 ≤ (1 + 4γA)|T ∗| ,

which is a contradiction to (55).
This verifies the defect Hall condition. �

The existence of the map π follows by the discussion above. �
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Now let

S :=
{
v ∈ V (HA) : degHA

(v) 6≡ PathTerm(v) + OddOut(v) mod 2
}
.

Observe that X :=
⋃
s∈KOddVerts \ π(S) is a set of size at least γAn. Let us now show that |X|

is even. Indeed, writing = for equality and ≡ for equality modulo 2, we have

|X| ≡
∑
s∈K
|OddVerts|+

∑
v∈V (H)

(
degHA

(v)−OddOut(v)− PathTerm(v)
)

=
∑

v∈V (H)

(
degHA

(v)− PathTerm(v)
)

≡ 2e(HA)− 2

∣∣∣∣∣⋃
s∈J

SpecPathss

∣∣∣∣∣ ≡ 0 .

We draw a graph F ′ on vertex set X, putting an edge between u, v ∈ X if ι(u) 6= ι(v) and
their embedded neighbours are disjoint. By (A.iv) and Definition 9(e ), every vertex of X is
adjacent to all but at most (Dodd + 1)cn others. In particular F ′ has minimum degree at least
|X|/2, so by Dirac’s theorem F ′ contains a perfect matching, say M .

We now construct the φBs for s ∈ K. First, for each x ∈ S, suppose x ∈ Gs and extend
φAs by mapping x to π−1(x). Let H ′ be the graph of edges remaining from HA (removing
the edges used by this embedding). Having embedded each x ∈ S, we greedily embed pairs
of vertices of X as given by M . Suppose xy ∈ M , with x ∈ Gs and y ∈ Gs′ . Recall that
s 6= s′. We choose v ∈ V (H) which is not in imA(s)∪ imA(s′), and which was not used to embed
any vertex of OddVerts ∪ OddVerts′ , and which is a common neighbour in H ′ of the vertices
φAs (NGs(x)) ∪ φAs′ (NGs′ (y)), and which was not chosen more than cn times in this process. We
embed both x and y to v, and remove from H ′ the edges used by these embeddings. We claim
this process succeeds, and defines the required embeddings φBs for s ∈ K and remaining graph
HB. Note that if the process succeeds, then we automatically have (B.i), (B.ii).

Observe that in this construction, there are two ways we use edges at a given vertex v. We
use an edge at v for each vertex of

⋃
sOddVerts for which v is an embedded neighbour, and we

use edges at v whenever we embed a vertex of
⋃
sOddVerts to v. By (A.iv), we use at most

20cn
logn edges of the first type. Since each choice of v to embed one or two OddVert uses at most
2Dodd edges at v, and since we choose v at most cn times, there are at most 6Dcn edges of
the second type. So in total the degree of v decreases by at most 8Dcn from HA to HB, hence
obtaining (B.iv). Now, the only way in which our construction can fail is that at some point we
need to embed some matched pair xy ∈ M and all the vertices to which we can embed them
have already been used cn or more times. By (A.ii), the set of vertices to which we could embed
both x and y before the start of this stage has size at least (1 − γA)d2D

A δ2n. Of these vertices,
at most 2cn

logn may have been used for embedding the OddVerts and OddVerts′ (where x ∈ Gs

and y ∈ Gs′) and hence have become unavailable. A further at most 16D2cn may have become
unavailable since an edge from one of the at most 2D embedded neighbours of x or y has been
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used. However this leaves at least cn vertices; they cannot all have been used cn times since the
size of

⋃
sOddVerts is at most 2n. We conclude that the construction process succeeds.

Let us now turn to the key property (B.iii). Given a vertex v ∈ V (HA), the each edge vw
used in Stage B was of the following two types:

(a ) for some x ∈ OddVerts, and some y ∈ NGs(x), y was embedded on v (in Stage A) and x
was embedded on w (in Stage B),

(b ) for some x ∈ OddVerts, and some y ∈ NGs(x), y was embedded on w (in Stage A) and x
was embedded on v (in Stage B).

The number of edges as in (a) is OddOut(v). As for edges as in (b) in the case v ∈ S, we recall
when we placed π(v) we used exactly Dodd many such edges, which is odd (c.f. Definition 9).
Additional edges as in (b) come exclusively by placing pairs {x, y} ⊆

⋃
sOddVerts (here, xy ∈M)

on v; placement of each such pair uses exactly 2Dodd edges, which is even. In the case v 6∈ S,
the edges incident with v considered in (b) come only from placing pairs, and hence their total
number is even. Put together, we see that if v ∈ S the total number of edges incident to v used in
Stage B is equal modulo 2 to OddOut(v) + 1, while if v 6∈ S, it is equal modulo 2 to OddOut(v).
This establishes (B.iii).

Observe that (B.v) follows from (A.ii) and (B.iv).

10. Stage C (Proof of Lemma 33)

If n is odd, we pick an arbitrary vertex of H to be �. We then need to embed all the paths in⋃
s∈J SpecPathss which are anchored at � (of which there can be at most one per s ∈ J ) and in

addition some more paths in order that all the edges at � are used, and exactly one path from
each SpecPathss for s ∈ J0 is embedded.

Let us first provide an overview of the proof. Set

J� :=
{
s ∈ J : ∃P ∈ SpecPathss, {φBs (leftpath0(P )), φBs (rightpath0(P )} ∩ {�} 6= ∅

}
.

Observe that for each s ∈ J�, there is exactly one such path, which we denote by P�
s . We need

to use |J�| edges leaving � to embed these paths, after which we are left with degHB
(�)− |J�|

edges remaining to cover. By (B.iii), q :=
degHB

(�)−|J�|
2 is an integer. By (A.ii), with S = {�}

and T = ∅, we have degHA
(�) = (1± γA)dAn and by (B.iv) we therefore have

degHB
(�) = (1± 2γA)dAn

(10)
= (14± 0.2)λ2n .

By (A.vii) we then have

|J�| = (2± γA)
(
λ|J0|+ σ1|J1|+ λ|J2|

)
= (2± 0.1)λ2n , and(63)

q = (6± 0.3)λ2n .(64)

The only part of this embedding where we need to be careful is when we embed the edges at
�. To do this, we use a matching argument. Recall that since in Stage B we embed only edges
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of graphs Gs for s ∈ K, we have for each s ∈ J that imA(s) = imB(s). We define an auxiliary
balanced bipartite graph B. One part of B is X := {P�

s : s ∈ J�} ∪ {xi, yi : i ∈ [q]}, where xi
and yi are auxiliary elements. The other part of B is NHB

(�). We draw an edge in this graph
from each P�

s to each u ∈ NHB
(�) such that u 6∈ imB(s). To define the remaining edges, we

work as follows. We define

Z :=
{
s ∈ J \ J� : � 6∈ imB(s)

}
=
{
s ∈ J : � 6∈ imB(s)

}
.

From (A.iii) with S1 = {�} and S2 = ∅, we see that

(65) (1− γA)δ|J | ≤ |Z| ≤ (1 + γA)δ|J | .

In particular, |Z| ≥ q. Hence, we can choose uniformly at random distinct indices s1, . . . , sq,
and for each i ∈ [q] we draw an edge from each of xi and yi to each u ∈ NHB

(�) such that
u 6∈ imB(si). The point of this graph is the following: a perfect matching in B tells us how to
embed the first edge of each P�

s (and we will be able to greedily finish off the embedding) and
for each i ∈ [q], two edges which will be in the middle of a path of SpecPathssi (we will be able
to choose which path, and complete the embedding greedily). See Figure 5.

Figure 5. Embedding in Stage C. Vertex � enlarged for clarity.

Claim 52.2. With positive probability, there is a perfect matching M in B.

Proof. Since B is balanced, the desired property is equivalent to the existence of a matching
covering X. To that end, we shall use Hall’s condition. Let us note some degree and codegree
properties of B. For any vertex a in X, by (A.ii), with S = {�} and T being either s where
a = P�

s or si where a ∈ {xi, yi}, and by (B.iv), we see that

degB(a) = (1± γA)dAn
(
1− | im

A(s)|
n

)
± 8Dcn = (1± 2γA)dAn

(
1− | im

A(s)|
n

)
,
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where the first term comes from (A.ii) and the second term uses (B.iv) to estimate the number
of these edges removed in Stage B.

Similarly, given a, a′ ∈ X which are not of the form xi, yi for any i ∈ [q], again using (A.ii)
with S = � and this time with T = {s, s′} where s is the index corresponding as above to a,
and s′ (which is by assumption not s) is the index corresponding to a′, we see that

(66) degB({a, a′}) = (1± 2γA)dAn
(
1− | im

A(s)|
n

)(
1− | im

A(s′)|
n

)
.

Finally, given v ∈ NHB
(�), using (A.iii) with S1 = {�, v} and S2 = ∅, we see that for the

number f of indices s ∈ J such that neither � nor v is in imB(s) we have f ≥ (1 − γA)δ2|J |.
Hence the number of indices si with v /∈ imB(si) has hypergeometric distribution with parameters
|Z|, f , q. Hence, the expectation of this random variable is

fq

|Z|
(64),(65)
≥ (1− γA)δ2|J | · 5λ2n

(1 + γA)δ|J |
≥ 40γAn .

Fact 23 tells us that the probability that we choose less than 30γAn of these indices among
s1, . . . , sq is less than n−2. In particular, taking the union bound over the at most n choices of
v, we see degB(v) ≥ 30γAn holds for all v ∈ NHB

(�) with probability at least 1− n−1. Suppose
that this likely event occurs.

Now given any non-empty X ′ ⊆ X, we verify Hall’s condition. We shall distinguish three
cases based on the size of |X ′|.

If |X ′| < 1
2dAδn, then choosing any x ∈ X ′ (which can be either in {P�

s : s ∈ J�} or in
{xi, yi : i ∈ [q]}) we have by (A.ii) (and by (B.iv)) that degB(x) > |X ′|. This verifies Hall’s
condition for X ′.

If |X ′| > (1−20γA)dAn, then we claim that the joint neighborhood ofX ′ in B is the entire part
NHB

(�), which will obviously verify Hall’s condition for X ′. Indeed, suppose that v ∈ NHB
(�)

is an arbitrary vertex. By (A.iii), there are at least (1 − γA)δ|J | indices Qv := {s ∈ J : v /∈
imB(s)}. So, the claim will follow if (J� ∪ {s1, . . . , sq}) ∩ Qv 6= ∅, which we will show next.
Indeed, otherwise we would have

|J | ≥ |J�|+ q − |X \X ′|+ |Qv|
(63),(64)
≥ 7.6λn− 40γAdAn+ (1− γA)δ|J |

(2)
> |J | ,

a contradiction.
Suppose now X ′ is any set with 1

2dAδn ≤ |X
′| ≤ (1−20γA)dAn. Let the joint neighbourhood

of X ′ in B be Y . We count the total number of triples (a, a′, y) with a, a′ ∈ X ′ and y ∈ Y such
that ay and a′y are edges of B. On the one hand, this is equal to∑

a,a′∈X′
degB({a, a′}) .
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We can use the upper bound (66) for all but at most 3|X ′| pairs a, a′. On the other, it is also
equal to∑

y∈Y
degB(y)2 ≥ 1

|Y |

(∑
y∈Y

degB(y)
)2
≥ 1
|Y |

( ∑
a∈X′

degB(a)
)2

= 1
|Y |

∑
a,a′∈X′

degB(a) degB(a′)

by Jensen’s inequality. Putting these two together, and for convenience writing s and s′ respec-
tively for the indices corresponding to a and a′ in summations, we have∑

a,a′∈X′
(1 + 2γA)dAn

(
1− | im

A(s)|
n

)(
1− | im

A(s′)|
n

)
+ 3|X ′|n

≥ 1
|Y |

∑
a,a′∈X′

(1− 2γA)2d2
An

2
(
1− | im

A(s)|
n

)(
1− | im

A(s′)|
n

)
.

Now the 3|X ′|n term on the first line is, because |X ′| is sufficiently large, small compared to the
main term; in particular we have∑

a,a′∈X′
(1 + 3γA)dAn

(
1− | im

A(s)|
n

)(
1− | im

A(s′)|
n

)
≥ 1
|Y |

∑
a,a′∈X′

(1− 2γA)2d2
An

2
(
1− | im

A(s)|
n

)(
1− | im

A(s′)|
n

)
.

Now most of the terms cancel (in particular the sum over
(
1− | im

A(s)|
n

)(
1− | im

A(s′)|
n

)
is identical

on both sides) and we get (1 + 3γA) ≥ 1
|Y |(1 − 2γA)2dAn. In particular, we have |Y | > |X ′| as

required. This completes the verification of Hall’s condition. �

So, suppose that our choice of indices s1, . . . , sq yields a perfect matching in Claim 52.2. We
now explain how to use this perfect matching M to embed complete paths. The condition we
need to maintain is that we do not use any vertex other than � more than n0.5 times in these
embeddings. We assign to each vertex v in V (H)\{�} a number of uses, which initially is equal
to the number of paths in {P�

s : s ∈ J�} which are anchored at v (i.e. their endvertex not
mapped by φAs to � is mapped to v), plus one if v ∈ NHB

(�). By (A.ix), the initial number
of uses of any given v is at most n0.3 + 1. Whenever we use a vertex in the following greedy
embeddings, we add one to its number of uses. When a vertex has number of uses n0.5, we mark
it as forbidden; we claim that at no stage do we have more than 20n0.5 forbidden vertices. Indeed,
initially summing the number of uses over all vertices v we have at most n (since at most n/2
paths are anchored at � by (A.vii), and since the number of ‘plus ones’ is degHB

(�) ≤ n/2).
The total number of paths we embed greedily is at most n (since |J | ≤ n and we embed at
most one path of any given graph), and all these paths have at most 11 vertices, hence the total
number of uses cannot exceed 20n.

To begin with, we choose for each i ∈ [q] a path P�
si , and for each s ∈ J0 \ J� such that

s 6= si for i ∈ [q] a path P�
s . We choose these greedily, in each step choosing a path in Gs whose

endvertices are both mapped by φAs to vertices which are not forbidden; we then add one to the
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number of uses of each endvertex and update the set of forbidden vertices. Since each SpecPathss
contains at least σ1n paths, of which at most 40n0.5 are forbidden, this is always possible.

To begin with, we choose greedily embeddings of the paths P�
s for s ∈ J�. For s ∈ J�, we

start with the embedding φAs , and extend it to φC−s by mapping the vertex u2 of P�
s adjacent to(

φAs
)−1

(�) to the vertex v2 paired in the matching M with P�
s . Let v′ = φAs (u′) where u′ is the

other endvertex of P�
s . We then for each i ≥ 3 in succession map the ith unembedded vertex

ui of P�
s to a vertex vi in NHB

(vi−1, v
′) \ imA(s). We choose vi which is not forbidden, which

is not one of the at most 10 previous vertices used for Gs in Stage C, and such that the edges
vi−1vi and vi−1v

′ have not been used for any previous embedding in Stage C. By construction,
the result is an embedding of P�

s if each step is possible. We claim that each step is indeed
possible: by (A.ii), with S = {vi−1, v

′} and T = {s}, there are at least (1− γA)(dA)2δn vertices
which are adjacent in HA to both vi−1 and v′ and which are not in imA(s). At most 16Dcn of
these vertices are no longer in the common neighbourhood in HB by (B.iv); at most 20n0.5 are
forbidden; at most 10 were previously used in Stage C for Gs; and at most 2n0.5 of these vertices
cannot be used because the edge to vi−1 or v′ was previously used in Stage C. Thus there are at
least (1− 2γA)(dA)2δn valid choices.

Next, we embed the paths P�
si for i ∈ [q]. We use the same strategy, except that for each i we

embed separately a path from the M -neighbour of xi to one endvertex of P�
si , and a path from

the M -neighbour of yi to the other endvertex of P�
si , choosing these two paths with the same

number of internal vertices up to an error at most one such that the total number of vertices is
|P�
si |. Note that this means each path has at least one internal vertex, and hence by the estimates

above this too is always possible.
Finally, we embed the remaining paths P�

s (for which we have s ∈ J0). We use the same
strategy again, and the same estimates show that this is possible.

If n is odd, we have now a collection of embeddings φC−s for some s ∈ J . Whether n is odd or
even, if we have not yet defined φC−s we let it be equal to φAs , and we let HC− be the subgraph
of HB obtained by removing all the edges used in these embeddings, and the vertex �. For each
s ∈ J , we let SpecPaths∗∗s be the set of paths in SpecPathss which are not embedded by φC−s .

The critical properties we should note are the following. We have |SpecPaths∗∗s | ≥ |SpecPathss|−
1. The density dC− of HC− is dA ± O(n−1). By (B.iv) and by construction of the embeddings
above, for every vertex v ∈ V (HC−) we have degHC−

(v) ≥ degHA
(v)− 10Dcn. For each s ∈ J ,

we have
∣∣ imA(s) \ imC−(s)

∣∣ ≤ 20. Finally, for each v ∈ V (HC−), the number of s ∈ J such that
v ∈ imC−(s) \ imA(s) is at most 10Dcn. To see that the last of these is true, note that if v is
used in Stage B or C− by a given graph Gs, then we also use at least one edge at v to embed
an edge of Gs in one of these stages, and we use at most 10Dcn edges at v in these two stages.
What we obtain from these observations is the following, which we will use repeatedly in the
rest of this stage.

(∗) For each condition from Lemma 30, the same statement holds after Stage C−, replacing
γA with 2γA.
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We next label V (HC−) = {�i,�i : i ∈ [bn/2c]}. Consider such a labelling chosen uniformly
at random. We claim that this gives a quasirandom setup.

Lemma 53. With positive probability, the uniform random labelling V (HC−) = {�i,�i : i ∈
[bn/2c]}, together with Ji for i = 0, 1, 2, with path-forest FC−

s consisting of the paths of SpecPaths∗∗s
for each s ∈ J , with used sets UC−

s = imφC−s , with anchor sets AC−
s given by φC−s ap-

plied to the leaves of SpecPaths∗∗s and with IC−s = {j ∈ [bn/2c] : �j ,�j 6∈ imC−(s)}, is a
(10γA, LC, dC− , dC−)-quasirandom setup. Furthermore, for each u ∈ V (HC−) and j ∈ [bn/2c]
such that u 6∈ {�j ,�j} we have∣∣{s ∈ J0 : u ∈ AC−

s , j ∈ IC−s }
∣∣ = (1± 2γA)|J0| · 2λ(δ + 10λ)2 ,

and for each s ∈ J0 we have |IC−s | = (1± 10γA)n2
(
1− |U

C−
s |
n

)2.
Proof. We split the proof of this lemma into the following claims.

The following claim takes care of (Quasi 3).

Claim 53.1. For every v ∈ V (HC−), a ∈ {�,�} and i ∈ {1, 2}, let Xv,Va,Ji be a random
variable counting the quantity from (Quasi 3). Then E[Xv,Va,Ji ] = (1± 2γA) 1

2n

∑
s∈Ji |A

C−
s |.

Further, P
[
|Xv,Va,Ji | −E[Xv,Va,Ji ]| > n0.9

]
< exp(−n0.2).

Proof. Given v, a and i, recall that by (A.vii) and (∗), we have that the number of P ∈⋃
s∈Ji SpecPaths

∗∗
s for which v ∈ {φC−s (leftpath0(P )), φC−s (rightpath0(P ))} is equal to

(1± γA) 1
n

∑
s∈Ji

|AC−
s | .

Each such path is counted in Xv,Va,Ji if and only if the unique vertex of{
φC−s

(
leftpath0(P )

)
, φC−s

(
rightpath0(P )

)}
\ {v}

ends up in the set Va; the probability of this is 1
2 . Hence, the statement about the expectation

follows.
Let us now turn to the statement about the concentration. To this end, we model the ran-

dom splitting in a particular way. We consider a space Ω = [0, 1]V (HC− ) (equipped with the
Lebesgue measure). Suppose that ~x ∈ Ω. Suppose further that all the coordinates of ~x are
distinct; this requirement creates an exceptional set which is null. Then based on ~x we can
define V� as those vertices v ∈ V (HC−) for which ~x(v) is among the bn2 c smallest values of
{~x(u)}u∈V (HC− ) and V� as those vertices v ∈ V (HC−) for which ~x(v) is among the bn2 c largest
values of {~x(u)}u∈V (HC− ). Taking ~x at random yields the right distribution of V� and V�. This
way, we can think of Xv,Va,Ji as a random variable on Ω. Observe that when we change a variable
~x ∈ Ω in one coordinate, Xv,Va,Ji(~x) changes by at most n0.3 by (A.ix). Hence, Lemma 24 gives
that P

[
|Xv,Va,Ji | −E[Xv,Va,Ji ] > n0.9

]
< 2 exp

(
− 2(n0.9)2

(n0.3)2n

)
< exp(−n0.2). �

The following claim takes care of (Quasi 5) and (Quasi 2).



THE TREE PACKING CONJECTURE FOR TREES OF ALMOST LINEAR MAXIMUM DEGREE 103

Claim 53.2. For all s ∈ J , for all v 6∈ imC−(s) and for all a, b ∈ {�,�}, let AC−,b
s denote

the subset of u ∈ AC−
s such that the path of SpecPaths∗∗s with leaves

(
φC−s

)−1
(u) and y has

φC−s (y) ∈ Vb. With probability at least 1− exp(−n0.1) we have that

|Va ∩AC−,b
s ∩ NH(v)| = (1± 4γA)dC−

|AC−
s |
4

and |Va ∩AC−,b
s | = (1± 3γA)

|AC−
s |
4

.

Proof. By (A.vi) and (∗), |AC−
s ∩NHC−

(v)| = (1±2γA)dC−|AC−
s |. For each x ∈ AC−

s ∩NHC−
(v),

the probability that x ∈ AC−,b
s ∩ Va is (1± c)1

4 , so the expectation of |AC−,b
s ∩ NHC−

(v) ∩ Va| is
(1±3γA)dC−|AC−

s |/4. Similarly |Va∩AC−
s | has expectation (1±γA)1

4 |A
C−
s |. The concentration

follows as in Claim 53.1. In particular, observe that a change of one coordinate in a variable
~x ∈ Ω changes |Va ∩AC−,b

s ∩ NH(v)| or |Va ∩AC−,b
s | by at most 2. �

The following claim is a first step towards (Quasi 1).

Claim 53.3. Let a ∈ {�,�} and S ⊆ V (HC−), and T ⊆ J0 be such that |S| ≤ LC and
|T | ≤ LC. Then the following holds with probability at least 1− exp(−n0.55).

(67)

∣∣∣∣∣Va ∩ NHC−
(S) \

⋃
s∈T

UC−
s

∣∣∣∣∣ = (1± 4γA)d
|S|
C−

∏
s∈T

(
1− |U

C−
s |
n

)
· n

2
.

Proof. We think of the random labelling described above as follows. Firstly, we split V (HC−)

into V�, V� (where |V�| = |V�| = bn2 c) at random. Secondly, we consider random labellings
{�i}i∈[bn

2
c] of V� and {�i}i∈[bn

2
c] of V�. Note that after the first stage (without considering the

random labelling), we are already able to determine (67). By (A.ii) and (∗) we have∣∣∣∣∣NHC−
(S) \

⋃
s∈T

UC−
s

∣∣∣∣∣ = (1± 2γA)d
|S|
C−n

∏
s∈T

(
1− |U

C−
s |
n

)
.

Since each vertex of NHC−
(S) \

⋃
s∈T U

C−
s has probability 1

2 of being in Va, we obtain

E

[∣∣∣∣∣Va ∩ NHC−
(S) \

⋃
s∈T

UC−
s

∣∣∣∣∣
]

= (1± 2γA)d
|S|
C−

n

2

∏
s∈T

(
1− |U

C−
s |
n

)
.

Furthermore, the random variable |Va ∩ NHC−
(S) \

⋃
s∈T U

C−
s | is exponentially concentrated

by Fact 23. �

We can now finish establishing (Quasi 1), and our bounds on |IC−s | for s ∈ J0. Recall that for
s ∈ J0, the set IC−s is the set of i ∈ [bn/2c] such that �i,�i 6∈ UC−

s .

Claim 53.4. Let S1, S2 ⊆ V� ∪ V�, and T1, T2, T3 ⊆ J be as in Definition 28. Then with
probability at least 1− exp(−n0.5) we have that the set

X :=

j ∈ [bn2 c] : �j ∈ NHC−
(S1) \

⋃
s∈T1∪T3

UC−
s ,�j ∈ NHC−

(S2) \
⋃

s∈T2∪T3

UC−
s
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has size

(1± 10γA)d
|S1|+|S2|
C−

∏
s∈T1∪T2

(
1− |U

C−
s |
n

)
·
∏
s∈T3

(
1− |U

C−
s |
n

)2

· n
2
.

Proof. We consider the same random experiment as in Claim 53.3. With probability at least
1 − exp(−n0.5), V (HC−) is split between V� and V� so that (67) holds simultaneously for all
choices of a ∈ {�,�}, S, and T .

Suppose now that S1, S2, T1, T2, T3 are given. We expose the labellings {�j}j∈[bn2 c]
and

{�j}j∈[bn2 c]
. Consider the sets

Y� :=

j ∈ [bn2 c] : �j ∈ NHC−
(S1) \

⋃
s∈T1∪T3

UC−
s

 and

Y� :=

j ∈ [bn2 c] : �j ∈ NHC−
(S2) \

⋃
s∈T2∪T3

UC−
s

 .

We have that X = Y� ∩ Y�. Thus, |X| has hypergeometric distribution with parameters
(bn2 c, |Y�|, |Y�|). Note that the sizes of Y� and Y� do not depend on the exposed labelling
but only on the sets V� and V�. We apply (67) with a = �, S := S1, T := T1 ∪ T3 and get

|Y�| = (1± 4γA)d
|S1|
C− ·

n

2

∏
s∈T1∪T3

(
1− |U

C−
s |
n

)
.

Similarly,

|Y�| = (1± 4γA)d
|S2|
C− ·

n

2

∏
s∈T2∪T3

(
1− |U

C−
s )|
n

)
.

Now, Fact 23 yields the statement. �

Next, we turn to verifying (Quasi 4).

Claim 53.5. Suppose that s ∈ J0 and v ∈ V (HC−) \ UC−
s . Then with probability at least

1− exp(n0.5), we have∣∣{�i ∈ NHC−
(v) : i ∈ IC−s }

∣∣, ∣∣{�i ∈ NHC−
(v) : i ∈ IC−s }

∣∣ = (1± 10γA)dC− |IC−s |

Proof. We prove the statement for the �i; that for the �i is symmetric. By Claim 53.3, after
revealing the sets V� and V�, we have (1±4γA)dC−

(
1− |U

C−
s |
n

)
n
2 vertices in NHC−

(v)∩(V�\UC−
s ),

and (1±4γA)
(
1− |U

C−
s |
n

)
n
2 vertices in V� \UC−

s . We then consider the uniform random labelling
of the �i and �i within V� and V�, as in Claim 53.4. We have i in the desired set if and only
if �i ∈ V� \ UC−

s and �i ∈ NHC−
(v) ∩ (V� \ UC−

s ), so the size
∣∣{�i ∈ NHC−

(v) : i ∈ IC−s }
∣∣ has

hypergeometric distribution with parameters(
bn2 c, (1± 4γA)

(
1− |U

C−
s |
n

)
n
2 , (1± 4γA)dC−

(
1− |U

C−
s |
n

)
n
2

)
.

As in Claim 53.4, we conclude by Fact 23 that the lemma statement holds. �
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For (Quasi 6), given S1, S2 ⊆ V (HC−) disjoint, and additionally a set T ⊆ [bn/2c] such that
for each j ∈ T we have �j ,�j 6∈ S1 ∪ S2, with each set of size at most LC, we apply (A.iii)
and (∗). For i = 1, 2 we use input S1, S2, Ji. For i = 0, we use input S1 ∪ {�j ,�j : j ∈ T},
S2 and J0. This gives precisely the required (Quasi 6). For (Quasi 7), given i ∈ {0, 1, 2} and
v ∈ V (HC−), we apply (A.vii) and (∗) which gives (Quasi 7). For (Quasi 8), given i ∈ {0, 1, 2}
and u 6= v ∈ V (HC−), we apply (A.viii) and (∗) which gives (Quasi 8).

Finally, we prove the required bounds on
∣∣{s ∈ J0 : u ∈ AC−

s , j ∈ IC−s } for u ∈ V (HC−) and
j an index such that u 6∈ {�j ,�j}. By (d ) and (∗), for any three distinct vertices u, v, v′ of
V (HC−), we have∣∣{s ∈ J0 : u ∈ AC−

s , v, v′ 6∈ UC−
s } = (1± 2γA)|J0| · 2λ(δ + 10λ)2 .

We apply this with v = �j and v′ = �j , and note that by definition j ∈ IC−s if and only if
�j ,�j 6∈ UC−

s .
Since the error probabilities in Claims 53.1–53.5 are superpolynomially small and since there

are only polynomially many instances of (Quasi 1)–(Quasi 8), we conclude that the random
labelling satisfies all of them with positive probability. In particular, there exists one such
labelling, completing the proof of Lemma 53. �

To complete the proof of Lemma 33, we need to embed a few more paths, from the graphs Gs
with s ∈ J2, such that all edges of the form �i�i are used. We will ensure that we use only few
vertices of each Gs, and that we embed in total few edges at any given vertex, in this step. This
ensures that we preserve our quasirandom setup with only a little degradation of the parameters.

Lemma 54. There are sets SpecPaths�s ⊆ SpecPaths∗∗s , s ∈ J2 and mappings (φ�s)s∈J2 such that

(i ) For each s ∈ J2, the mapping φ�s is an embedding of the paths SpecPaths�s into HC−

that agrees with φC−s on the leaves of SpecPaths�s. For each edge uv ∈ E(HC−), there
is at most one φ�s which uses uv, and we let HC be the graph obtained from HC− by
removing all the edges used by (φ�s)s∈J2.

(ii ) For each i ∈
[
bn2 c
]
} we have �i�i 6∈ E(HC).

(iii ) For each v ∈ V� ∪ V� we have degHC
(v) > degHC−

(v) − n0.6, and for each s ∈ J2 we
have |SpecPaths�s| ≤ n0.5.

Proof. First we specify the sets SpecPaths�s, s ∈ J2. Initially, set SpecPaths�s = ∅ for all s ∈ J2.
In order to comply with (iii ), we need to keep track on how much we map something to a vertex,
as any such mapping will decrease its degree by 2. If we embed too many paths anchored at
the same vertex, this also will decrease the degree of this vertex too much, and thus should
choose the sets SpecPaths�s, s ∈ J2 accordingly. For each vertex v ∈ V (H), let us use a counter
c(v) initially set to 2 for each �i,�i such that �i�i ∈ E(HC−) and otherwise to 0. For each
paths included in SpecPaths�s, s ∈ J2 anchored at v, we shall increase c(v) by one and for any
internal vertex of a path from SpecPaths�s, s ∈ J2 mapped to v, we shall rise c(v) by 2. Let
U := {v ∈ V (H), c(v) >

√
n} be the set of vertices that gets dangerously overloaded. Observe
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that initially U = ∅. As we shall embed at most n/2 paths in this lemma, observe that the size
of U will never exceed 2 · 7λn/

√
n <
√
n.

For each i ∈ [n2 ], let C(i) := {s ∈ J2, imφC−(s)∩{�i,�i} = ∅}. By Lemma 53 and (Quasi 6),
setting S1 = {�i,�i} and S2 := ∅, we have

|C(i)| ≥ (1− 10γA)(δ + 6λ)2|J2| ≥ δ2λn .

For each i ∈ [n2 ] such that �i�i ∈ E(HC−) in succession, pick si ∈ C(i) such that |SpecPaths�si | <√
n−1. Observe that the number of s ∈ J2 such that |SpecPaths�s| ≥

√
n−1 is less than n/

√
n =

√
n < |C(i)|, so that this is always possible. Take any path Pi ∈ SpecPaths∗∗si \ SpecPaths

�
si that

is not anchored in U . This is possible because |U |, |SpecPaths�si | ≤
√
n and SpecPaths∗∗si contains

at least n0.9 paths.
Add Pi to SpecPaths�si and increase the counter c(v) of its anchors by one. Recall that Pi

has six internal vertices x1, . . . , x6 together with leaves x0, x7. We construct an embedding of
Pi as follows. We embed φ�si(x2) = �i and φ�si(x3) = �i. We choose φ�si(x1) arbitrarily from
NHC−

(
φC−si (x0),�i

)
\ (imφC−si ∪ U) such that the edges to φC−si (x0) and �i have not previously

been used in this lemma and which has not previously been used in this lemma for Gsi . By
Lemma 53 and (Quasi 1), we have

NHC−

(
φC−si (x0),�i

)
\ imφC−si ≥ (1− 10γA)d2

C−(δ + 6λ)n ,

of which at most 4n0.6 vertices are disallowed due to being in U or the edges to �i or φC−si (x0),
used previously in this lemma, or the vertex used for Gsi in this lemma. Thus the choice of
φ�si(x1) is possible; and we increase c

(
φ�si(x1)

)
by 2. We now choose similarly for each j = 4, 5, 6

in succession a vertex φ�si(xj) from

NHC−

(
φ�si(xj−1), φC−si (x7)

)
\ (imφC−si ∪ U)

such that the edges to φ�si(xj−1) and φC−si (x7), have not previously been used in this lemma, or
the vertex used for Gsi in this lemma. By the same calculation as above, this is always possible.
We increase the counter c

(
φ�si(xj)

)
by 2. �

We now complete the proof of Lemma 33. For each s ∈ J2, we set SpecPaths∗s := SpecPaths∗∗s \
SpecPaths�s, and we set φCs the union of φC−s and φ�s; note that these two maps have some
common vertices in their domains (the leaves of the SpecPaths�s) but by construction they agree
on these vertices. For each s ∈ J0 ∪ J1 we set SpecPaths∗s = SpecPaths∗∗s and φCs = φC−s . Let
dC = e(HC)/

(
n
2

)
, and observe that dC = dC− ± o(1).

We claim that HC as returned by Lemma 54, with the splitting into V� ∪V� from Lemma 53,
with for each s ∈ J the path-forest FC

s consisting of the paths of SpecPaths∗s, with UC
s = imφCs ,

with AC
s the image under φCs of the leaves of FC

s and with the corresponding bijection, and with
ICs the set of i ∈ [bn/2c] such that �i,�i 6∈ imφCs , is a (100γA, LC, dC, dC)-quasirandom setup.
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This follows from Lemma 53, which guarantees a (10γA, LC, dC− , dC−)-quasirandom setup
after stage C−, together with Lemma 54 which tells us that all the quantities in the definition
of a quasirandom setup have changed between these two stages by at most 10LCn

0.6.
Finally, the size bounds relating to J0 in Lemma 33 have not changed from after stage C−

and hence hold by Lemma 53.

11. Stage D (Proof of Lemma 34)

In this stage, we need to accommodate all vertices of P , but the two middle ones for all s ∈ J0

and P ∈ SpecPaths∗s; this corresponds to finding the placement for the solid lines in Figure 3
(the outermost vertices of P were embedded already in Stage A). Recall that the aim here is
that after this stage, what remains to pack of each graph in J0 will be a path-forest in which
each path has 2 unembedded vertices, and the two leaves are embedded to a terminal pair.

We do that in two steps. First, in Lemma 55 we decide, for each P ∈
⋃
s∈J0 SpecPaths

∗
s, what

its terminal pair will be. To that end, given such a P we let yleftP denote the fifth vertex of P ,
and yrightP the eighth vertex of P . That is, yleftP is an endvertex of P left := leftpath4(P ), and yrightP

is an endvertex of P right := rightpath4(P ). We will choose an index rP ∈ [bn/2c] and embed yleftP

to �rP , and y
right
P to �rP . For this to be possible, for each P ∈ SpecPaths∗s of course we need

rP ∈ ICs := {i ∈ [bn/2c] : �i,�i 6∈ imC(s)} .

We let, for each s ∈ J0, the set SpecShortPaths∗s be the set of subpaths of SpecPaths∗s with
endvertices yleftP and yrightP . That is, each path in SpecShortPaths∗s is the middle three edges (four
vertices) of a path of SpecPaths∗s; this is what will remain to pack from (Gs)s∈J0 at the conclusion
of this stage.

The content of Lemma 55 is then that we can make the assignment of indices rP and still have
a quasirandom setup; in addition, we need one property regarding the set AC

s , which is the set
of anchors after Stage C. After this, we use Lemma 42 to argue that we can pack all the P left

and P right and again obtain a quasirandom setup, which completes the proof of Lemma 34.

Lemma 55. There exist indices (rP ∈ [bn2 c])s∈J0,P∈SpecPaths∗s with the following properties.

(D-i ) For each s ∈ J0, the indices (rP )P∈SpecPaths∗s are distinct elements of ICs .

(D-ii ) For s ∈ J1 ∪ J2 we set φD−s = φCs . For s ∈ J0 we extend φCs to φD−s by setting
φD−(yleftP ) = �rP and φD−s (yrightP ) = �rP .

(D-iii ) The graph HC with its labelling as V� ∪ V�, together with the path-forests FD−
s :=

SpecPaths∗s for s ∈ J1 ∪ J2 and FD−
s := SpecShortPaths∗s for s ∈ J0, with used sets

UD−
s := imD−(s) for each s ∈ J , with anchor sets AD−

s being the image under φD−s
of the leaves of FD−

s (and with the corresponding bijection) and with Is := ID−s for
each s ∈ J0, gives a (100 · 3LC43LCδ2LC(λ∗)LCγA, 2LD, dC, dC)-quasirandom setup.
For convenience, we say this is the setup after D−.



THE TREE PACKING CONJECTURE FOR TREES OF ALMOST LINEAR MAXIMUM DEGREE 108

(D-iv ) For each u, v ∈ V (HC) such that there is no j with u, v ∈ {�j ,�j}, the number of

s ∈ J0 such that u ∈ AC
s and v 6∈ UD−

s is (1± 1000γA)
∑

s∈J0
|AC

s |(n−|U
D−
s |)

n2 .

Proof. Suppose that s ∈ J0 is fixed. Recall that since after Stage C we have a (100γA, LC, dC, dC)-
quasirandom setup, and that for each s ∈ J0 we have |ICs | = (1 ± 100γA)n2

(
1 − |Us|

n

)2. By (1)
this means |ICs | > λ∗n, and so we can select a set Js ⊆ ICs uniformly at random of size λ∗n. For
each s, we choose an arbitrary pairing of the paths of Fs to the set Js, pairing path P to the
index rP .

We now aim to verify that (D-iii ) holds with high probability. We go through the properties
of Definition 32 one by one.

For (Quasi 1), the critical observation is the following. By Fact 23, for any given set Y ⊆ ICs
of indices with |Y | ≥ cn, when we reveal the choice of Js, the probability that we do not have

(68) |Y ∩ Js| = |Y |
|Js|
|ICs |

± n0.9

is at most exp(−n0.5). If S1, S2, T1, T2, T3 are any sets as in Definition 28, each of size at most
2LD, and T ′ is any subset of J0 \ (T1 ∪ T2 ∪ T3) of size at most 4LD, by (LC, 100γA, dC, dC)-
index-quasirandomness after Stage C we have∣∣UHC

(S1, S2, T1, T2, T3 ∪ T ′)
∣∣ = (1± 100γA)d

|S1|+|S2|
C

n
2

∏
`∈T1∪T2

n−| imC(`)|
n

∏
`∈T3∪T ′

|IC` |
n/2 .

Applying (68) iteratively for each ` ∈ T ′ successively and taking the union bound over choices
of all these sets, we see that with probability at least 1− exp(−n0.4), for each choice of sets we
have ∣∣∣UHC

(S1, S2,T1, T2, T3 ∪ T ′) ∩
⋂
`∈T ′

J`

∣∣∣
= (1± 200γA)d

|S1|+|S2|
C

n
2

∏
`∈T1∪T2

n−| imC(`)|
n

∏
`∈T3

|IC` |
n/2

∏
`∈T ′

|ID−` |
n/2 .

(69)

Suppose this likely event occurs. Note that for any s ∈ J0 we have n − | imD−(s)| =
(
n −

| imC(s)|
)
− 2|ID−s |. Furthermore, given any sets S1, S2, T1, T2, T3, consider the set(

UHC
(S1, S2, T1, T2, T3) ∩

⋂
`∈T3∩J0

J`

)
\
(
∪`∈(T1∪T2)∩J0 J`

)
which is as in the definition of index-quasirandomness after stageD−. We can write the inclusion-
exclusion formula for the size of this set difference, all of whose terms are of the form of the left
hand side of (69). By (69), each of these terms is within a (1±200γA) factor of the corresponding
term obtained by multiplying out the final product in

d
|S1|+|S2|
C

n
2

∏
`∈(T1∪T2)\J0

n−| imC(`)|
n

∏
`∈T3

|ID−` |
n/2

∏
`∈(T1∪T2)∩J0

(n−| imC(`)|
n − |J`|n/2

)
.
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Since we have n − | imC(s)| − 2|Js| = n − | imD−(s)| for each s ∈ J0, and since for each s 6∈
J − 0 we have imD−(s) = imC(s), this formula is the same as appears in the definition of
index-quasirandomness after stage D−. We conclude that after stage D− we have (2LD, 400 ·
24LDγA, dC, dC)-index-quasirandomness, verifying (Quasi 1).

For (Quasi 2), observe that if s ∈ J1 ∪ J2 then Abs has not changed from after Stage C, and
hence the desired statement holds. For s ∈ J0, by construction exactly half of AD−

s is in each
of V� and V�. Similarly, for (Quasi 3), nothing has changed for these statements from after
Stage C.

We now prove (Quasi 4) and (Quasi 5). Observe that since for s ∈ J0 we have A�s ∩ V� =

{�i : i ∈ ID−s } and similarly for A�s ∩ V�, and since A�s ∩ V� = A�s ∩ V� = ∅, it suffices to prove
the latter. For s ∈ J1∪J2, nothing has changed since after Stage C, so we only need to consider
s ∈ J0. After Stage C, by (Quasi 4), for any given u ∈ V (HC) and s ∈ J0 we have∣∣{�i ∈ NHC

(u) : i ∈ ICs }
∣∣, ∣∣{�i ∈ NHC

(u) : i ∈ ICs }
∣∣ = (1± 100γA)dC|ICs | .

When we select Js uniformly at random from ICs , by Fact 23, with probability at least 1 −
exp(−n0.5) we therefore have∣∣{�i ∈ NHC

(u) : i ∈ Js}
∣∣, ∣∣{�i ∈ NHC

(u) : i ∈ Js}
∣∣ = (1± 200γA)dC|Js| .

Since for s ∈ J0, after stage D− we have AD−
s = {�i,�i : i ∈ Js}, taking the union bound over

s and u, we see that with high probability (Quasi 5) holds after stage D−.
We next move to (Quasi 6). Since nothing has changed from after Stage C for J1 and J2, we

only need to prove the statement for J0. Since |Js|, |ICs \ Js| = Ω(n), we see that for any given
disjoint sets Q,Q′ of indices of size at most 6LD, we have Pr(Q ⊆ Js|Q′ ∩ Js) equal to either(

2λ∗

(δ+10λ∗)2

)|Q| ± n−0.5, if Q ⊆ ICs , and 0 otherwise. We use this approximate independence to
prove (Quasi 6) inductively. Our induction statement is the following (∗)k, where 0 ≤ k ≤ 6LD

is an integer.
Let S be a set of vertices, and let T, T ′ be pairwise disjoint sets of indices. Suppose in

addition that there is no i such that {�i,�i} ⊆ S, and that there is no i ∈ T ∪ T ′ such that
{�i,�i} ∩ S 6= ∅. Finally suppose that |T ′| ≤ k, and that |S|+ |T |+ |T ′| ≤ 6LD. Let

X(S, T, T ′) :=
{
s ∈ J0 : S ⊆ imC(s), T ⊆ ICs , T ′ ⊆ Js} .

Then we have∣∣X(S, T, T ′)
∣∣ = |J0|(δ + 10λ∗)2|T |(1− δ − 10λ∗)|S|(2λ∗)|T

′| ± 100(k + 1)γAn ,

and we reveal only the intersection of T ′ with the sets Js to show this.
Observe that the statement (∗)0 is given by (Quasi 6) after Stage C. For a given k < 6LD,

suppose that we have established (∗)k; we want to establish a given case S, T, T ′ of (∗)k+1. Let
i ∈ T ′. The set X(S, T, T ′) consists of those s ∈ X(S, T ∪ {i}, T ′ \ {i}) such that i ∈ Js. As
above, (∗)k gives us the size of the former set, and then by Chernoff’s inequality, with probability
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at least 1− exp(−n0.5) we have

X(S, T, T ′)

= 2λ
(δ+10λ)2

|J0|(δ + 10λ∗)2|T |+2(1− δ − 10λ∗)|S|(2λ∗)|T
′|−1 ± 100(k + 1)γAn± n0.5

which, rearranging, gives us the desired case of (∗)k+1.
We now suppose that all the above polynomially many good events occur, i.e. (∗)6LD

is true.
Suppose that |S| ≤ 4LD and |T | ≤ 2LD. Observe that as Q ranges over all subsets of S, the sets
X(S \Q, ∅, T ∪Q) are pairwise disjoint and their union is precisely

Y (S, T ) :=
{
s ∈ J0 : S ⊆ imD−(s), T ⊆ Js

}
.

We conclude by (∗)6LD
that∣∣Y (S, T )
∣∣ = |J0|(1− δ − 8λ∗)|S|(2λ∗)|T | ± 100 · 6LD26LDγAn .

Finally, given sets S1, S2, T as in (Quasi 6), each of size at most 2LD, we can write {s ∈ J0 :

S1 ∩ imD−(s) = ∅, S2 ⊆ imD−(s), T ⊆ Js} by inclusion-exclusion in terms of the |Y (S2 ∪Q,T )|
as Q ranges over subsets of S1. We obtain that the size of this last set is

|J0|(δ + 8λ∗)|S1|(1− δ − 8λ∗)|S2|(2λ∗)|T | ± 100 · 6LD46LDγAn

which is as required for (Quasi 6) after stage D− with error term 100 · 6LD46LDδ4LD(λ∗)2LDγA.
For (Quasi 7), we only need to consider J0 since nothing has changed for J1 or J2. Given

v ∈ V (HC), let i be such that v ∈ {�i,�i}. After Stage C, by (Quasi 6) with S1 = S2 = ∅ and
T = {i}, the number of s ∈ J0 such that i ∈ ICs is (1±100γA)(δ+ 10λ∗)2|J0|. Now for a given s
from this collection, the probability that we pick i ∈ Js is |Js|/|ICs | = (1± 100γA) 2λ∗

(δ+10λ∗)2 . By
Chernoff’s inequality we conclude that the number of s ∈ J0 such that i ∈ Js is with probability
at least 1− exp(−n0.5) equal to (1± 1000γA)(2λ∗)|J0|, as required for (Quasi 7)

For (Quasi 8), we again need only consider J0 since nothing has changed since Stage C for
J1 and J2. Given u, v ∈ V (HC) with u 6= v and {u, v} not a terminal pair, let i be such
that u ∈ {�i,�i} and let j be such that v ∈ {�j ,�j}. We want to estimate the number of
s ∈ J0 such that i ∈ Js and both v 6∈ imC(s) and j 6∈ Js occur. Note that we can split these
s up according to whether j ∈ ICs . If j ∈ ICs , then automatically v 6∈ imC(s). The number of
s ∈ J0 such that i, j ∈ ICs is by (Quasi 6) after Stage C equal to (1 ± 100γA)|J0|(2|ICs |/n)2,
and the probability, when we reveal Js, that any given one of these has i ∈ Js and j 6∈ Js is
|Js|(|ICs |−|Js|)/|ICs |2±n−0.5. So by Chernoff’s inequality, with probability at least 1−exp(−n0.5),
there are

(1± 200γA)|J0| · 4|Js|(|ICs | − |Js|)n−2

s ∈ J0 such that i ∈ Js and j ∈ ICs \ Js. Next, we consider those s ∈ J0 such that i ∈ ICs ,
v 6∈ imC(s) and j 6∈ ICs . Using (Quasi 6) after Stage C twice, there are

|J0|2|I
C
s |
n ·

(n−|UC
s |

n − 2|ICs |
n

)
± 200γAn
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such s. Of these, when we reveal Js, the probability that any one such s has i ∈ Js is |Js||ICs | , and
so by Chernoff’s inequality, with probability at least 1− exp(−n0.5), there are

|J0|2|Js|n ·
(n−|UC

s |
n − 2|ICs |

n

)
± 300γAn

such s. Summing up, we have

(1± 200γA)|J0| · 4|Js|(|ICs | − |Js|)n−2 + |J0|2|Js|n ·
(n−|UC

s |
n − 2|ICs |

n

)
± 300γAn

= |J0|2|Js|n
n−|UC

s |−2|Js|
n ± 500γAn .

Note that |UD−
s | is precisely |UC

s |+2|Js|, so that this formula is exactly what we need for (Quasi 8)
after stage D−.

Finally, for (D-iv ), we use a similar argument as for (Quasi 8). Given u, v, if u ∈ AC
s and

v 6∈ UD−
s , then we need v 6∈ imC(s) and we remove those v such that v ∈ {�j ,�j} for some

j ∈ Js. The latter event is contained in the former. From (Quasi 8) after Stage C, we have∣∣{s ∈ J0 : u ∈ AC
s , v 6∈ imC(s)}| = (1± 100γA)|J0| · 2λ∗(δ + 10λ∗) .

By Lemma 33, letting j be the index such that v ∈ {�j ,�j}, we have∣∣{s ∈ J0 : u ∈ AC
s , j ∈ ICs }

∣∣ = (1± 100γA)
∑
s∈J0

2|AC
s ||ICs |
n2 = (1± 100γA)|J0| · 2λ∗(δ + 10λ∗)2 .

Note that the probability that a given s in this last set has j ∈ Js is |Js||ICs | , so by Chernoff’s
inequality, with probability at least 1− exp(−n0.5) we have∣∣{s ∈ J0 : u ∈ AC

s , j ∈ Js}
∣∣ = (1± 200γA)|J0| · (2λ∗)2 .

Putting these together, we have∣∣{s ∈ J0 : u ∈ AC
s , v 6∈ UD−

s }
∣∣ = (1± 1000γA)|J0| · 2λ∗(δ + 10λ∗ − 2λ∗)

as required. �

We are now in a position to complete the proof of Lemma 34. The main work now is to obtain
the setup for Lemma 42.

Proof of Lemma 34. We set ν = 1
10002−4LDδ4LD(λ∗)4LD . Let C ′ be such that 2−10LDC ′ is re-

turned by Lemma 42, and set γ′ = 1000LC · 43LCδ2LC(λ∗)LCγA, so that Lemma 55 guarantees
that the setup after stage D− is a (γ′, 2LD, dC, dC)-quasirandom setup.

Let H = HC, which has 2bn2 c vertices.
We let s∗ = |J0| ≥ νn. Temporarily abusing notation, we relabel the graphs Gs such that

J0 = [s∗]. For each s ∈ J0, we do the following. Let Fs denote the path-forest whose components
are leftpath4(P ) and rightpath4(P ) for each P ∈ SpecPaths∗s, and let As be the leaves of Fs. Note
that for each s, the path-forest Fs is not FD−

s , and the set As is not the set AD−
s from the

quasirandom setup after stage D−; rather As = AD−
s ∪AC

s , where AC
s is the set of anchors after

Stage C, and we recall {�i,�i : i ∈ Js} = AD−
s . By construction AC

s and AD−
s are disjoint.



THE TREE PACKING CONJECTURE FOR TREES OF ALMOST LINEAR MAXIMUM DEGREE 112

We let Us = UD−
s = imD−(s). We let φs be the restriction of φD−s to the leaves of Fs.

For each vertex x ∈ As, we let ξs(x) be whichever of V� and V� contains φs(x). For each
vertex y ∈ V (Fs) \As, we choose ξs(y) ∈ {V�, V�} uniformly at random.

By Lemma 29 and (Quasi 1), H is ((2LD+2)γ′, 2LD)-block-quasirandom, and for each s ∈ J0,
(H,Us) is ((2LD + 2)γ′, 2LD)-block-diet. In particular, letting d��, d�� denote the density of
H[V�] and H[V�] respectively, and d�� denote the bipartite density of H[V�, V�], we have that
each of these three parameters is (1± (2LD + 2)γ′)dC.

We claim that with high probability, for each s ∈ J0 the random choice of ξs means that Fs
has the 10γ′-anchor distribution property with respect to H. Indeed, given a, b, c ∈ {�,�}, let
v ∈ Vb \ Us. Then by (Quasi 5), applied after Stage C to AC

s and after stage D− to AD−
s , we

have ∣∣As ∩ NH(v) ∩ Va
∣∣ = (1± γ′)dC · 2λ∗n .

Given a path P ∈ Fs and a leaf of that path x anchored in NH(v) ∩ Va, the probability that
the neighbour y and second neighbour z of x are assigned sets ξs(y) = Vb and ξs(z) = Vc is 1

4 .
Since the choice of ξs on P affects at most the two leaves of P , we conclude by McDiarmid’s
inequality that with probability at least 1 − exp(−n0.1) we have (1 ± 2γ′)dC · 1

2λ
∗n leaves x of

Fs embedded to NH(v)∩ Va, such that their neighbour and second neighbour are assigned to Vb
and Vc respectively by ξs. Similarly, by (Quasi 2) applied both after Stage C to AC

s and after
stage D− to AD−

s , the number of leaves of Fs anchored in Va in total is (1 ± γ′) · 2λ∗n and by
a similar application of McDiarmid’s inequality, with probability at least 1 − exp(−n0.1), the
number of these leaves whose neighbour is assigned by ξs to Vb and second neighbour to Vc is
(1± 2γ′) · 1

2λ
∗n. Taking the union bound over choices of a, b, c, s and v, with high probability

we have the 10γ′-anchor distribution property for each s ∈ J0.
Next, observe that for each a ∈ {�,�} by (Quasi 1) with S1 = S2 = T3 = ∅ and either

T1 = {s}, T2 = ∅ or vice versa, we have |Va\Us| = (1±γ′)· 12(δ−8λ∗)n, while
∣∣V (Fs)\As| = 8λ∗n.

Even if ξs assigned all these vertices to Va, by choice of ν we have that
∣∣Va\Us∣∣−∣∣{x ∈ V (Fs)\As :

ξs(x) = Va}
∣∣ ≥ νn. Furthermore, each path of Fs has five vertices, of which the middle three

are assigned uniformly at random to V� or V� by ξs. By the Chernoff bound and the union
bound over the at most n choices of s, in each Fs we have

∣∣ξ−1
s ({Va}) \ As

∣∣ ≥ λ∗n ≥ νn with
probability at least 1 − exp(−n0.1). Similarly, in each path of Fs, the two internal edges each
have probability at least 1

4 of being assigned by ξs to any of within V�, within V�, or between V�
and V�, and by McDiarmid’s inequality, the total number of internal edges of Fs assigned by ξs
to each of within V�, within V�, and between V� and V�, is at least 1

4λ
∗n ≥ νn with probability

at least 1− exp(−n0.1).
We claim that the random choice of the ξs gives the 3γ′-pair distribution property. To that end,

fix distinct vertices u ∈ Va and v ∈ Vb, where a, b ∈ {�,�} Suppose that we have uv ∈ E(HC),
and in particular by Lemma 33 we do not have {u, v} = {�i,�i} for any i. We want to know
the various wuv;s as s ranges over J0, as in Definition 41. Recall that there are three different
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possibilities for wuv;s > 0. If u, v 6∈ Us, then we claim it is likely that we have

wuv;s =
(1± γ′)2λ∗n

(1± γ′)2 1
4(δ + 8λ∗)2n2

= (1± 4γ′)
8λ∗

(δ + 8λ∗)2n
.

The denominator uses estimates on |Va \ Us| from (Quasi 1) as above. For the numerator we
observe that Fs has 4λ∗n internal edges (and so 8λ∗n pairs span an internal edge), each of which
has probability 1

4 of being assigned by ξs to respectively Va and Vb. The random choice of ξs
on each component of Fs affects the sum by at most 4. Hence by McDiarmid’s inequality, with
probability at least 1− exp(−n0.1) we obtain the numerator. It remains to estimate the number
of s ∈ J0 such that u, v 6∈ Us. By (Quasi 6), with S1 = {u, v} and S2 = T = ∅, we see that this
number is (1 ± γ′)(δ + 8λ∗)2|J0|. Thus the contribution to

∑
s∈J0 wuv;s from s falling into this

category is

(1± 4γ′)
8λ∗

(δ + 8λ∗)2n
· (1± γ′)(δ + 8λ∗)2|J0| = (1± 6γ′)

8λ∗|J0|
n

.

Next, if u ∈ As and v 6∈ Us, then we can have wuv;s > 0, and if we do, we have

wuv;s = 1
(1±γ′)(δ+8λ∗)n/2

by our estimate on |Va \ Us| from (Quasi 1). This occurs when the vertex x of Fs anchored to
u has neighbour y such that ξs(y) = Vb. There are two ways this can happen: either u ∈ AC

s ,
v 6∈ Us, and ξs(v) = Vb, or u ∈ AD−

s , v 6∈ Us, and ξs(v) = Vb. For the first of these, by (D-iv ) we
see that there are (1± 1000γA)|J0|2λ∗(δ + 8λ∗) choices of s for which u ∈ AC

s and v 6∈ Us, and
of these by Chernoff’s inequality with probability at least 1− exp(−n0.5) we see

(1± 2000γA)|J0|λ∗(δ + 8λ∗)

choices of s for which all three conditions hold. For the second, we use (Quasi 8) with the
setup after D− and Chernoff’s inequality to obtain the same bound. Putting these together, the
contribution to

∑
s∈J0 wuv;s from s falling into this category is

1
(1±γ′)(δ+8λ∗)n/2 · 2(1± 2000γA)|J0|λ∗(δ + 8λ∗) = (1± 2γ′)4λ∗|J0|

n .

Finally, we can have wuv;s > 0 if v ∈ As and u 6∈ Us. This is symmetric to the previous case,
and we obtain the same bounds. We conclude that∑

s∈J0

wuv;s = (1± 2γ′)
16λ∗|J0|

n
,

which is as required by Definition 41, since each Fs has 8λn edges, hence 16λn pairs (x, y) of
vertices such that xy ∈ E(Fs), of which by the random choice of the ξs and random anchor
distribution (1± γA)4λn pairs (x, y) have ξs(x) = Va and ξs(y) = Vb.

We define d′ab for a, b ∈ {�,�} as in Lemma 42 to be the densities of the graph obtained by
successfully packing all the path-forests Fs into HC according to ξs. We now aim to show that
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each of these quantities is
(1± γ′)

(
dC − 16λ∗|J0|

n2

)
,

and in particular all are at least ν. To that end, we claim that with high probability, for each
s ∈ J0, the number of edges uv ∈ Fs such that ξs(u), ξs(v) = V� is (1 ± 1000γA)|J0| · 2λ∗n.
The choice of ξs on different components of Fs is independent, and the effect of the choice on
any given component is to change this count by at most 4, so by McDiarmid’s inequality the
probability that the actual number of edges uv ∈ Fs such that ξs(u), ξs(v) = V� differs from its
expectation by n0.7 or more is at most exp(−n0.1). Now the probability that an edge of a path
P which is not adjacent to a leaf of P has both vertices assigned to V� is exactly 1

4 . If uv is
an edge of P such that u is a leaf vertex (so ξs(u) is fixed) then we have ξs(u), ξs(v) = V� with
probability either 1

2 (if ξs(u) = V�) or 0. By (Quasi 8), applied after Stage C to AC
s , we see

|As ∩ V�| = (1± 100γA)λ∗n+ λ∗n ,

and putting these together, the expected number of edges of Fs both of whose ends are assigned
to V� is (1±100γA) ·2λ∗n, from which the claim follows. By the same argument, the same bound
holds replacing V� with V�, and taking the union bound, with high probability both bounds hold
for each s ∈ J0. Hence

d′ab = (1± γ′)dD , where dD = dC − 8λ∗|J0|
(n2)

for each a, b ∈ {�,�} as required.
Suppose that the random choice of the ξs is such that all the above high probability events

hold. Then by Lemma 42, with input ν, 2LD, γ = 100γ′, when Algorithm 2 is executed, with
probability at least 1 − exp

(
− n0.2

)
we obtain for each s ∈ J0 an embedding φ′s of Fs into

HC

[
(V (H) \ Us) ∪ φs(As)

]
which extends φs, such that φ′s(x) ∈ ξs(x) for each x ∈ V (Fs), and

such that for each uv ∈ E(H) there is at most one s such that φ′s uses the edge uv. Suppose that
this likely event occurs; we will in addition list polynomially many further likely events, which
we presume all occur, and fix such an outcome.

We now define the setup after Stage D. We let HD be the graph H ′ returned by Lemma 42.
For sJ1 ∪ J2, we set φDs = φCs , with the same anchor and used sets and the same path-forests
to embed. For s ∈ J0, we let φDs be the union of φD−s and the above obtained φ′s (these overlap
on the set As, but they agree on these vertices). We let FD

s be the path-forest with paths
SpecShortPaths∗s, with anchor set AD

s the image under φDs of its leaves and UD
s = imD(s). We

let IDs = {i ∈ [bn/2c] : �i,�i ∈ AD
s }. We now argue that this is a (γD, LD, dD, dD)-quasirandom

setup, as required for Lemma 34.
For (Quasi 1), fix S1, S2, T1, T2, T3 as in Definition 28, each of size at most LD, with families

of sets (UD−
s )s∈J and (Js)s∈J0 , and let X = UHC

(S1, S2, T1, T2, T3). Then we have |X| ≥ νn,



THE TREE PACKING CONJECTURE FOR TREES OF ALMOST LINEAR MAXIMUM DEGREE 115

and so by (PP 5) it is likely that we have∣∣X∩UHD
(S1, S2, T1∩J0, T2∩J0)

∣∣ = (1±C ′γ′)
(
dD
dC

)|S1|+|S2| ∏
t∈T1

|V� \ UD
t |

|V� \ UD−
t |

∏
t∈T2

|V� \ UD
t |

|V� \ UD−
t |
|X| .

Plugging in the size |X| given by (Quasi 1) after stage D−, and observing that the above set
is precisely UHD

(S1, S2, T1, T2, T3) with families of sets (UD
s )s∈J and (Js)s∈J0 , this is what is

required for (LD, 2C
′γ′, dD, dD)-index-quasirandomness.

For (Quasi 2), observe that for J1 and J2 nothing has changed from after stage D−, while
for J0 the required equality holds even with zero error by construction. Similarly, for (Quasi 3)
nothing has changed from after stage D−. For (Quasi 4), it suffices by construction to estab-
lish (Quasi 5) as in stage D−.

For (Quasi 5), fix s ∈ J , a ∈ {�,�} and u ∈ V (HD) \ UD
s . By (Quasi 5) after stage D−,

writing Aas for the set of anchors v ∈ AD
s such that the path end not anchored to v is anchored

in Va, we have ∣∣{�i ∈ NHC
(u) ∩Aas}

∣∣ = (1± γ′)dC|Aas ∩ V�| and∣∣{�i ∈ NHC
(u) ∩Aas}

∣∣ = (1± γ′)dC|Aas ∩ V�| .

We define a weight function w on V (HC) by setting w(v) = 1 if v ∈ Aas , and otherwise w(v) = 0.
Note that

∑
v∈Vb w(v) is either equal to zero or at least νn by (Quasi 2) and by construction.

Thus by (PP 4), it is likely that we have∣∣{�i ∈ NHD
(u) ∩Aas}

∣∣ = (1± γ′)dC|Aas ∩ V�|(1± C ′γ′)dDdC and∣∣{�i ∈ NHD
(u) ∩Aas}

∣∣ = (1± γ′)dC|Aas ∩ V�|(1± C ′γ′)dDdC .

This is as required for (Quasi 5).
For (Quasi 6), fix S1, S2, T as in the statement, each of size at most LD. By (Quasi 6) after

stage D−, for each Q ⊆ S2 we have∣∣{s ∈ J0 : (S1 ∪Q) ∩ UD−
s = ∅, T ⊆ Js}

∣∣ = (1± γ′)|J0|(δ + 8λ∗)|S1|+|Q|(2λ∗)|T | ,

and by (PP 6), and bounds on |UD
s ∩V�| and |UD−

s ∩V�| from (Quasi 1), applied to each of these
sets (which all have size at least νn) it is likely that we have∣∣{s ∈ J0 : (S1 ∪Q) ∩ UD

s = ∅, T ⊆ Js}
∣∣

= (1± γ′)|J0|(δ + 8λ∗)|S1|+|Q|(2λ∗)|T |(1 + 2C ′γ′)
(
δ+2λ∗

δ+8λ∗

)|S1|+|Q|)
= |J0|(δ + 2λ∗)|S1|+|Q|(2λ∗)|T | ± 3C ′γ′n .

Now we can write the desired
∣∣{s ∈ J0 : S1 ∩ UD

s = ∅, S2 ⊆ UD
s , T ⊆ Js}

∣∣ by inclusion-exclusion
in terms of these sets, and we obtain∣∣{s ∈ J0 : S1∩UD

s = ∅, S2 ⊆ UD
s , T ⊆ Js}

∣∣ = |J0|(δ+2λ∗)|S1|(1−δ−2λ∗)|S2|(2λ∗)|T |±2LD+10C ′γ′n

which is as required for (Quasi 6).
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For (Quasi 7), observe that nothing has changed since after stage D−. The same holds
for (Quasi 8) for i = 1, 2. For J0, fix distinct u, v ∈ V (HD) such that for no j do we have
{u, v} = {�j ,�j}. Let X = {s ∈ J0 : u ∈ AD

s , v 6∈ UD−
s }. Note that AD

s = AD−
s . By (Quasi 8)

after Stage D−, we have |X| = (1± γ′)|J0| · 2λ∗(δ + 8λ). By (PP 6), and bounds on |UD
s ∩ V�|

and |UD−
s ∩ V�| from (Quasi 1) after stages D and D−, we have∣∣{s ∈ X : v 6∈ UD

s }
∣∣ = (1± 2C ′γ′) n−|UD

s |
n−|UD−

s |
· (1± γ′)|J0| · 2λ∗(δ + 8λ)

as required for (Quasi 8). �

12. Stage E (Proof of Lemma 36)

In this stage, we need to pack the paths SpecPaths∗s for s ∈ J2. Recall that each of these paths
has seven edges. For each s ∈ J2, the set SpecPathss contains exactly λn paths; in Stage C we
packed at most n0.6 of these paths to leave SpecPaths∗s. The goal of this section is to pack a
specified number of edges of these paths into each of V� and V�, and between the sides V� and
V�. Due to our choice λ � σ0, σ1, the density of the graph HE after this stage will be much
smaller than the density of HD. Thus we need to embed roughly half the edges of the paths⋃
s∈J2 SpecPaths

∗
s crossing between V� and V�, with the other roughly half about equally split

between sides. To begin with, we assign to each path a number of edges it should use within V�,
crossing between V� and V�, and within V�. Observe that a path with one anchor on each side
necessarily has an odd number of crossing edges, while a path with both anchors on the same
side has an even number of crossing edges.

We will use the following definition with X =
⋃
s∈J2 SpecPaths

∗
s, where our goal is to use

N1 edges within V�, to use N2 edges crossing between sides, and N3 within V�. The map m

identifies which paths are odd and which even, while the occupancy assignment ℵ(x) says how
many edges the path x needs to use in V�, crossing between sides, and in V� in that order.

Definition 56. Suppose that X is a finite set, and m : X → {odd, even} is a map. Then
we say that a triple (N1, N2, N3) of non-negative integers is a moderately balanced occupancy
requirement if

(a ) N1 +N2 +N3 = 7|X|,
(b ) 3|X| ≤ N2 ≤ 4|X| and N1, N3 ≥ |X|, and
(c ) the parity of N2 is the same as the parity of |m−1(odd)|.

Given a moderately balanced occupancy requirement (N1, N2, N3), we say that a map ℵ : X → Z3

is an occupancy assignment for (N1, N2, N3) if we have the following. For each x ∈ X it holds
that

(d ) for each x ∈ X, we have that ℵ(x)1 ≥ 1, ℵ(x)3 ≥ 1 and ℵ(x)2 ≥ 2,

(e ) for each x ∈ X, we have that
∑3

i=1 ℵ(x)i = 7,

(f ) for each x ∈ X, we have that ℵ(x)2 is odd if and only if m(x) = odd,
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(g ) for each i ∈ {1, 2, 3}, we have that Ni =
∑

x∈X ℵ(x)i.

We call vectors in the image of ℵ occupancy vectors.

To understand the definition of moderately balanced occupancy requirement, (a ) says that in
total we assign all 7|X| edges of the paths and (b ) that the desired assignment is not too far
from the quarter-half-quarter distribution mentioned above.

The first condition (d ) of an occupancy assignment is something we will need to help embed
paths later in this stage; the remaining conditions simply say that we assign all seven edges of
each path, that precisely the odd paths have an odd number of crossing edges assigned, and that
in total we assign the desired number of edges to each side and crossing. What an occupancy
assignment does not specify is which vertices of each path will be assigned to which side; we will
do that later in the stage.

The next easy lemma says that given a moderately balanced occupancy requirement, we can
find an occupancy assignment.

Lemma 57. Suppose that X is a finite set, and m : X → {odd, even} is a map, and (N1, N2, N3)

is a moderately balanced occupancy requirement for X and m. Then there exists an occupancy
assignment for (N1, N2, N3).

Proof. Let a set X = {x1, x2, . . . , xn}, a map m : X → {odd, even} and a moderately balanced
occupancy requirement be given. An occupancy assignment ℵ can be found by Algorithm 5.

Algorithm 5: Generating an occupancy assignment
Input : set X, map m : X → {odd, even} and m. b. o. requirement (N1, N2, N3)
Output: occupancy assignment ℵ : X → Z3

for k = 1, 2, . . . |X| do
ℵ(xk)1 = ℵ(xk)3 = 1 and ℵ(xk)2 = 2;

if m(xk) = odd
then ℵ(xk)2 = 3;

end
while

∑
k ℵ(xk)2 < N2 do

t = min{` ∈ [n] : ℵ(x`)2 ≤ ℵ(xk)2 for all k};
ℵ(xt)2 ← ℵ(xt)2 + 2;

end
while

∑
i,k ℵ(xk)i <

∑
iNi do

t = min{` ∈ [n] :
∑

i ℵ(x`)i < 7};
j = min{i ∈ [3] :

∑
` ℵ(x`)i < Ni};

ℵ(xt)j ← ℵ(xt)j + 1;
end

The for loop sets initial values for ℵ(xk)i for every k ∈ [n] and i ∈ [3]. Right at the end of
that loop the following holds: We have

∑
k ℵ(xk)1 = |X| ≤ N1,

∑
k ℵ(xk)3 = |X| ≤ N3 and∑

k ℵ(xk)2 ≤ 3|X|. By the If line, the parity of
∑

k ℵ(xk)2 is the same as the parity of |m−1(odd)|
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and hence, by (b ) and (c ), N2 −
∑

k ℵ(xk)2 ≥ 0 is even. Further, |ℵ(xk1)2 − ℵ(xk2)2| ≤ 2 for
every k1, k2 ∈ [n].

During the subsequent while loop, the value of
∑

k ℵ(xk)2 gets increased by 2 in each iteration,
hence forcing the loop to stop eventually with N2 =

∑
k ℵ(xk)2. By the choice of xt in each such

iteration, we also ensure that |ℵ(xk1)2 − ℵ(xk2)2| ≤ 2 is maintained for every k1, k2 ∈ [n]. In
particular, using N2 ≤ 4|X| from (b ), we know that ℵ(xk)2 ≤ 5 needs to hold for every k ∈ [n]

by the end of that while loop. Hence, at the end of this while loop, we have
∑

i ℵ(x`)i ≤ 7 for
every ` ∈ [n], and

∑
` ℵ(x`)i ≤ Ni for every i ∈ [3].

Afterwards, during the last loop, ℵ(xk)2 is not updated for any k ∈ [n]. However, as long
as
∑

i,k ℵ(xk)i <
∑

iNi holds, the following is done: We fix t = min{` ∈ [n] :
∑

i ℵ(x`)i < 7}
which must exist, since otherwise we would have

∑
i ℵ(x`)i ≥ 7 for every ` ∈ [n], which leads to∑

i,k ℵ(xk)i ≥ 7|X| =
∑

iNi, in contradiction to the condition for processing an iteration of the
while loop. We also fix j = min{i ∈ [3] :

∑
` ℵ(x`)i < Ni} whose existence is ensured analogously.

Then we update ℵ by increasing ℵ(xt)j by 1. Therefore, since
∑

i,k ℵ(xk)i is increased with every
iteration, the while loop and hence the whole algorithm must end eventually. Inductively, using
the choice of t and j, one verifies easily that throughout the while loop we always maintain∑

i ℵ(x`)i ≤ 7 for every ` ∈ [n], and
∑

` ℵ(x`)i ≤ Ni for every i ∈ [3]. Using all this, we will
show now that the output ℵ satisfies the Properties (d )-(g ).

Property (d ) already holds at the end of the for loop. Afterwards it is kept to be true, since
the values ℵ(xk)i never decrease throughout the algorithm.

Assume Property (e ) was wrong. Then, by the observations for the second while loop, there
would need to exists some ` ∈ [n] with

∑
i ℵ(x`)i < 7 while

∑
i ℵ(xk)i ≤ 7 for every k 6= `.

However, this would lead to
∑

i,k ℵ(xk)i < 7n =
∑

iNi by (a ), in contradiction to the while loop
having stopped. Property (g ) is proven analogously.

Finally, Property (f ) holds, since for every k ∈ [n], the initial value for ℵ(xk)2 in the for loop
is chosen such that it satisfies (f ), and since in the subsequent while loops we never change the
parity of ℵ(xk)2. �

The following lemma is the main work of this section. We check that the number of edges
we need to use in V�, crossing, and in V�, in order to obtain (18), gives us a moderately
balanced occupancy requirement, and then use Lemma 57 to find a corresponding occupancy
assignment ℵ. We then need to create a map ξ which assigns sides to the unembedded vertices
of
⋃
s∈J2 SpecPaths

∗
s in order that each path, when we embed all vertices to their assigned by ξ

sides, uses a number of edges within and between sides specified by ℵ.
What makes this more complicated is that we need also to ensure that the conditions of

Lemma 42, which we use to actually perform the embedding of
⋃
s∈J2 SpecPaths

∗
s, are met; this

means we need to use some randomness in constructing ξ. The following lemma states that ξ as
desired exists.
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For compactness, in this lemma and its proof, we write for each a ∈ {�,�} and s ∈ J2

E∗ :=
⋃
s∈J2

E(SpecPaths∗s) and

Xa
s :=

{
x ∈ SpecPaths∗s : ξ(x) = Va, x is not an endvertex of SpecPaths∗s

}
.

Lemma 58. There exists a map ξ :
⋃
s∈J2 V (SpecPaths∗s) → {V�, V�} with the following prop-

erties.

(i ) For each P ∈
⋃
s∈J2 SpecPaths

∗
s and each x ∈ {leftpath0(P ), rightpath0(P )} we have

φA(x) ∈ ξ(x).

(ii ) For each a ∈ {�,�} and s ∈ J2, we have
∣∣Xa

s

∣∣ ≥ 1
4λn.

(iii ) For each a, b ∈ {�,�} and s ∈ J2, we have∣∣{(x, y) : xy ∈ E(SpecPathss), x ∈ Xa
s , y ∈ Xb

s

}∣∣ ≥ 1
16λn .

(iv ) We have∑
xy∈E∗

1ξ(x),ξ(y)=V� = eHD
(V�)−

(
σ0λ

∗n2 + 2j�� + 3(j�� + j��)
)
,(70)

∑
xy∈E∗

1ξ(x),ξ(y)=V� = eHD
(V�)−

(
σ0λ

∗n2 + 2j�� + 3(j�� + j��)
)
,(71)

∑
xy∈E∗

1{ξ(x),ξ(y)}={V�,V�} = eHD
(V�, V�)−

(
σ0λ

∗n2 + 6(j�� + j��) + 5j��
)
.(72)

(v ) For every s ∈ J2, the pair
(
φD�endvertices of SpecPaths∗s

, ξ�inner vertices of SpecPaths∗s

)
has the

6γD-anchor distribution property with respect to the path-forest SpecPaths∗s, partition
(V�, V�) and the graph HD.

(vi ) The collection of path-forests (SpecPaths∗s)s∈J2 together with used sets (imD(s))s∈J2, an-
chorings (φD�endvertices of SpecPaths∗s

)s∈J2 and assignments (ξ�SpecPaths∗s )s∈J2 has the 20γD-
pair distribution property.

Proof. Let us write D��, D��, and D�� for the quantities on the right-hand sides of (70),
(71), and (72), respectively. Define a map m :

⋃
s∈J2 SpecPaths

∗
s → {odd, even} as follows. If

P ∈
⋃
s∈J2 SpecPaths

∗
s is such that φA(leftpath0(P )) and φA(rightpath0(P )) both belong to V�,

or both to V� then we set m(P ) := even. Otherwise, set m(P ) := odd.

Claim 58.1. The triple (D��, D��, D��) is a moderately balanced occupancy assignment for
the set

⋃
s∈J2 SpecPaths

∗
s and the map m.
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Proof of Claim 58.1. Let us first verify Definition 56(a ). By summing up the right-hand sides
of (70)-(72), we get

D�� +D�� +D�� = e(HD)− 3σ0λ
∗n2 − 11(j�� + j�� + j��)

= e(HD)− 3
∑
s∈J0

|SpecShortPathss| − 11
∑
s∈J1

|SpecPaths∗s| .
(73)

Recall that we plan to eventually use every edge of H for the packing (c.f. Section 6.2 and Defini-
tion 9(a )). Some edges of H were used prior to Stage E, 7

∑
s∈J2 |SpecPaths

∗
s| edges will be used

in Stage E, 11
∑

s∈J1 |SpecPaths
∗
s| edges will be used in Stage F and 3

∑
s∈J0 |SpecShortPathss|

edges will be used in Stage G. This gives

e(H) = (e(H)− e(HD))

+ 7
∑
s∈J2

|SpecPaths∗s|+ 3
∑
s∈J0

|SpecShortPathss|+ 11
∑
s∈J1

|SpecPaths∗s| .

Plugging this back to (73), we get

D�� +D�� +D�� = 7
∑
s∈J2

|SpecPaths∗s| ,

as was needed.
Next, we verify Definition 56(c ). Here we use the parity correction established in Stage B. We

first consider the edges and paths anchored in V� after Stage B. By (B.iii), we have degHB
(v) ≡

PathTerm(v) mod 2 for every v ∈ V (HB). Summing over v ∈ V�, we have∑
v∈V�

degHB
(v) ≡

∑
v∈V�

PathTerm(v) mod 2 .

Observe that on the left-hand side, every edge in V� is counted twice, and on the right hand side
every path with both terminals in V� is counted twice. Thus we see that the parity of the number
of edges in HB leaving V� is equal to the parity of the number of paths in

⋃
s∈J SpecPathss with

exactly one anchor in V�; we call these crossing paths. We claim that this property is maintained
in Stages C and D: that is, the parity of the number of edges in HD leaving V� is equal to the
parity of the number of unembedded crossing paths. More formally, we claim

(74) eHD

(
V�, V�

)
≡
∣∣ ⋃
s∈J0

SpecShortPathss
∣∣+ j�� +

∣∣m−1(odd)
∣∣ mod 2 .

To see that this is true, consider the embeddings in Stages C and D. In Stage C, we embed
some complete paths. When we embed a path with both anchors in V�, or both anchors not in
V�, we do not change the number of crossing paths, and we necessarily use an even number of
edges leaving V�, so that the parities of the two quantities remain the same. When we embed
a crossing path, the number of crossing paths drops by one and so the parity changes, but we
use an odd number of edges leaving V� and so that parity also changes to match. Thus after
Stage C, the parity of the number of edges going from V� to V (HB) \ V� is equal to the parity
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of the number of unembedded crossing paths. Note that after Stage C, there are no edges of HC

at � (if it exists) and nor are any unembedded paths anchored there. Thus we can ignore �,
and we get that the parity of eHC

(
V�, V�

)
is equal to the parity of the number of unembedded

crossing paths, i.e. the number of paths in
⋃
s∈J SpecPaths∗s with exactly one anchor in V�. This

last number is equal to the number of paths in
⋃
s∈J0 SpecPaths

∗
s with exactly one anchor in V�,

plus j�� + |m−1(odd)| (which account for the paths belonging to J1 ∪ J2).
In Stage D, we embed parts of the paths

⋃
s∈J0 SpecPaths

∗
s. Consider some P ∈ SpecPaths∗s.

Each of the two pieces of P that we embed starts at an anchor of P and terminates at an
anchor of the corresponding path P ′ in SpecShortPathss. Note that P ′ is a crossing path by
construction. If both anchors of P are in V�, or both are in V�, then when we embed the two
pieces of P we use in total an odd number of edges leaving V� (we use an even number in one
piece and an odd number in the other) and increase the number of crossing paths by one; if
P is a crossing path, then we embed in total an even number of edges leaving V� (either both
pieces use an even number of edges, or both pieces use an odd number of edges, leaving V�)
and the number of crossing paths does not change. This, with the observation that all paths in⋃
s∈J0 SpecShortPathss are crossing, gives (74).
Recalling that D�� is the right-hand side of (72) and hence

D�� ≡ eHD
(V�, V�)− σ0λ

∗n2 − j�� mod 2 .

Since
∣∣⋃

s∈J0 SpecShortPathss
∣∣ = σ0λ

∗n2, we see from (74) that D�� ≡ |m−1(odd)| mod 2 as
desired.

Last, we verify Definition 56(b ). By Lemma 29, we have d
(
HD[V�]

)
= (1± 2γD)dD. Thus we

have

D�� = eHD
(V�)−

(
σ0λ

∗n2 + 2j�� + 3(j�� + j��)
)

by choice of σ1 = eHD
(V�)± 2σ0λ

∗n2

=
(
1± 2γD

)
dD

(
|V�|

2

)
± 2σ0λ

∗n2

= dD ·
n2

8
± 3σ0λ

∗n2 (17)
= 14λ2 · n

2

8
± 4σ0λn

2 .

Similarly, we obtain D�� = 14λ2 · n2

8 ± 4σ0λn
2, and D�� = 28λ2 · n2

8 ± 4σ0λn
2. Definition 56(b )

follows then from (1). �

Having verified that we have a moderately balanced occupancy requirement, Lemma 57 can
give an occupancy assignment. However, we cannot directly use the output of Lemma 57 to
decide the number of edges that each path of

⋃
s∈J2 SpecPaths

∗
s will embed to each side and

crossing: this output could be imbalanced between the different s ∈ J2 and lead to failure of (v )
or (vi ). We put in an extra step and randomisation to deal with this as follows.
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We split
⋃
s∈J2 SpecPaths

∗
s into three sets Q��, Q�,�, and Q��,

Q�� :=

P ∈ ⋃
s∈J2

SpecPaths∗s : φA(leftpath0(P )), φA(rightpath0(P )) ∈ V�


Q�� :=

P ∈ ⋃
s∈J2

SpecPaths∗s : φA(leftpath0(P )), φA(rightpath0(P )) ∈ V�

 ,

Q�,� :=
⋃
s∈J2

SpecPaths∗s \ (Q�� ∪Q��) .

We define auxiliary sets X = X��∪̇X��∪̇X��, where the sizes of X��, X��, and X�� are
|Q��|, |Q��|, and |Q��|, respectively. These sets exist simply to have an occupancy assignment
defined on them, which we can transfer to the Q�� and so on by choosing random bijections.

We apply Lemma 57 with the set X, the map m which maps X�� ∪X�� to even and X�,�
to odd, and the tuple (D��, D��, D��). Let ℵ be the occupancy assignment we obtain.

We pick a uniform random (and independent of ℵ) partition of X into sets XO and XN. Let
π�� : Q�� → X��, π�� : Q�� → X��, and π�� : Q�� → X�� be independent uniformly
random bijections. We write π :

⋃
s∈J2 SpecPaths

∗
s → X for the union of these three bijections.

We can now define ξ on each set V (P ), P ∈ SpecPaths∗s, s ∈ J2 as follows. Let P = x1x2 · · ·x8,
where in case P ∈ Q�� ∪ Q�� we take x1 = leftpath0(P ) and in case P ∈ Q�� we take the
orientation of P such that φA(x1) ∈ V�. If π(P ) ∈ X�� ∩XO then we define ξ�V (P ) according
to Table 2, whereas if π(P ) ∈ X�� ∩XN, we define ξ�V (P ) according to Table 3.

Table 2. Defining ξ�V (P ) when π(P ) ∈ X�� ∩XO.

value of ℵ(π��(P )) the map ξ on V (P ) left pattern right pattern
(1, 2, 4) x1, x2, x8 7→ V�, x3, x4, . . . , x7 7→ V� (�,�,�) (�,�,�)
(1, 4, 2) x1, x2, x4, x8 7→ V�, x3, x5, x6, x7 7→ V� (�,�,�) (�,�,�)
(2, 2, 3) x1, x2, x3, x8 7→ V�, x4, x5, x6, x7 7→ V� (�,�,�) (�,�,�)
(2, 4, 1) x1, x2, x3, x5, x8 7→ V�, x4, x6, x7 7→ V� (�,�,�) (�,�,�)
(3, 2, 2) x1, x2, x3, x4, x8 7→ V�, x5, x6, x7 7→ V� (�,�,�) (�,�,�)
(4, 2, 1) x1, x2, . . . , x5, x8 7→ V�, x6, x7 7→ V� (�,�,�) (�,�,�)

Table 3. Defining ξ�V (P ) when π(P ) ∈ X�� ∩ XN. Note that the table is the
same as Table 2 if the paths are followed in the reversed direction.

value of ℵ(π��(P )) the map ξ on V (P ) left pattern right pattern
(1, 2, 4) x1, x7, x8 7→ V�, x2, x3, . . . , x6 7→ V� (�,�,�) (�,�,�)
(1, 4, 2) x1, x5, x7, x8 7→ V�, x2, x3, x4, x6, 7→ V� (�,�,�) (�,�,�)
(2, 2, 3) x1, x6, x7, x8 7→ V�, x2, x3, x4, x5, 7→ V� (�,�,�) (�,�,�)
(2, 4, 1) x1, x4, x6, x7, x8 7→ V�, x2, x3, x5, 7→ V� (�,�,�) (�,�,�)
(3, 2, 2) x1, x5, x6, x7, x8 7→ V�, x2, x3, x4 7→ V� (�,�,�) (�,�,�)
(4, 2, 1) x1, x4, . . . , x8 7→ V�, x2, x3 7→ V� (�,�,�) (�,�,�)
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The point of Tables 2 and 3 is that they satisfy requirement (i ) of the Lemma, and the number
of edges of P that are mapped into V�, between V� and V�, and into V�, are ℵ(π��(P ))1,
ℵ(π��(P ))2, and ℵ(π��(P ))3, respectively. Let us now explain the ‘left pattern’ and the ‘right
pattern’ columns in Tables 2 and 3. The left pattern is the sequence which says where the three
left-most vertices of P are mapped. The right pattern is the sequence which says where the three
right-most vertices of P are mapped (starting with x8).

By symmetry, there is a similar assignment ξ�V (P ) if π(P ) ∈ X��∩XO and π(P ) ∈ X��∩XN,
which for completeness we give in Table 4 and Table 5, respectively.

Table 4. Defining ξ�V (P ) when π(P ) ∈ X�� ∩XO.

value of ℵ(π��(P )) the map ξ on V (P ) left pattern right pattern
(4, 2, 1) x1, x2, x8 7→ V�, x3, x4, . . . , x7 7→ V� (�,�,�) (�,�,�)
(2, 4, 1) x1, x2, x4, x8 7→ V�, x3, x5, x6, x7 7→ V� (�,�,�) (�,�,�)
(3, 2, 2) x1, x2, x3, x8 7→ V�, x4, x5, x6, x7 7→ V� (�,�,�) (�,�,�)
(1, 4, 2) x1, x2, x3, x5, x8 7→ V�, x4, x6, x7 7→ V� (�,�,�) (�,�,�)
(2, 2, 3) x1, x2, x3, x4, x8 7→ V�, x5, x6, x7 7→ V� (�,�,�) (�,�,�)
(1, 2, 4) x1, x2, . . . , x5, x8 7→ V�, x6, x7 7→ V� (�,�,�) (�,�,�)

Table 5. Defining ξ�V (P ) when π(P ) ∈ X�� ∩ XN. Similarly as with Tables 2
and 3, the paths in this table are reversed copies from Table 4.

value of ℵ(π��(P )) the map ξ on V (P ) left pattern right pattern
(4, 2, 1) x1, x7, x8 7→ V�, x2, x3, . . . , x6 7→ V� (�,�,�) (�,�,�)
(2, 4, 1) x1, x5, x7, x8 7→ V�, x3, x3, x4, x6, x7 7→ V� (�,�,�) (�,�,�)
(3, 2, 2) x1, x6, x7, x8 7→ V�, x2, x3, x4, x5 7→ V� (�,�,�) (�,�,�)
(1, 4, 2) x1, x4, x6, x7, x8 7→ V�, x2, x3, x5, 7→ V� (�,�,�) (�,�,�)
(2, 2, 3) x1, x5, x6, x7, x8 7→ V�, x2, x3, x4 7→ V� (�,�,�) (�,�,�)
(1, 2, 4) x1, x4, . . . , x8 7→ V�, x2, x3 7→ V� (�,�,�) (�,�,�)

Next, we define ξ�V (P ) in case when P ∈ Q��. To this end we use Tables 6 and 7.

Table 6. Defining ξ�V (P ) when π(P ) ∈ X�� ∩XO.

value of ℵ(π��(P )) the map ξ on V (P ) left pattern right pattern
(1, 3, 3) x1, x2, x4 7→ V�, x3, x5, x6, x7, x8 7→ V� (�,�,�) (�,�,�)
(1, 5, 1) x1, x2, x4, x6 7→ V�, x3, x5, x7, x8 7→ V� (�,�,�) (�,�,�)
(2, 3, 2) x1, x2, x3, x5 7→ V�, x4, x6, x7, x8 7→ V� (�,�,�) (�,�,�)
(3, 3, 1) x1, . . . , x4, x6 7→ V�, x5, x7, x8 7→ V� (�,�,�) (�,�,�)

Again, it is obvious that Tables 6 and 7 obey requirement (i ) of the Lemma, and the number
of edges of P that are mapped into V�, between V� and V�, and into V�, are ℵ(π��(P ))1,
ℵ(π��(P ))2, and ℵ(π��(P ))3, respectively. Thus requirement (iv ) is inherited from Defini-
tion 56(g ).
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Table 7. Defining ξ�V (P ) when π(P ) ∈ X�� ∩XN.

value of ℵ(π��(P )) the map ξ on V (P ) left pattern right pattern
(1, 3, 3) x1, x6, x7 7→ V�, x2, . . . , x5, x8 7→ V� (�,�,�) (�,�,�)
(1, 5, 1) x1, x4, x6, x7 7→ V�, x2, x3, x5, x8 7→ V� (�,�,�) (�,�,�)
(2, 3, 2) x1, x5, x6, x7 7→ V�, x2, x3, x4, x8 7→ V� (�,�,�) (�,�,�)
(3, 3, 1) x1, x4, . . . , x7 7→ V�, x2, x3, x8 7→ V� (�,�,�) (�,�,�)

By inspecting Tables 2 and 3, we observe that in all entries one of x2 and x7 is allocated to
V�, and the other is allocated to V�. Thus each path of Q��∩SpecPaths∗s contributes one vertex
to Xa

s for each a ∈ {�,�}. Since by (Quasi 2) we have∣∣Q�� ∩ SpecPaths∗s
∣∣ = (1± γD)1

4 · 2(λn± n0.6) ≥ 1
4λn

we conclude (ii ).
Finally, inspecting Table 7, we see that in all entries in this table the edge x6x7 is assigned

to V�, and x2x3 is assigned to V�, and (since at least three edges are assigned between V�

and V�) there is an edge other than x1x2 and x7x8 which is assigned between V� and V�.
Thus each path P of SpecPaths∗s which is in Q�� and has π(P ) = XN contributes one pair to
each of the three sets considered in (iii ) (observe that the case a = �, b = � is identical to
a = �, b = � by symmetry). As above, by (Quasi 2) we have

∣∣Q��∩SpecPaths∗s∣∣ ≥ 1
4λn, and by

Chernoff’s inequality of these paths P , with probability at least 1 − exp(−n0.5), at least 1
16λn

have π(P ) ∈ XN. We conclude (iii ).

What remains is to check (v ) and (vi ). To this end, we use that π��, π�� and π�� are
random, and that we split randomly X = XO ∪XN.

Let us first focus on proving (v ), which is the following claim.

Claim 58.2. With high probability for every s ∈ J2, the pair(
φD�endvertices of

⋃
s∈J2

SpecPaths∗s
, ξ�inner vertices of SpecPaths∗s

)
has the 6γD-anchor distribution property with respect to the path-forest SpecPaths∗s, partition
(V�, V�) and the graph HD.

Proof. We fix s ∈ J2, and aim to prove the 6γD-anchor distribution property holds for SpecPaths∗s
with sufficiently high probability to take a union bound over the at most n choices of s.

As in Definition 39, given a, b, c ∈ {�,�} let Aa,b,c denote the collection of those endvertices x
of paths SpecPaths∗s such that φD(x) ∈ Va, and such that the neighbour y of x satisfies ξ(y) = Vb,
and the next vertex z satisfies ξ(z) = Vc. For each v ∈ Vb \ imD(s) we claim that with probability
at least 1− exp(−n0.4) we have

(75)
∣∣{x ∈ Aa,b,c : φA(x) ∈ NHD

(v)
}∣∣ = (1± 3γD)dD|Aa,b,c| ± γDn0.99 .

Note that in this setting all the densities in Definition 39 are (1± 2γD)dD by the fact that from
Lemma 34 we have a (γD, LD, dD, dD)-quasirandom setup, and using Lemma 29 with (Quasi 1),
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so that establishing (75) for each pattern a, b, c and v ∈ V (HD) gives the required 6γD-anchor
distribution property. To simplify notation, we suppose a = �; the other case is symmetric.

Observe that |A�,b,c| is the total number of left and right patterns (as in Tables 2–7) whose
consecutive values are �, b, and c which are assigned to paths of SpecPaths∗s by ξ. This can
be either a left or a right pattern of a path from Q��, or a left pattern of a path from Q��.
We split up A�,b,c into sets Ap�,b,c, where p ∈ {�,�}, and a vertex x of Ap,q�,b,c is in a path of
SpecPaths∗s whose endvertex not anchored to x is anchored in Vp.

We reveal the partition of X = XO∪XN. Whatever this partition turns out to be, it together
with ℵ determine the total number N� of left and right patterns of paths in Q�� which are
�, b, c, and also the total number N� of left patterns of paths in Q�� which are �, b, c. When
we reveal π��, since each corresponding path has two ends in V�, the size

∣∣A��,b,c∣∣ follows the
hypergeometric distribution with parameters

(
2
∣∣Q��∣∣, N�, 2∣∣Q�� ∩ SpecPaths∗s

∣∣). (Recall this
is the random experiment of choosing, from a set of size 2

∣∣Q��∣∣ of which N� are marked, a
subset uniformly at random of size 2

∣∣Q�� ∩ SpecPaths∗s
∣∣) and seeing how many are marked.)

Similarly, the size
∣∣A��,b,c ∩ NHD

(v)
∣∣ follows the hypergeometric distribution with parameters(

2
∣∣Q��∣∣, N�, Av,�), where Av,q is the number of vertices in Vq ∩NHD

which are anchors of paths
in Q�� ∩ SpecPaths∗s. By Fact 23, with probability at least 1− exp(−

√
n) we get∣∣A��,b,c∣∣ =

N� · 2
∣∣Q�� ∩ SpecPaths∗s

∣∣
2
∣∣Q��∣∣ ± n0.9 and

∣∣A��,b,c ∩ NHD
(v)
∣∣ =

N� ·Av,�
2
∣∣Q��∣∣ ± n0.9 .

By similar logic, recalling that paths of Q�� have only one end anchored in V�, we get∣∣A��,b,c∣∣ =
N� ·

∣∣Q�� ∩ SpecPaths∗s
∣∣∣∣Q��∣∣ ± n0.9 and

∣∣A��,b,c ∩ NHD
(v)
∣∣ =

N� ·Av,�∣∣Q��∣∣ ± n0.9 .

Suppose that all four of these equalities hold. By (Quasi 5) (specifically (12) or (13), depending
on whether v ∈ V� or V�), we have Av,� = (1 ± γD)dD · 2

∣∣Q�� ∩ SpecPaths∗s
∣∣, and similarly

Av,� = (1± γD)dD ·
∣∣Q�� ∩ SpecPaths∗s

∣∣. Substituting these into the above equations, we get∣∣A��,b,c ∩ NHD
(v)
∣∣ = (1± γD)dD

∣∣A��,b,c∣∣± n0.95

and
∣∣A��,b,c ∩ NHD

(v)
∣∣ = (1± γD)dD

∣∣A��,b,c∣∣± n0.95 .

Summing these equations, since A�,b,c = A��,b,c∪̇A��,b,c, we obtain the desired (75). Taking the
union bound over the four equalities and the choices of a, b, c, v we see that it holds for all these
choices with probability at least 1 − exp(−n0.4) as required. Finally the union bound over the
choices of s completes the proof of the claim. �

Last, we shall prove that with high probability the map ξ has the 20γD-pair distribution
property.

Recall that graphs (Gs)s∈J2 were (partially) packed in Stage A and Stage C. For such an
s ∈ J2, after Stage A, each Gs had (δ + 6λ)n unembedded vertices (c.f. (8)). In Stage C,
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between 0 and 6n0.6 additional vertices of Gs were embedded. Hence,

(76) |V (Gs) \ imD(s)| = (δ + 6λ)n± 6n0.6 .

Similarly, the number of endvertices of paths in SpecPaths∗s is

(77) 2|SpecPaths∗s| = 2λn± 2n0.6 .

Recall that E∗ :=
⋃
s∈J2 E(SpecPaths∗s), and let E∗∗ ⊆ E∗ be the edges that do not contain

endvertices (i.e. the 5 edges in the middle of each path). We refer to the edges of E∗∗ as internal
and those of E∗ \ E∗∗ as peripheral. For a, b ∈ {�,�} let

(78) fab :=
∑

(x,y):xy∈E∗∗
1ξ(x)=Va,ξ(y)=Vb ,

where, as in Definition 41 of the pair distribution property, an edge xy with ξ(x) = ξ(y) counts
twice in this sum, once as (x, y) and once as (y, x). The same applies to future similar sums in
this section. For s ∈ J2, let

(79) fab,s :=
∑

(x,y):xy∈E∗∗∩E(SpecPaths∗s)

1ξ(x)=Va,ξ(y)=Vb .

We define B�� := 2D��, and B�� := 2D��, and B��, B�� := D��. Thus Bab is the number
of edges in total, counted with multiplicity as in the above sums, that we want to embed in this
stage with one end in Va and the other in Vb. Recall that the Dab form a moderately balanced
occupancy requirement, and in particular we conclude

(80) Bab ≥ 7
4λn|J2| = 7

4λ(λ− σ0 − σ1)n2 .

We now prove the following claim.

Claim 58.3. For s ∈ J2, with probability at least 1− 2 exp(−3
√
n) we have for a, b ∈ {�,�}

fab,s = (1± 5γD)

(
Bab

(λ− σ0 − σ1)n
− λn

)
.

Proof of Claim 58.3. For a, b ∈ {�,�}, we define Bab,s as the total number of pairs (x, y),
xy ∈ E(SpecPaths∗s) with ξ(x) = a and ξ(y) = b. We claim that with probability 1− exp(−

√
n),

for every s ∈ J2 we have

(81) Bab,s = (1± 2γD)
Bab

(λ− σ0 − σ1)n
≥ 3

2λn .

The inequality in (81) is an immediate consequence of (80) and choice of γD, so the difficulty is
to prove the equality. To prove the equality in (81), fix a, b ∈ {�,�} and s ∈ J2 and let v be
in the range of ℵ. By definition for each c, d ∈ {�,�} there are ℵ−1(v) ∩Xcd elements of Xcd

which are assigned v. The number of these elements which are in πcd
(
SpecPaths∗s ∩Qcd

)
follows

the hypergeometric distribution with parameters(
|Xcd| , |SpecPaths∗s ∩Qcd| , |Xcd ∩ ℵ−1(v)|

)
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and by Fact 23, with probability at least 1− exp(−n0.6) we have

(82)
∣∣ℵ−1(v) ∩Xcd ∩ πcd

(
SpecPaths∗s ∩Qcd

)∣∣ =
|SpecPaths∗s ∩Qcd||Xcd ∩ ℵ−1(v)|

|Xcd|
± n0.9 .

Suppose that (82) holds for each choice of v and of c, d, s; there are at most 100n such choices
in total, so that this occurs with probability at least 1− exp(−

√
n).

Suppose for a moment that a = b = �. Consider the following weighted sum of (82) (and
note that the intersection with Xcd is redundant since πcd

(
SpecPaths∗s ∩Qcd

)
⊆ Xcd). We have

(83)
∑
v

2v1 ·
∣∣ℵ−1(v) ∩ πcd

(
SpecPaths∗s ∩Qcd

)∣∣ =
∑
v

2v1 · |SpecPaths
∗
s∩Qcd||Xcd∩ℵ−1(v)|
|Xcd| ± n0.91

The left hand side of this equality is precisely the contribution to Bab,s made by paths in Qcd,
while on the right hand side,

∑
v 2v1|Xcd ∩ ℵ−1(v)| is the contribution to Bab made by paths in

Qcd. By (Quasi 2), if c = d then we have

|SpecPaths∗s ∩Qcd| = (1± γD)1
4 |SpecPaths

∗
s|

(77)
= (1± γD)1

4

(
λn± n0.6

)
and |Qcd| = |J2|14

(
λn± n0.6

)
. If c 6= d, we replace the fraction 1

4 by 1
2 . In either case, we have

|SpecPaths∗s ∩Qcd|
|Qcd|

=
1± 3

2γD

|J2|
.

Plugging these observations in, and summing (83) over choices of c and d, we get

Bab,s = (1± 3
2γD)

Bab
|J2|
± n0.95

from which (81) follows since |J2| = (λ−σ0−σ1)n. To deal with the case a = b = �, we use the
same argument but replace 2v1 with 2v3 throughout; to deal with {a, b} = {�,�} we replace
2v1 with v2.

The difference between Bab,s and the required fab,s is precisely that peripheral edges count
towards the former, but not the latter.

Let us look first at f��,s. Here, peripheral edges count twice towards B��,s (once for each
orientation) and they are necessarily peripheral edges of paths either in Q�� ∩ SpecPaths∗s, or
in in Q�� ∩ SpecPaths∗s. The former is easy to deal with: by (Quasi 2) and (77) we have∣∣Q�� ∩ SpecPaths∗s

∣∣ = 1
4(1 ± γD)(λn ± n0.6

)
, and consulting Tables 2 and 3 we see that in all

cases, in each such path, exactly one of the two peripheral edges is assigned by ξ within V�.
Thus the peripheral edge contribution from these paths to B��,s is 1

2(1 ± γD)(λn ± n0.6
)
. For

a path P ∈ Q��, on the other hand, only one of the two peripheral edges can possibly lie in
V�. From Tables 6 and 7, we see that whether it does so depends on whether π��(P ) is in XN

or XO. These two cases are equally likely and chosen independently for all paths in Q��. We
have by (Quasi 2) and (77) that

∣∣Q�� ∩ SpecPaths∗s∣∣ = 1
2(1± γD)(λn± n0.6), so by the Chernoff

bound, with probability at least 1 − exp(−
√
n) the contribution from these paths to B��,s is
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1
2(1± γD)(λn± n0.6)± n0.9. Putting this together, we have

f��,s = B��,s − (1± γD)(λn± n0.6)± n0.9

(81)
= (1± 5γD)

( B��
(λ− σ0 − σ1)n

− λn
)
.

This proves the Claim for f��,s. The same argument, replacing �� with �� and looking at
Tables 4 and 5, proves the Claim for f��,s.

What remains is to prove the Claim for f��,s = f��,s. Note that peripheral edges count only
once towards B��,s. By exactly the same argument as above, the number of peripheral edges
from paths of Q��∩SpecPaths∗s which contribute to B��,s is 1

4(1±γD)(λn±n0.6
)
, and we obtain

the same bound for paths of Q�� ∩ SpecPaths∗s. For paths P of Q�� ∩ SpecPaths∗s, of which
there are as above 1

2(1± γD)(λn± n0.6), from Tables 6 and 7 we see that either both or neither
peripheral edges contribute to B��,s, according to whether π��(P ) is in XN or XO. Much as
above, we see that with probability at least 1− exp(−

√
n) the contribution from these paths to

B��,s is 1
2(1± γD)(λn± n0.6)± 2n0.9, and summing we get

f��,s = B��,s − (1± γD)(λn± n0.6)± 2n0.9

(81)
= (1± 5γD)

( B��
(λ− σ0 − σ1)n

− λn
)
,

as required. �

As in Definition 41 suppose that we are given a, b ∈ {�,�} and an edge uv ∈ E(HD), with
u ∈ Va and v ∈ Vb, we claim that with probability at least 1− 3 exp(−

√
n) we have that

(84)
∑
s∈J2

wuv;s = (1± 3γD)

∑
xy∈E∗ 1ξ(x)=Va,ξ(y)=Vb

|Va||Vb|
± 3γDn

−0.01 ,

where the quantity wuv;s is as defined in Definition 41. Assuming we have this, then by the
union bound over all possible edges uv ∈ E(HD) we obtain that with high probability, ξ has
the 5γD-pair distribution property. So we need to prove (84) holds with the claimed probability.
We split the sum into the contribution coming from (23b) and (23c) (i.e. respectively u or v
is an anchor of some path in SpecPaths∗s, and the other is not in imφDs ) and that from (23a)
(u, v 6∈ imφDs ). These cases are not exhaustive, but for s ∈ J2 where none of the three cases
occurs, we have wuv;s = 0.

We first deal with the case (23a). The numerator of wuv;s in this case (23a) counts (with
multiplicity) the number of pairs which are internal edges of SpecPaths∗s with one end assigned
in Va and the other in Vb, in other words it is fab,s. The denominator is by (Quasi 1) (with
S1 = S2 = T3 = ∅ and one of T1 and T2 being {s} and the other ∅) and (76) equal to (1 ±
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γD)2 1
4

(
(δ + 6λ)n± n0.6

)2, and therefore

wuv;s =
fab,s

(1± γD)2 1
4

(
(δ + 6λ)n± n0.6

)2 Claim 58.3
=

(1± 5γD)
(

Bab
(λ−σ0−σ1)n − λn

)
(1± γD)2 1

4

(
(δ + 6λ)n± n0.6

)2
= 4(1± 8γD)

Bab − λ(λ− σ0 − σ1)n2

(δ + 6λ)2(λ− σ0 − σ1)n3
.

Thus we simply need to know the number of s ∈ J2 such that u, v 6∈ imφD
s . By (Quasi 6) (with

S1 = {u, v} and S2 = ∅) this number is

(1± γD)|J2|
(
δ + 6λ± n−0.4

)2
= (1± 2γD)(λ− σ0 − σ1)n(δ + 6λ)2 ,

and so we get

(85)
∑
s∈J2

u,v 6∈imφDs

wuv;s = 4(1 + 11γD)
(
Bab − λ(λ− σ0 − σ1)n2

)
n−2 .

We now deal with the case (23b). The denominator of (23b) is (1±2γD)1
2(δ+6λ)n by (Quasi 1)

as above, so we have
wuv;s = 2(1± 3γD)(δ + 6λ)−1n−1 .

As before, what we need to do is estimate the number of s ∈ J2 such that u = φDs (x) is an anchor
of some path in SpecPaths∗s whose first two vertices are xy, and v 6∈ imφDs , and ξ(y) = Vb. To
do this, first we define

Suv := {s ∈ J2 : φ−1
s (u) ∈ endvertices of SpecPaths∗s, v 6∈ imφDs } .

What we want, then, is to estimate the number of s ∈ Suv such that ξ(y) = Vb, where y
is the neighbour of

(
φD
)−1

(u) in SpecPaths∗s. To begin with, substituting (76), (77) and (3)
into (Quasi 8), we have

|Suv| = (1± γD)|J2| ·
(2λn± 2n0.6)((δ + 6λ)n± 6n0.6)

n2

= (1± 2γD) · 2λ(δ + 6λ)(λ− σ0 − σ1)n .

Now, let s ∈ Suv be arbitrary. Let x ∈ V (Gs) be the anchor that is mapped on u, and let y
be its neighbour in the path P ∈ SpecPaths∗s containing x. Whatever ℵ

(
π(P )

)
is, observe from

Tables 2–7 that ξ(y) = Vb is true for exactly one of π(P ) ∈ XN and π(P ) ∈ XO. In other
words, when the random map π is fixed, the event ξ(y) = Vb holds with probability 1

2 , and these
events are independent for the various s ∈ Suv. Thus with probability at least 1 − exp(−

√
n)

the number of indices s ∈ J2 counted in (23b) is 1
2 |Sb| ± n0.9. Under this assumption, we get∑

s∈J2:(23b) applies

wuv;s = (1
2 |Suv| ± n

0.9) · 2(1± 3γD)(δ + 6λ)−1n−1(86)

= (1± 6γD) · 2λ(λ− σ0 − σ1) ,(87)
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and similarly we obtain that with probability at least 1− exp(−
√
n),∑

s∈J2:(23c) applies

wuv;s = (1± 6γD) · 2λ(λ− σ0 − σ1) .(88)

Summing up (85), (86) and (88), we see that∑
s∈J2

wuv;s = 4(1± 20γD)
Bab
n2

.

Taking the union bound over the various choices, we see that this holds for all u and v, giving
the desired 20γD-pair distribution property. �

By combining Lemma 58 with Lemma 42 we can prove Lemma 36. This proof is broadly
similar to the proof for Stage D, Lemma 34.

Proof of Lemma 36. We set ν = 1
10002−4LEδ4LE(λ)4LE . Let C ′ be such that 1

20(LD+2) · 2
−10LEC ′

is returned by Lemma 42 for input ν and LD. Note that C ′γD ≤ γE. Let H = HD, which has
2bn2 c vertices. From Lemma 58 we obtain a map ξ.

We now translate our setting into the setup for Lemma 42 with ν and L = LD, and with
γ = 20(LD + 2)γD. We let H = HD with the partition V�∪̇V�. Temporarily abusing notation,
let s∗ := |J2| ≥ νn and suppose J2 = [s∗]. Given s ∈ J2 we obtain a path-forest Fs = SpecPaths∗s,
whose leaves As are anchored by the embedding φs := φDs

∣∣
As
, with used set Us := imφDs . Recall

that each path in Fs has eight vertices, which is less than LD. The required assignment of sides
is provided by ξs defined by the restriction of ξ (as defined in Lemma 58) to SpecPaths∗s. We let
Us = imD(s).

We next verify the conditions of Lemma 42. Recall that by (Quasi 1) the graph HD with
partition (V�, V�) is (γD, LD)-index-quasirandom with respect to

(
imD(s)

)
s∈J and

(
Is
)
s∈J0 ,

with with Is := {i ∈ [n2 ] : �i,�i ∈ As}. By Lemma 29, we conclude thatHD is ((LD+2)γD, LD)-
block-quasirandom and ((LD + 2)γD, LD)-block-diet with respect to each set Us for s ∈ J2. By
choice of γ we have γ ≥ (LD + 2)γD.

By Lemma 58(v ), for each s ∈ J2 the forest Fs with anchors φDs |As has the 6γD-anchor
distribution property with respect to HD, and by Lemma 58(vi ) the collection of forests with
anchors and assignment ξ has the 20γD-pair distribution property. By choice of γ, in particular
we have the γ-anchor distribution and γ-pair distribution properties. Furthermore, (ii ) gives us
|ξ−1
s ({Va}) \As| ≥ 1

4λn ≥ νn for each a ∈ {�,�} and s ∈ J2, and (iii ) gives us∣∣{(x, y) ∈ E(Fs) : x ∈ ξ−1
s ({Va}) \As, y ∈ ξ−1

s ({Vb}) \As
}∣∣ ≥ 1

16λn ≥ νn

for each a, b ∈ {�,�} and s ∈ J2.
For each s ∈ J2, by (Quasi 1) we have, for each a ∈ {�,�}, |Va \Us| = (1±γD) · 12

(
n−|Us|

)
≥

1
4δn + 6λn, where we use the fact that λ � δ. Since |SpecPaths∗s| ≤ λn and each path has 6

interior vertices, even if all the vertices of the paths SpecPaths∗s were assigned to Va we obtain
|Va \ Us| −

∣∣{x ∈ V (Fs) \As : ξs(x) = Va}
∣∣ ≥ 1

4δn ≥ νn.
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We define d′��, d
′
��, d

′
�� to be the densities obtained by a successful packing of the Fs according

to ξs. By Lemma 58, we have d′��, d
′
��, d

′
�� ≥ ν.

This is the setup for Lemma 42, and the conclusion of that lemma is that PathPacking w.h.p.
succeeds in packing each Fs as specified. That is, we obtain for each s ∈ J2 an embedding φ′s of
Fs into HD

[
(V (H)\Us)∪φs(As)

]
which extends φs, such that φ′s(x) ∈ ξs(x) for each x ∈ V (Fs),

and such that for each uv ∈ E(H) there is at most one s such that φ′s uses the edge uv. Suppose
that this likely event occurs, and as before we will list polynomially many further events which
we presume all occur, and fix such an outcome. Note that the existence of a packing according
to ξ, by Lemma 58 (iv ), in particular gives us the required edge counts (18).

We now define the setup after stage E and check it satisfies the conditions of Lemma 36.
This is much the same as for Stage D. We let HE be the graph H ′ returned by Lemma 42. For
s ∈ J0 ∪ J1, we set φEs = φDs , with the same anchor and used sets and the same path-forests
to embed. Recall that the conclusion of Lemma 36 has paths indexed by J0 ∪ J1 ∪ ∅. We now
argue that this is a (γE, LE, d

∗
E, d̄E)-quasirandom setup, as required for Lemma 36.

For (Quasi 1), fix S1, S2, T1, T2, T3 as in Definition 28, each of size at most LE, with families
of sets (UE

s )s∈J0∪J1 and (Js)s∈J0 , and let X = UHD
(S1, S2, T1, T2, T3). Then we have |X| ≥ νn,

and so by (PP 5) it is likely that we have∣∣X ∩ UHE
(S1, S2, ∅, ∅)

∣∣ = (1± C ′(LD + 2)γD)
( d∗E
dD

)|S1∩V�|+|S2∩V�|( d̄E
dD

)|S1∩V�|+|S2∩V�| .

Plugging in the size |X| given by (Quasi 1) after stage D, and observing that the above set is
precisely UHE

(S1, S2, T1, T2, T3) with families of sets (UE
s )s∈J0∪J1 and (Js)s∈J0 , this is what is

required for (LE, γE, d
∗
E, d̄E)-index-quasirandomness.

For (Quasi 2), observe that for J1 nothing has changed from after stage D, and we no
longer consider J2. Similarly, for (Quasi 3) nothing has changed from after stage D for J1.
For (Quasi 4), it suffices by construction to establish (Quasi 5) as in stage D.

For (Quasi 5), fix s ∈ J0 ∪ J1, a ∈ {�,�} and u ∈ V (HE) \ UE
s . By (Quasi 5) after stage D,

writing Aas for the set of anchors v ∈ AE
s such that the path end not anchored to v is anchored

in Va, we have ∣∣{�i ∈ NHD
(u) ∩Aas}

∣∣ = (1± γD)dD|Aas ∩ V�| and∣∣{�i ∈ NHD
(u) ∩Aas}

∣∣ = (1± γD)dD|Aas ∩ V�| .

We define a weight function w on V (HD) by setting w(v) = 1 if v ∈ Aas , and otherwise w(v) = 0.
Note that

∑
v∈Vb w(v) is either equal to zero or at least νn by (Quasi 2) and by construction.

Thus by (PP 4), if u ∈ V� it is likely that we have∣∣{�i ∈ NHE
(u) ∩Aas}

∣∣ = (1± γD)dD|Aas ∩ V�|(1± C ′(LD + 2)γD)
d∗E
dD

and∣∣{�i ∈ NHE
(u) ∩Aas}

∣∣ = (1± γD)dD|Aas ∩ V�|(1± C ′(LD + 2)γD) d̄EdD .
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Similarly if u ∈ V� it is likely that we have∣∣{�i ∈ NHE
(u) ∩Aas}

∣∣ = (1± γD)dD|Aas ∩ V�|(1± C ′(LD + 2)γD) d̄EdD and∣∣{�i ∈ NHE
(u) ∩Aas}

∣∣ = (1± γD)dD|Aas ∩ V�|(1± C ′(LD + 2)γD)
d∗E
dD
.

This is as required for (Quasi 5).
For (Quasi 6), observe that nothing has changed for J0 ∪ J1 and that we no longer consider

J2.
For (Quasi 7), observe that nothing has changed since after stage D for J0 and J1, while we

no longer consider J2. The same holds for (Quasi 8). �

13. Stage F (Proof of Lemma 37)

In this stage we embed the paths {SpecPaths∗s, s ∈ J1} to precisely adjust the degrees condition
of the vertices. We need to obtain (20), that is

degHF
(�i, V�) = degHF

(�i, V�) + t(�i) and degHF
(�i, V�) = degHF

(�i, V�) + t(�i)

for each i ∈ [bn/2c].
For each s 6∈ J1 we set φFs := φEs . We will construct embeddings φFs extending φEs for each

s ∈ J1 that do not use any edge of H multiple times and give us (20) for each i. First, we argue
that any such maps give us the required quasirandom setup.

We begin with (Quasi 1). For an arbitrary set T ⊆ J0 we have
⋃
s∈T imF(s) =

⋃
s∈T imE(s).

As we are extending the mappings only on paths from {SpecPaths∗s, s ∈ J1}, and that for each
s ∈ J1 the mapping φFs is an embedding, observe that for each v ∈ V (H), we have

(89) |NHE
(v) \ NHF

(v)| ≤ 2|J1| = 2σ1n .

Also observe that the densities in the graph HE and in the graph HF are nearly identical. Indeed,
a very rough estimate, gives us that d∗E − d∗F ≤ 100σ2

1, and d̄E − d̄F ≤ 100σ2
1.

Hence, for sets S ⊆ V (HE) and T ⊆ J0, we have∣∣∣∣∣NHF
(S) \

⋃
s∈T

imF(s)

∣∣∣∣∣ (89)
=

∣∣∣∣∣NHE
(S) \

⋃
s∈T

imE(s)

∣∣∣∣∣± |S| · 2σ1n .(90)

Assume that we are given sets S1, S2 ⊆ V�∪V� and pairwise disjoint sets T1, T2, T3 ⊆ J0 with
|Si| ≤ LE and |Tj | ≤ LE for i ∈ [2] and j ∈ [3]. Combining (90) with the fact that (HE, V�, V�) is
(LE, γE, d

∗
E, d̄E)-index-quasirandom with respect to the collections (imE(s))s∈J0∪J1 and (Is)s∈J0 ,
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with Is := {i ∈ [n2 ] : �i,�i ∈ As} (see (Quasi 1)), we obtain

|UHF
(S1, S2, T1, T2, T3)| = |UHE

(S1, S2, T1, T2, T3)| ± (|S1|+ |S2|) · 2σ1n

D28
= (1± γE)(d∗E)|S1∩V�|+|S2∩V�| · (d̄E)|S1∩V�|+|S2∩V�|

·
∏

s∈T1∪T2

(
1− imE(s)

n

)
· (2λ∗)|T3| · n

2
± (|S1|+ |S2|)2σ1n

= (1± γF)(d∗F)|S1∩V�|+|S2∩V�|(d̄F)|S1∩V�|+|S2∩V�| · (δ + 2λ∗)|T1|+|T2| · (2λ∗)|T3| · n
2
,

proving that (HF, V�, V�) is (LE, γF, dF∗ , d̄F)-index-quasirandom with respect to the collections
(imF(s))s∈J0 , and (Is)s∈J0 , with Is := {i ∈ [n2 ] : �i,�i ∈ As}, as required for (Quasi 1).

For (Quasi 2), (Quasi 3), (Quasi 4), (Quasi 6), (Quasi 7) and (Quasi 8), either nothing has
changed from Stage E, or the condition is vacuous since we ask for a quasirandom setup with
index sets J0, ∅, ∅. It remains to verify (Quasi 5), which follows from the above calculation and
the observation that for a given u and v, the change in any of (12)–(15) in going from Stage E
to Stage F is at most degHE

(u)− degHF
(u) or degHE

(v)− degHF
(v) respectively. By the above

calculation, this change is absorbed in the larger error term γF. This completes the proof that
we obtain the required quasirandom setup for Lemma 37.

We now construct the φFs for s ∈ J1. Let P0 :=
⋃
s∈J1 SpecPaths

∗
s. Let v ∈ V� ∪ V�. Let

{Vv, V̄v} = {V�, V�} be such that v ∈ Vv and v 6∈ V̄v. Embedding each path of P0 anchored at
v will decrease the degree of v by 1; all other paths will decrease the degree by either 2 or 0,
depending on whether we use v in the embedding or not. It turns out to be convenient to use
the following rule: if a path of P0 is anchored at v and its other endpoint is also anchored in Vv,
then we embed the edge from v in E(V�, V�), while if the other endpoint is anchored in V̄v, then
we embed the edge from v within Vv. To keep track of how many edges this uses, for a given
set of paths P∗ ⊆ P0 we define j(v,P∗) being the number of paths P ∈ P∗ anchored at v with
its second anchor in Vv and j̄(v,P∗) being the number of paths P ∈ P∗ anchored at v with its
second anchor in V̄v.

To satisfy (20), by packing P0 we need to achieve that degHF
(v, Vv)−t(v) = degHF

(v, V̄v). We
denote the discrepancy degree (defined with respect to a host graph H∗ ⊆ H and a set P∗ ⊆ P0)
of a vertex v ∈ V� ∪ V� by

dH∗,P∗(v) = degH∗(v, Vv)− t(v)− degH∗(v, V̄v) + a(v,P∗) ,

where a(v,P∗) = j(v,P∗)− j̄(v,P∗). Observe that by (Quasi 3) we have

j(v,P0) = (1± γD)σ2
1n and j̄(v,P0) = (1± γD)σ2

1n .(91)

Hence, our ultimate goal is to obtain that dHF,∅(v) = 0 for all v ∈ V (HF).
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The two following claims state that the discrepancy degree is zero on average and does not
deviate much from this value. We will then embed paths one by one, preserving the condition
that the average discrepancy degree is zero.

Claim 58.4. We have ∑
v∈V�

dHE,P0(v) =
∑
v∈V�

dHE,P0(v) = 0 .

Proof. We prove that the average of the discrepancy degree of vertices from V� is 0. The average
of the discrepancy degree for V� is done analogously.∑

v∈V�

dHE,P0(v) =
∑
v∈V�

(
degHE

(v, V�)− t(v) + degHE
(v, V�) + a(v,P0)

)
= 2eHE

(V�)− eHE
(V�, V�)−

∑
v∈V�

t(v) +
∑
v∈V�

(j(v,P0)− j̄(v,P0))

L36
= 2(σ0λ

∗n2 + 2j�� + 3(j�� + j��))− (σ0λ
∗n2 + 6(j�� + j��) + 5j��)− σ0λ

∗n2

+ (2j�� − j��)

= 0 . �

Claim 58.5. For each v ∈ V� ∪ V� we have |dHE,P0(v)| ≤ γDn.

Proof. Fix an arbitrary v ∈ V� ∪ V�. By definition of dHE,P0(·), we have

|dHE,P0(v)| =
∣∣degHE

(v, Vv)− t(v)− degHE
(v, V̄v) + j(v,P0)− j̄(v,P0)

∣∣ .
Now, after stage E we have a (γE, LE, d

∗
E, d̄E)-quasirandom setup. By (Quasi 7), we have

j(v,P0) − j̄(v,P0) = ±3γE · 2σ2
1n. Also by (Quasi 7) we have t(v) = (1 ± γE) · 2λ∗σ0n. Fi-

nally by (Quasi 1), we have degHE
(v, Vv) = (1 ± γE)d∗En/2 and degHE

(v, V̄v) = (1 ± γE)d̄En/2.
Plugging this in, and using the definitions of d∗E and d̄E, we get

|dHE,P0(v)| =
∣∣(1± γE)d∗E

n
2 − (1± γE)2λ∗σ0n− (1± γE)d̄E

n
2 ± 3γE · 2σ2

1n
∣∣

=
∣∣(1± γE)

(
8(λ∗σ0 + 11

4 σ
2
1)
)
n
2 − (1± γE)2λ∗σ0n− (1± γE)

(
4(λ∗σ0 + 11

2 σ
2
1)
)
n
2 ± 3γE · 2σ2

1n
∣∣

≤γEn . �

The mappings (φFs )s∈J1 will be defined in roughly σ2
1n

2 steps, where in each step i we define
a mapping φi of one path Pi ∈ {SpecPaths∗s, s ∈ J1}. The reason for ‘roughly’ is that in
Stage C we packed some (between 0 and n0.6) paths from each SpecPathss with s ∈ J1. Let
m :=

∑
s∈J1 |SpecPaths

∗
s| denote the precise number of paths we need to pack in this stage; then

we have 1
2σ

2
1n

2 ≤ m ≤ σ2
1n

2.
Denote by Pi the set of paths from {SpecPaths∗s, s ∈ J1} that were not yet packed after step i,

in particular Pm = ∅. Set im0(s) = imE(s) be the image of the partial embedding of Gs at the
beginning of Stage F. Let us assume that we are in step i ∈ [m] and are about to embed a path
Pi ∈ Pi. For s ∈ J1, denote by imi(s) be the image of Gs just after step i, i.e., imi(s) = imi−1(s)

if Pi 6∈ SpecPaths∗s and imi(s) = imi−1(s) ∪ φi(V (Pi)), otherwise. Let Hi be the host graph
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just after step i (i.e., the union of edges not yet used by the packing after step i, the graph H0

being HE). For the first (at most) γEn2 steps, we shall be correcting the degree discrepancy
of the vertices. During these steps, we shall be careful not to use any one vertex more than
γE
(
1 + 10(σ0λ

∗)−2δ
)
n times. After that, we shall just pack the rest of {SpecPaths∗s : s ∈ J1} in

such a way as not to destroy the degree discrepancy of any vertex.
First, we state an auxiliary claim that will ensure us the existence of the mappings φi, i ∈ [m]

we shall define in the proofs of Lemmas 59 and 60.

Claim 58.6. For any i ≤ σ2
1n

2, for any s ∈ J1, for any set S ⊆ V (H) with |S| ≤ 2, and for
V ∗ ∈ {V�, V�}, we have |NHi−1(S) ∩ V ∗ \ imi−1(s)| > (σ0λ

∗)2δn.

Proof. From (Quasi 1), by setting S1 := S, S2 := ∅, T1 := {s}, and T2 = T3 := ∅, for V ∗ = V�,
and setting S1 := ∅, S2 := S, T1 := ∅, T2 := {s}, and T3 := ∅, if V ∗ = V�, we obtain that

|NHE
(S) ∩ V ∗ \ imE(s)| ≥ 1

2
·min{d∗E, d̄E}2 ·

n

2
· 10δ ≥ 10 · 16

4
(σ0λ

∗)2δn,

where the last inequality comes from Fact 35.
Observe that for an arbitrary v ∈ V� ∪ V�, the difference between |NHE

(v)| and |NHi−1(v)|
is at most 2σ1n, as |J1| = σ1n and each path from {SpecPaths∗s, s ∈ J1} has used at most 2

edges incident to v. Also observe that the difference between | imE(s)| and | imi−1(s)| is at most
10σ1n, being the maximal number of vertices in {SpecPaths∗s} embedded in Stage E. Therefore,
we have by (1)

|NHi−1(S) ∩ V ∗ \ imi−1(s)| ≥ |NHE
(S) ∩ V ∗ \ imE(s)| − 4σ1n− 10σ1n

≥ 40(σ0λ
∗)2δn− 14σ1n > (σ0λ

∗)2δn . �

In Lemma 59 below we claim that we can embed a path from Pi in such a way that we can
improve by 2 the degree discrepancy of two vertices, without spoiling the other degree discrepancy
(and thus keeping the average degree discrepancy equal to zero). Observe that in Stage B we
ensured that the degree discrepancy of each vertices is even, so that repeating this procedure
can indeed terminate with all vertices having degree discrepancy zero.

Lemma 59. Let i ≤ γEn
2. Suppose we have two vertices u,w ∈ V ∗, V ∗ ∈ {V�, V�} such that

dHi−1,Pi−1(u) > 0 and dHi−1,Pi−1(w) < 0.
Then there exists a path Pi ∈ Pi−1 and there exists a mapping φi of Pi in Hi−1 such that the

discrepancy degree dHi,Pi(u) = dHi−1,Pi−1(u)− 2, dHi,Pi(w) = dHi−1,Pi−1(w) + 2, and dHi,Pi(v) =

dHi−1,Pi−1(v) for all v ∈ V (H) \ {u,w} and φi satisfies the following.

(a ) If one anchor of Pi is in V� and the other in V�, then the image of φi uses 3 edges in
V�, 3 edges in V�, and 5 edges between V� and V�.

(b ) If both anchors are in V�, then φi uses 2 edges in V�, 3 edges in V�, and 6 edges between
V� and V�.

(c ) If both anchors are in V�, then φi uses 2 edges in V�, 3 edges in V�, and 6 edges between
V� and V�.
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Moreover, during the whole ≤ γEn2 times using this lemma, no vertex is used more than γE(1 +

10(σ0λ
∗)−2δ)n times for the embedding of the paths from Pi.

Proof. The next auxiliary claim helps us pick a suitable path Pi from the set Pi−1.

Claim 59.1. Suppose that i ≤ γEn
2. Then there exists a path Pi ∈ Pi−1 ∩ SpecPaths∗s with s

such that {u,w} ∩ imi−1(s) = ∅.

Proof. From (Quasi 6), by setting S1 := {u,w}, S2 = ∅ and looking in J1 (where for each s ∈ J1

we have n− | imE(s)| ≥ δn), we obtain that

|{s ∈ J1 : imE(s) ∩ {u,w} = ∅}| ≥ (1− 2γE)δ2 · σ1n ≥ 1
2δ

2 · σ1n .

At step i ≤ γEn
2, we have used either u or w at most γE

(
1 + 10(σ0λ

∗)−2δ
)
n times, and in

particular in at most that many different graphs Gs, in Stage F. We have embedded at most
γEn

2 paths. Hence we have at least
(

1
2δ

2 · σ1n − γE
(
1 + 10(σ0λ

∗)−2δ
)
n
)
σ1n − γEn2 > 0 paths

to choose Pi from. �

Assume that u,w ∈ V�. The other case is dealt with symmetrically and we omit the details.
Let Pi = {x1, . . . , x12} be a path given by Claim 59.1, let s be such that Pi ∈ SpecPaths∗s and
let v1 := φEs (x1) and v12 := φEs (x12).

First consider the case when v1 ∈ V� and v12 ∈ V� (or the other way around, which is done
analogously). We set v5 = φi(x5) := w and v9 = φi(x9) := u. Each vertex xj ∈ V (Pi) \
{x1, x5, x9, x12} (which we call the connection vertices) is successively mapped to vj chosen in

(92) NHi−1(vj−1) ∩ V∗ \
(
im(φE(Gs)) ∪ {v2, . . . , vi−1} ∪ {v5, v9}

)
or in

(93) NHi−1(vj−1) ∩ NHi−1(vj+1) ∩ V∗ \
(
im(φE(Gs)) ∪ {v2, . . . , vi−1} ∪ {v5, v9}

)
,

if vj+1 is already defined, where V∗ = V�, for j ∈ {2, 8, 10} and V∗ = V� for j ∈ {3, 4, 6, 7, 11}.
We insist additionally (and will in the following cases also) on choosing for each of these steps a
vertex to which we embedded a connection vertex in Stage F less than 10γE(σ0λ

∗)−2δn times.
By Claim 58.6 the set from which vj is chosen is non-empty, since the total number of paths we
embed while applying this lemma is at most γEn2 and each has 10 vertices to embed. Note that
when embedding paths in this lemma, we use vertices either as connection vertices or because
their degree discrepancy is non-zero; by Claim 58.5 we use any vertex at most γEn times for
the latter, and this implies that we use any vertex in total at most γE

(
1 + 10(σ0λ

∗)−2δ
)
n times

while applying this lemma. This satisfies the Moreover part of the lemma.
Observe that degφi(Pi)(u, V�) = 2, degφi(Pi)(u, V�) = 0, degφi(Pi)(w, V�) = 0, degφi(Pi)(w, V�) =

2, degφi(Pi)(vj , V�) = degφi(Pi)(vj , V�) = 1, for j ∈ {2, 3, 4, 6, 7, 8, 10, 11}, and degφi(Pi)(v1, V�) =

1, degφi(Pi)(v12, V�) = 1, while there is one less path anchored at v1 ∈ V� and v12 ∈ V� in
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Pi than in Pi−1. This ensures the requirements for the degree discrepancy dHi,Pi(v) are ful-
filled for all v ∈ V� ∪ V�. Observe that φi satisfies (a ), as it uses the following 5 edges be-
tween V� and V�: {v2, v3}, {v4, v5}, {v5, v6}, {v7, v8}, and {v10, v11}, the following 3 edges inside
V�: {v1, v2}, {v8, v9}, and {v9, v10}, and the following 3 edges inside V�: {v3, v4}, {v6, v7}, and
{v11, v12}.

Second, consider the case when v1, v12 ∈ V�. We set v4 = φ(x4) := w and v8 = φ(x8) := u.
Each vertex xj ∈ V (Pi) \ {x1, x4, x8, x12} is successively mapped to vj chosen as in (92) or (93)
where V∗ = V�, for j ∈ {7, 9} and V∗ = V� for j ∈ {2, 3, 5, 6, 10, 11}. Similarly as above,
Claim 58.6 ensures that we can define vj without any vertex having too many connection vertices
embedded to it. Similarly as above, the assignment of V∗, ensures the requirements for dHi,Pi(·)
are satisfied. Observe that {{v1, v2}, {v3, v4}, {v4, v5}, {v6, v7}, {v9, v10}, {v11, v12}} ⊆ V� × V�,
{{v7, v8}, {v8, v9}} ⊆

(
V�
2

)
, and {{v2, v3}, {v5, v6}, {v10, v11}} ⊆

(
V�
2

)
, satisfying (a ).

Last, consider the case when v1, v12 ∈ V�. We set v3 = φ(x3) := u and v7 = φ(x7) := w. Each
vertex xj ∈ V (Pi) \ {x1, x3, x7, x12} is successively mapped to vj chosen in (92) or in (93), where
V∗ = V� for j ∈ {2, 4, 10, 11} and V∗ = V� for j ∈ {5, 6, 8, 9}. Again we can define vj due to
Claim 58.6 and the requirements of dHi,Pi(·) are satisfied. For the Moreover part, observe that
φi uses 6 edges between V� and V�, 3 edges inside V�, and 2 edges inside V�. �

Lemma 60. Let i ∈ [m]. For any path Pi ∈ Pi−1, there exists a mapping φi of Pi in Hi−1 such
that the discrepancy degree dHi,Pi(v) = dHi−1,Pi−1(v) for all v ∈ V� ∪ V�. Moreover, φi satisfies
the following.

• If one anchor of Pi is in V� and the other in V�, then the image of φi uses 3 edges in
V�, 3 edges in V�, and 5 edges between V� and V�.

• If both anchors are in V�, then φi uses 2 edges in V�, 3 edges in V�, and 6 edges between
V� and V�.

• If both anchors are in V�, then φi uses 2 edges in V�, 3 edges in V�, and 6 edges between
V� and V�.

Proof. Let Pi = {x1, . . . , x12} and let s be such that Pi ∈ SpecPaths∗s and let v1 := φEs (x1) and
v12 := φEs (x12).

First, consider the case when v1 ∈ V� and v12 ∈ V� (or the other way around, which is done
analogously). Each vertex xj ∈ V (Pi) \ {x1, x12} is successively mapped to vj chosen in (92), or
in (93) if j = 11, where V∗ = V�, for j ∈ {2, 5, 6, 9, 10} and V∗ = V� for j ∈ {3, 4, 7, 8, 11}. By
Claim 58.6 the set from which vj is chosen, is non-empty, as φi is eventually defined on 10 vertices.
Similarly as in the proof of Lemma 59, it is easy to observe that the requirements on dHi,Pi(·) are
satisfied. For theMoreover part, observe that φi uses the edges {v2, v3}, {v4, v5}, {v6, v7}, {v8, v9},
and {v10, v11} from V� × V�. The edges {v1, v2}, {v5, v6}, and {v9, v10} lie inside V� and the
edges {v3, v4}, {v7, v8}, and {v11, v12} lie inside V�.

Second, consider the case when v1, v12 ∈ V� (the case when v1, v12 ∈ V� is done analogously).
Each vertex xj ∈ V (Pi) \ {x1, x12} is successively mapped to vj chosen in (92), or in (93) if
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j = 11, where V∗ = V�, for j ∈ {4, 5, 8, 9} and V∗ = V� for j ∈ {2, 3, 6, 7, 10, 11}. By Claim 58.6
the set from which vj is chosen, is non-empty, as φi is eventually defined on 10 vertices. Similarly
as in the proof of Lemma 59, it is easy to observe that the requirements on dHi,Pi(·) are satisfied.
As just above, one can easily check that φi uses 2 edges in V�, 3 edges in V�, and 6 edges between
V� and V�. �

Once we have dHi,Pi(v) = 0 for all v ∈ V� ∪ V�, we use Lemma 60 to pack the left-over paths
from Pi. So, it is left to prove that we manage to correct all the degree discrepancy within the
first γDn2 steps by using Lemma 59. Observe that by Claim 58.5 we have∑

v∈V�∪V�

|dH0,P0(v)| ≤ γDn2 .

Each use of Lemma 59 decreases |dH0,P0(v)| by 2 for two vertices, and hence decreases∑
v∈V�∪V�

|dH0,P0(v)|

by 4. Hence, after at most 1
4γDn

2 steps, we have
∑

v∈V�∪V� |dH0,P0(v)| = 0, implying dH0,P0(v) =

0, for every v ∈ V� ∪ V�. This completes the proof of Lemma 37.

14. Stage G (Proof of Lemma 38)

In this section we shall prove Lemma 38 by obtaining the setting of Proposition 14 on an
auxiliary multigraphM.

Proposition 14 with input parameters dP14 := λσ0 and σP14 := σ0 outputs parameters
LP14, n0, and γP14. By (1), we have n ≥ 2n0, LF ≥ LP14 and γF ≤ min{γP14, σ0λδ/8}.

From our graph H and our paths in {SpecShortPathss, s ∈ J0}, we define M = ([n/2] t
J0, ~E1, E2, E3, E4, E5, E6) with ~E1 ⊆ [n/2]2, E2, E3 ⊆

(
[n/2]

2

)
, and E4, E5, E6 ⊆ [n/2] × J0, as

follows. Each pair �i,�i corresponds to the vertex i ∈ [n/2]. For each edge {�i,�j} ∈ E(H)

insert an oriented edge (i, j) ∈ ~E1. For each edge {�i,�j} ∈ E(H) insert an edge {i, j} ∈ E2.
For each edge {�i,�j} ∈ E(H) insert an edge {i, j} ∈ E3. Insert an edge {i, s} ∈ E6, if there
is a path P ∈ SpecShortPathss with (φFs )−1({�i,�i}) = {leftpath0(P ), rightpath0(P )}. Insert an
edge {i, s} ∈ E4, if �i 6∈ im(s). Insert an edge {i, s} ∈ E5, if �i 6∈ im(s).

As H is a simple graph, none of the edge sets Ei, i ∈ 2, . . . , E6, nor ~E1 has multiple edges that
would be oriented in the same direction. As none of the edges {�i,�i}, i ∈ [n/2] are present in
E(H), there is no loop in ~E1. Hence, the multigraphM is a chest.

Moreover, observe that | ~E1| = |E2| = |E3| = |E6| = |
⋃
s∈J0 SpecShortPathss| and that d1 =

| ~E1|
n2/4

= d̄F = 4λ∗σ0 > λσ0, d4, d5 = δ + 2λ∗ ≥ d6 = 2λ∗ > λσ0, |V (M)| = n/2 + |J0| > n0, and
min{n/2, |J0|} = σ0n > σ0|V (M)|.

Lemma 61. The chestM fulfils the degree conditions from Proposition 14.

Proof. Fix any vertex i ∈
[
bn2 c
]
. Condition (i ) of Proposition 14 that degE2

(i) = degoutE1
(i) +

degE4
(i) translates to degHF

(�i, V�) = degHF
(�i, V�) + |{s ∈ J0 : i ∈ Is}|, with Is := {i ∈ [n2 ] :



THE TREE PACKING CONJECTURE FOR TREES OF ALMOST LINEAR MAXIMUM DEGREE 139

�i,�i ∈ As}. This is given by (20) holding as stated in Lemma 37. Condition (ii ) of Proposi-
tion 14 that degE3

(i) = deginE1
(i)+degE4

(i) translates to degHF
(�i, V�) = degHF

(�i, V�)+ |{s ∈
J0, i ∈ Is}| again given by (20). As for Condition itm:designs:iii of Proposition 14 we need to
show that

|{s ∈ J0,�i 6∈ imF(s)}| ≥ degHF
(�i, V�) .

From (Quasi 6) with S1 = {�i} and T = ∅ we obtain that the left-hand side is at least 1
2(δ +

2λ∗)σ0n. By (Quasi 1), (HF, V�V�) is (LF, γF, d
∗
F, d̄F)-index-quasirandom with respect to the

collections (imF(s))s∈J0 , and (Is)s∈J0 , so putting S1 = T1 = T2 = T3 = ∅ and S2 = {�i} in
Definition 28 the right-hand side is at most (1 + γF)d̄F

n
2 <

1
4σ

2
0n. By similar logic we obtain

|{s ∈ J0;�i 6∈ imF(s)}| ≥ degHF
(�i, V�) ,

leading to Condition (iv ) of Proposition 14.
Now fix any vertex s ∈ J0. Observe that

degE5
(s) = |V� \ imF(s)| = |UHF

(∅, ∅, ∅, ∅, ∅, {s}, ∅)| ,

degE6
(s) = |V� \ imF(s)| = |UHF

(∅, ∅, ∅, ∅, ∅, ∅, {s})| , and

degE4
(s) = |Is| = |UHF

(∅, ∅, ∅, ∅, {s}, ∅, ∅)| .

Hence, by index-quasirandomness of (HF, im
F(s)),we have that |V�\imF(s)| = (1±γF)(δ+2λ∗)n2 ,

|V� \ imF(s)| = (1 ± γF)(δ + 2λ∗)n2 , and we have |Is| = (2λ∗)n2 , implying (v ) and (vi ) of
Proposition 14. �

To apply Proposition 14, it remains to prove the quasirandomness of the chestM.

Lemma 62. The chestM is (γF, LF)-quasirandom.

Proof. The (γF, LF)-quasirandomness of the chest corresponds to the following conditions in our
original graph HF. Suppose we are given mutually disjoint sets X1, X

′
1, X2, X3, X

′
4, X

′
5, X

′
6 ⊆

[n/2] and X4, X5, X6 ⊆ J0 of total size at most LF. Let di be the edge-density of Ei. We need
to show that

|Nout~E1
(X1) ∩ Nin~E1

(X ′1) ∩
6⋂
i=2

NEi(Xi)| = (1± γF)d
|X1|+|X′1|
1 ·

6∏
i=2

d
|Xi|
i

n

2
, and(94)

|J0 ∩
6⋂
i=4

NEi(X
′
i)| = (1± γF)

6∏
i=4

d
|X′i|
i |J0| .(95)

Define sets Q1, Q2, Q
′
5 ⊆ V�, Q′1, Q3, Q

′
6 ⊆ V�, such that Q1 = {�i, i ∈ X1}, Q′1 = {�i, i ∈ X ′1},

Q2 = {�i, i ∈ X2}, Q3 = {�i, i ∈ X3}, Q′5 = {�i, i ∈ X ′5}, and Q′6{�i, i ∈ X ′6}.
Then

• Nout~E1
(X1) corresponds to {i ∈ [n/2] : �i ∈ NHF

(Q1)}

• Nin~E1
(X ′1) corresponds to {i ∈ [n/2] : �i ∈ NHF

(Q′1)}

• NE2(X2) corresponds to {i ∈ [n/2] : �i ∈ NHF
(Q2)}
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• NE3(X3) corresponds to {i ∈ [n/2] : �i ∈ NHF
(Q3)}

• NE4(X4) corresponds to
⋂
s∈S4

Is

• NE5(X5) corresponds to {i ∈ [n/2] : �i 6∈
⋃
s∈X5

imF(s)}
• NE6(X6) corresponds to {i ∈ [n/2] : �i 6∈

⋃
s∈X6

imF(s)}
• NE4(X ′4) corresponds to {s ∈ J0, X

′
4 ⊆ Is}

• NE5(X ′5) corresponds to {s ∈ J0 : imF(s) ∩Q′5 = ∅}
• NE6(X ′6) corresponds to {s ∈ J0 : imF(s) ∩Q′6 = ∅}

Hence, (94) and (95) translate as∣∣∣∣{i ∈ [bn2 c] ∩
⋂
s∈X4

Is :
(
�i ∈ NHF

(Q′1 ∪Q2) \
⋃
s∈X5

imF(s)
)

&
(
�i ∈ NHF

(Q1 ∪Q3) \
⋃
s∈X6

imF(s)
)}∣∣∣∣

= (1± γF)d
|Q1|+|Q′1|
1 ·

3∏
i=2

d
|Qi|
i ·

6∏
i=4

d
|Xi|
i · n

2

(96)

|{s ∈ J0 : X ′4 ⊆ Is& imF(s) ∩ (Q′5 ∪Q′6) = ∅}| = (1± γF)d
|X′4|
4 d

|Q′5|
5 d

|Q′6|
6 λn ,(97)

where d1 = d̄F = 4λ∗σ0, d2 = d3 = d∗F = 8λ∗σ0, d6 = 2λ∗, and d4, d5 = δ + 2λ∗.
Condition (96) follows directly from (Quasi 1) (see Definition 28) by setting S1 := Q′1 ∪ Q2,

S2 := Q1 ∪ Q3, T1 := X5, T2 := X6 and T3 := X4, while Condition (97) follows from (Quasi 6)
by setting S1 := Q′5 ∪Q′6, S2 = ∅ and T := X ′4. �

By Proposition 14, we obtain that the chestM has a diamond core-decomposition. Next, we
shall explain how we use the diamond-core decomposition given by Proposition 14 to pack the
left-over path-forest.

For each coloured K4 of the core-decomposition, the edge in E4 gives us information on which
path P ∈

⋃
s∈J0 SpecShortPathss we shall pack using this K4: if the E4-edge lies between s ∈ J0

and i ∈ [n2 ], the path P is the only path in SpecShortPathss anchored at {�i,�i}. The edges in
E2, ~E1, E3 between say i, j, and k give us information where the three edges of the path P will
be mapped to. So if the E2-edge between i and j ensures there is an edge in HF between �i and
�j , the ~E1-edge between j and k ensures there is an edge in HF between �j and �k, and the
E3-edge between k and i ensures there is an edge in HF between �k and �i. The edges from E4

and E5 ensure that �j and �k are not already used by Gs.
As we have a diamond-core decomposition, we are ensured that every edge in HF exactly once,

and that every path in
⋃
s∈J0 SpecShortPathss is packed.
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15. Concluding remarks

Theorem 10 allows to perfectly pack large degenerate graphs of maximum degree O(n/ log n),
most of which may be spanning, and some of which are non-spanning and give us quadratically
many bare paths and linearly many odd degree vertices. As discussed, this implies the tree
packing conjecture for large n and trees with maximum degree O(n/ log n). Hence, to resolve
this conjecture in full (for large n), it only remains to consider the case of trees with large
degree vertices. As we explained in Section 1.2, our methods crucially need the maximum degree
assumption, witnessed by the fact that they also work for pseudorandom graphs, in which the
maximum degree assumption is sharp (up to constants). It would be very interesting to solve
this last remaining case of the tree packing conjecture.

One could ask more generally which families of trees pack into Kn. Obviously, the number
of edges in such a family of trees may not exceed

(
n
2

)
. We further argued in Section 1.2 that

Ω(n/ log n) of the trees must be at least Ω(n/ log n)-far from spanning. In Section 9.2 of [4] it
was explained that if only an aggregate bound on the maximum degrees is imposed, then this
bound cannot be less than n/2. This motivates the following conjecture.

Conjecture 63. There exist δ > 0 and n0 ∈ N such that for each n ≥ n0 any family of trees
(Ts)s∈[N ] with ∆(Ts) ≤ n/2 and v(Ts) ≤ n for all s ∈ [N ], with δn ≤ v(Ts) ≤ (1 − δ)n for all
s ∈ [δn], and with

∑
s∈[N ] e(Ts) ≤

(
n
2

)
, packs into Kn.

We further remark that we solely use the required odd degree vertices for parity corrections.
In scenarios where this is not needed our methods would also work without odd degree vertices.
Let us give an example. The Oberwolfach problem on packings of cycle-factors was solved by
Glock, Joos, Kim, Kühn, and Osthus [9], and generalised by Keevash and Staden [17], who
proved that any large and sufficiently quasirandom 2r-regular graph can be decomposed into
any family of r two-factors. Our methods would give a variant of this result where we do not
require the host graph to be regular but need some non-spanning 2-regular graphs in the family.
We could pack into any sufficiently quasirandom graph with all vertex degrees even any family
of 2-regular graphs, of which δn have at least δn and at most (1 − δ)n vertices and contain δn
cycles of length at least 12. This last restriction on cycle lengths comes from the way we work
with bare paths and could probably be removed with some extra work.

The motivation for the name ‘Oberwolfach Problem’ is that conference attendees sit around
circular tables for their meals. The Oberwolfach Problem is to determine when it is possible
that every mathematician sits next to every other one exactly once at meals. This is exactly
the problem of packing Kn with n-vertex 2-regular graphs. Due to the Schwarzwald scenery,
however, some mathematicians go on hikes, so that at some meals the number of vertices in the
corresponding 2-factor to pack is smaller than n. We therefore propose the following ‘Oberwolfach
Problem with hikes’ as a more practical version of the original. Given n and a collection of 2-
regular graphs G1, . . . , Gt each on at most n vertices with

∑t
i=1 e(Gi) =

(
n
2

)
, when is it true that

G1, . . . , Gt pack into Kn?
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Concerning the packing of r-regular graphs with r ≥ 2, Glock, Joos, Kim, Kühn, and Osthus [9]
formulated the following conjecture, which already for r = 3 seems challenging.

Conjecture 64. Given r, there exists n0 ∈ N such that for each n ≥ n0 any family of n-
vertex graphs (Gs)s∈[N ] such that Gs is rs-regular with rs ≤ r for all s ∈ [N ] and such that∑

s∈[N ] rs = n− 1, packs into Kn.

Considering, more generally, D-degenerate graphs, the situation certainly is more complex.
It is clear that an appropriate analogue of the tree packing conjecture with trees replaced by
D-degenerate graphs cannot hold: If one of the graphs in the family is K2,n−2, its embedding
would isolate an edge in the host graph. However, an analogue of Ringel’s conjecture could still
hold.

Conjecture 65. Given D, there exists n0 ∈ N such that for each n ≥ n0 the following holds.
Let G be any D-degenerate graph on n vertices and with m ≥ n− 1 edges. Then 2m+ 1 copies
of G pack into K2m+1.
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Appendix A. Deducing Theorem 21 from [16]

In this appendix we deduce Theorem 21 from Theorem 19 of [16]. This deduction is on the one
hand fairly pedestrian, on the other hand it requires understanding some of the fairly complicated
theory from [16]. Our paper and [16] use similar terms (such as “divisibility”), but our definitions
are tailored to a more specialised setting. In this appendix, when referring to terminology or
theorem, definition, and page numbers from [16], we use blue text. For the convenience of those
readers who are using the arXiv version of [16] instead, we also occasionally add (in brackets
and in slanted text) the corresponding theorem, definition, and page numbers from this arXiv
version [13]. We remark that [16] contains numerous sample applications of Theorem 19 that
are similar to our application here. Two further applications of Theorem 19 are used in [17, 18]
to deduce the main results there.

We now explain how to deduce Theorem 21. Let q,D ∈ N and σ > 0 be given and let q′

be as defined in Theorem 21. Let n0 and ω0 be the output of Theorem 19 (Theorem 7.4) with
input q := q′, D and for uniformity r := 2. It is easy to check that the constants h and δ given
on page 283 (page 4) are consistent with those in the statement of Theorem 21. Observe that
σn ≥ n

h by choice of q′ and h.
Let n > n0, set n1 := n, and let ω ∈ (n−δ, ω0), as is required in our Theorem 21 but also in

Theorem 19. Let P = {P1, . . . , Pt} be a partition of [q] and P ′ = {P ′1, . . . , P ′t} be a partition of
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[n] with |P ′i | ≥ σn ≥ n
h for each i ∈ [t] and trivially |P ′i | ≤ n1 = n. We extend P by adding q′− q

isolated vertices to Pt. Abusing notation, we call this new partition also P.
Let H be a simple P-canonical family of [D]-edge-coloured digraph on [q]. We extend each

H ∈ H by adding q′ − q isolated vertices and by abuse of notation call this new family H. This
step is only necessary to ensure that each digraph H is on vertex set [q′]. The reason for moving
from vertex set [q] to vertex set [q′] in turn is that [16] requires that h = 250(q′)3 where [q′] is the
vertex set of the digraphs we want to decompose into, but here we need that h is big in order to
guarantee σn ≥ n

h . The added isolated vertices will not play any other role in the following.
Let G be a general [D]-edge-coloured digraph on [n] such that (G,P ′) is (H,P)-divisible,

(H, ωh20 , ω)-regular and (H,P, q′h
√
ω, h)-vertex-extendable. Note that the notion of divisibility,

regularity and vertex-extendability was not changed by adding the q′ − q isolated vertices to
digraphs of H.

We shall check that G satisfies the conditions of Theorem 19. First of all, this theorem
requires H to be canonical in the sense of Definition 35 (Definition 7.1). Observe that without
loss of generality, we may assume that every edge in any graph from H between two parts Pi
and Pj with i < j is oriented towards Pj . (If this is not the case, that is, there is some
colour d with colour location (j, i), then simply reverse all the edges of colour d in H and G,
and accordingly change the colour location of d to (i, j).) This assumption is necessary so that
we are consistent with Definition 35. This definition now requires us to specify an index vector
id ∈ Nt0 for each colour d such that id encodes the colour location of d as follows: Let d be a
colour with colour location (i, j). If i = j, that is, edges of colour d lie within Pi, then we let id

be the vector with a 2 at coordinate i = j and 0 everywhere else. If i 6= j, on the other hand,
that is, all edges of colour d run between Pi and Pj , then we let id be the vector with a 1 at
position i and a 1 at position j, and 0 everywhere else. Definition 35 then defines a partition
R(id) = (R(id)1, . . . , R(id)t) of [r] = [2] for each of these vectors id. In our case, if the colour
location (i, j) of d satisfies i = j, then we get R(id)i = {1, 2} and R(id)i′ = ∅ for all i′ 6= i;
if i < j, then we get R(id)i = {1}, R(id)j = {2} and R(id)i′ = ∅ for all i′ 6= i, j. Further,
Definition 35 requires us to specify for each colour d and each j′ ∈ [t] a permutation group Λdj′

on R(id)j′ . The purpose of these permutation groups is to allow for a mixture of (generalisations
of partly) directed and undirected edges within parts; for us they will all be either trivial or the
symmetric group S2 on elements {1, 2}. Indeed, we let Λdj′ be the trivial group Id on R(id)j′

only containing the identity whenever R(id)j′ is empty, contains only one element, or if d is is an
oriented colour. If d is an unoriented colour with colour index (j′, j′), on the other hand, then
we let Λdj′ be S2. As in Definition 35, we set Λd =

∏
j′ Λ

d
j′ and Λ := (Λd : d ∈ [D]).

We now claim thatH is (P,Λ)-canonical as defined in Definition 35. Indeed, Definition 35i just
says that that for each colour d edges of colour d respect the colour location of d. Definition 35ii
translates to the following: For each H ∈ H individually,

(a ) (“for θ′ ∈ Bij([r], Im(θ)) we have θ′ /∈ H \Hd”) H does not have parallel or antiparallel
edges of different colours, and
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(b ) (“θ′ ∈ Hd iff θ−1θ′ ∈ Λd”) that edges of colour d with colour location (j, j) come in pairs
forming directed 2-cycles if and only if the corresponding permutation group Λdj equals
S2.

Hence, Definition 35 is consistent with our Definition 16: loops are not allowed (see definition of
r-digraph in Definition 28 (Definition 6.1)) and in Definition 16 we consider the special case of
simple digraphs, i.e., we forbid parallel edges of the same colour.

Let us now turn to interpreting Definition 36. This definition uses the set Irq′ of injective maps
from [r] to [q′] (in [16] each edge in a directed r-graph on vertex set [q′] is such an injection;
so Irq′ is the set of all possible directed r-edges on [q′]). Here, we work with r = 2. Further,
Definition 36 works with a vector formalism in which each H ∈ H is encoded as H ∈ (ND0 )I

2
q′ in

the following way. The element Hd,f with d ∈ [D] and f ∈ I2
q′ equals 1 if there is an edge of colour

d starting in vertex f(1) and ending in vertex f(2), and equals to 0 otherwise. The group Σ

in Definition 36 is the permutation group on [q′] containing all permutations σ that preserve
the partition P, that is, σ(Pi) = Pi for all i ∈ [t]. The Σ-adapted [q′]-complex Φ on vertex set
[n] is used to encode where copies of H ∈ H are potentially allowed to be mapped in a graph
on [n]. For us this just means that the partitions P and P ′ have to be respected: We let Φ be
the the complete P-partite [q′]-complex on [n] with partition P ′, that is, Φ firstly contains every
(ordered) edge (v1, . . . , vq′) with pairwise distinct vertices such that vi ∈ P ′i whenever i ∈ Pi;
and secondly contains all (ordered) edges in the down-closure of any such edge (v1, . . . , vq′). The
(directed) q′-graph Φq′ then consists of all the q′-edges of Φ. Similarly, Φ2 contains all underlying
directed 2-edges, that is, all directed 2-edges within each part P ′i and all directed 2-edges between
any two parts P ′i and P

′
j with i < j that are directed towards P ′j . Further, H(Φ) denotes the set

of coloured labelled copies H∗ on [n] of digraphs H ∈ H corresponding to edges φ ∈ Φq′ , that
is, vertices of H from Pi are mapped to vertices from P ′i in H∗ (and edges of H are mapped
to edges in Φ2). The host graph G then is defined as a coloured multi-digraph, in which every
edge from Φ2 may appear multiple times and in different colours, which is consistent with our
Definition 17.

So now it remains to verify the three conditions of Theorem 19, namely that G is H-divisible
in Φ and (H, c, ω)-regular in Φ, and that all (Φ, GH) are (ω, h)-extendable. These definitions are
related to Definitions 18, 19, and 20, but we need to make the correspondence precise.

For H-divisibility we first explain the notion of the degree vector G(ψ)∗ ∈ N[D]×Ii2
0 . In our

setting, ψ is an injective map from [i] to [n], where i = 0, 1, 2. For i = 0, the only choice is the
trivial one, ψ = ∅n, and also I0

2 only contains the trivial map ∅2. Hence, G(∅n)∗ has only one
coordinate G(∅n)∗d,∅2 for each colour d ∈ [D], which equals the total number of edges of colour
d in G. For i = 1, a given ψ corresponds to a choice of a vertex v ∈ [n] and I1

2 contains the
two elements 1 7→ 1 and 1 7→ 2. So in this case, G(v)∗ is a list of 2D numbers encoding the in-
and out-degree of each colour at vertex v in the D colours. For i = 2, a given ψ corresponds
to a choice of an ordered pair uv of vertices [n] and I2

2 contains the two possible permutations
on 2 elements. In this case, G(uv)∗ is a list of 2D numbers encoding the number of edges going
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between u and v in each colour and each of the two directions. The degree vector H(θ)∗ is
defined analogously for H ∈ H and θ an injective map from [i] to [q′] with i = 0, 1, 2.

Let us clarify one minor point in the definition of H-divisibility in Definition 36:

• For i′ ∈ Nt0 we let H〈i′〉 = 〈H(θ)∗ : iP(θ) = i′〉. We say G is H-divisible (in Φ) if G(ψ)∗ ∈ H〈i′〉
whenever iP ′(ψ) = i′.

should read

• For i′ ∈ Nt0 we let H〈i′〉 = 〈H(θ)∗ : H ∈ H, iP(θ) = i′〉. We say G is H-divisible (in Φ) if
G(ψ)∗ ∈ H〈i′〉 whenever iP ′(ψ) = i′.

What this says is the following. For a fixed index vector i′ ∈ Nt0, specifying how many vertices
we want to fix in each part of our partition, we let i be the sum

∑
i′ of the entries of i′. We

then consider all injective maps θ from [i] to [q′] with this index vector, that is, θ sends exactly
i′j vertices to Pj . Each of these θ (specifying which vertices we are fixing) and each H ∈ H then
gives us a degree vector H(θ)∗. The lattice generated by all these vectors is denoted by H〈i′〉.
The graph G then is H-divisible if for any mapping ψ from [n] to some [i] (fixing i vertices of G)
the following holds. We let i′ ∈ Nt0 be the index vector of ψ. We then require that the degree
vector G(ψ)∗ is in H〈i′〉.

Accordingly, this definition has to be checked for each “i′ ∈ Nt0” and each ψ with “iP ′(ψ) = i′”.
For us, there are three cases to distinguish, depending on whether

∑
i′ is 0, 1, or 2; for higher

values of
∑

i′ the condition in Definition 36 is void. We now show that these three cases
correspond to 0-divisibility, 1-divisibility, and 2-divisibility in Definition 18, respectively.

• First suppose that
∑

i′ = 0. Then the condition requires that G(∅)∗ is a linear combination of
the degree vectors H(∅)∗ with H ∈ H with integer coefficients mH . This means exactly that
the number of edges of colour d in G is

∑
H∈HmHcd,H , where cd,H is the number of edges of

colour d in H, which is 0-divisibility.

• If
∑

i′ = 1, the condition mandates the following for each choice of vertex v ∈ [n]. Let j ∈ [t]

be such that v ∈ P ′j . The degree vector G(v)∗ has to be a linear combination with integer
coefficients of the degree vectors H(θ)∗, with H ∈ H and θ : [1] → [q′] such that θ(1) ∈ Pj .
This is exactly 1-divisibility.

• If
∑

i′ = 2, then the condition asks that for each choice of a pair uv from [n] the following
holds. Let j, j′ ∈ [t] be such that u ∈ P ′j , v ∈ P ′j′ . The degree vector G(uv)∗ has to be a linear
combination with integer coefficients of the degree vectors H(θ)∗ with H ∈ H and θ : [2]→ [q′]

such that θ(1) ∈ Pj and θ(2) ∈ Pj′ . This means that an edge of colour d can appear in G

between P ′j and P ′j′ only if there is an edge of colour d between Pj and Pj′ in some H ∈ H.
Further, since for unoriented colours d with colour index (j, j) the edges of colour d in each
H ∈ H come in pairs that form unoriented 2-cycles, the same has to be true for edges of
colour d in G. This is exactly 2-divisibility.

Let us now turn to (H, c, ω)-regularity, which requires that for each H ∈ H and each coloured
copy φH of H in G with φ ∈ Φq′ (that is, φ maps vertices from Pj to P ′j) we can define a weight
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yHφ ∈ [ωn2−q, ω−1n2−q] so that for each edge of e ∈ E(G), when we sum these weights over all
copies φH which use e we get (1 ± c). Since in our setting, any coloured copy of any H ∈ H
maps vertices from Pj to P ′j , this is identical to Definition 19.

The last notion is that of extendability for all H ∈ H. By a remark before Definition 37, the
required (ω, h)-extendability of (Φ, GH) follows from ( q′h

√
ω, h)-vertex-extendability of (Φ, G).

According to Definition 37 ( q′h
√
ω, h)-vertex-extendability of (Φ, G) mandates the following. For

every vertex x ∈ [q′] and for any choice of vertex disjoint sets Ai with i ∈ [q′] \ {x} of size at
most h in G such that for every collection of vi ∈ Ai we have that (i 7→ vi : i ∈ [q′] \ {x}) ∈ Φ

(which for us just means that vi ∈ P ′j where j is such that i ∈ Pj), there have to be at least
q′h
√
ωn vertices v ∈ Φ0

x (for us Φo
x is the part P ′j′ such that x ∈ Pj′) satisfying the following

properties. Firstly, (i 7→ vi : i ∈ [q′]) ∈ Φ whenever vx = v and vi ∈ Ai for i 6= x, which, since
v ∈ Φ0

x is always satisfied. Secondly, for every colour d and every edge θ of H which is of colour d
and contains x, we have that all edges (i 7→ vi : i ∈ [2]) are edges of G in colour d whenever
vj = v for j = θ−1(x) and vi ∈ Aθ(i) for all i 6= j. This means that for any edge xi in H of
colour d we have that all edges vvi with vi ∈ Ai of colour d are present in G; and that for any
edge ix in H of colour d we have that all edges viv with vi ∈ Ai of colour d are present in G.
This corresponds exactly to Definition 20.

Hence the host graph G from Theorem 21 satisfies the conditions of Theorem 19 and thus G
has an H-decomposition as claimed.
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E∗, 119
G
‖
s , 27

G♠s , 27
G��

s , 35
P�
s , 97
Vv, V̄v, 133
BasicPathss, 6
Cj

G↪→H(t), 69
Dodd, 6
HA, 30
HB, 33
HC, 35
HD, 36
HE, 37
HF, 38
deg−(i), 68
N−(i), 68
NH(v), 4
NH(S), 4
Nin

G (v), 12
Nin

G (S), 12
Nout

G (v), 12
Nout

G (S), 12
OddOut(v), 31
OurPackingClass(n,m;α, c,D), 5
PackingProcess′, 70
Parity(v), 32
OddVerts, 6
SpecPaths∗s , 28, 35
SpecPathss, 27
SpecShortPathss, 36
V�, 35
V�, 35
d̄E, 36
�, �i, �i, 35
J , 6
J2, 27
J0, 27
J1, 27
J�, 97
K, 6
dA, 30
dB, 33
dC, 35

dD, 36
d∗E, 36
degH(v), 4
degH(S), 4
degin

G (v), 12
degout

G (v), 12
imB(s), 33
imC(s), 35
imD(s), 36
imE(s), 37
imF(s), 38
leftpathh(P ), 25
UH̃(S1, S2, T1, T2, T3), 24
PathTerm(v), 31
middlepathh(P ), 25
rightpathh(P ), 25
dD, 35
dH∗,P∗(v), 133
j��, 36
j��, 36
j��, 36
t(v), 37
yleftP , 107
yrightP , 107
PathPacking , 52
RandomEmbedding , 70
RandomPathEmbedding , 39
0-divisible, 15
1-divisible, 15
2-divisible, 16

anchor, 28
anchor distribution property, 39

bare path, 4
bipartite density, 4
block-diet, 22
block-quasirandom, 22

candidate set, 68
chest, 12
conditional expectation, 21

decomposition, 14
density, 4
diamond, 13
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diamond core-decomposition, 13
diet condition, 22
discrepancy degree, 133
divisible, 15

filtration, 20
final candidate set of t, 69

general digraph, 15

history ensemble, 21
hypergeometric distribution, 20

index-quasirandom, 23

leaf, 4
left-degree, 68
left-neighbourhood, 68
length of path, 5
Lipschitz function, 20

moderately balanced occupancy requirement, 116

neighbourhood, 4

occupancy assignment, 116
occupancy vector, 117
oriented colour, 14

pair distribution property, 53
partial embedding, 68
partially directed multigraph, 12
path-forest, 38

quasirandom, 4
quasirandom chest, 13

regular, 16

side, 9
simple canonical family of digraphs, 14

terminal pair, 35

unoriented colour, 14

vertex extendable, 17



THE TREE PACKING CONJECTURE FOR TREES OF ALMOST LINEAR MAXIMUM DEGREE 149

References

[1] P. Allen, J. Böttcher, D. Clemens, and A. Taraz, Perfectly packing graphs with bounded degeneracy and many
leaves, arXiv:1906.11558.

[2] P. Allen, J. Böttcher, J. Hladký, and D. Piguet, Packing degenerate graphs, Adv. Math. 354 (2019), 106739.
[3] J. Balogh and C. Palmer, On the Tree Packing Conjecture, SIAM J. Discrete Math. 27 (2013), no. 4, 1995–

2006.
[4] J. Böttcher, J. Hladký, D. Piguet, and A. Taraz, An approximate version of the tree packing conjecture, Israel

J. Math. 211 (2016), no. 1, 391–446.
[5] A. Ferber, C. Lee, and F. Mousset, Packing spanning graphs from separable families, Israel J. Math. 219

(2017), no. 2, 959–982.
[6] A. Ferber and W. Samotij, Packing trees of unbounded degrees in random graphs, J. Lond. Math. Soc. (2) 99

(2019), no. 3, 653–677.
[7] D. A. Freedman, On tail probabilities for martingales, Ann. Probability 3 (1975), 100–118.
[8] S. Glock, D. Kühn, A. Lo, and D. Osthus, The existence of designs via iterative absorption: hypergraph

F -designs for arbitrary F , arXiv:1611.06827, version 3.
[9] S. Glock, F. Joos, J. Kim, D. Kühn, and D. Osthus, Resolution of the Oberwolfach problem, J. Eur. Math.

Soc. (JEMS) 23 (2021), no. 8, 2511–2547.
[10] A. Gyárfás and J. Lehel, Packing trees of different order into Kn, Combinatorics (Proc. Fifth Hungar-

ian Colloq., Keszthely, 1976), Colloq. Math. Soc. János Bolyai, vol. 18, North-Holland, Amsterdam, 1978,
pp. 463–469.

[11] S. Janson, T. Łuczak, and A. Ruciński, Random graphs, Wiley-Interscience, 2000.
[12] F. Joos, J. Kim, D. Kühn, and D. Osthus, Optimal packings of bounded degree trees, J. Eur. Math. Soc.

(JEMS) 21 (2019), no. 12, 3573–3647.
[13] P. Keevash, Coloured and directed designs, arXiv:1807.05770v2.
[14] , The existence of designs, arXiv:1401.3665.
[15] , The existence of designs II, arXiv:1802.05900.
[16] , Coloured and directed designs, Building Bridges II, Bolyai Society Mathematical Studies, vol. 28,

Springer, Berlin, 2019, pp. 279–315.
[17] P. Keevash and K. Staden, The generalised Oberwolfach problem, arXiv:2004.09937.
[18] , Ringel’s tree packing conjecture in quasirandom graphs, arXiv:2004.09947.
[19] J. Kim, D. Kühn, D. Osthus, and M. Tyomkyn, A blow-up lemma for approximate decompositions, Trans.

Amer. Math. Soc. 371 (2019), no. 7, 4655–4742.
[20] J. Komlós, G. Sárközy, and E. Szemerédi, Spanning trees in dense graphs, Combin. Probab. Comput. 10

(2001), no. 5, 397–416.
[21] C. McDiarmid, On the method of bounded differences, Surveys in combinatorics, 1989 (Norwich, 1989),

London Math. Soc. Lecture Note Ser., vol. 141, Cambridge Univ. Press, Cambridge, 1989, pp. 148–188.
[22] S. Messuti, V. Rödl, and M. Schacht, Packing minor-closed families of graphs into complete graphs, J.

Combin. Theory Ser. B 119 (2016), 245–265.
[23] R. Montgomery, A. Pokrovskiy, and B. Sudakov, A proof of Ringel’s conjecture, arXiv:2001.02665.
[24] G. Ringel, Problem 25, Theory of Graphs and its Applications (Proc. Int. Symp. Smolenice 1963), Czech.

Acad. Sci., Prague, 1963.
[25] V. Rödl, On a packing and covering problem, European J. Combin. 6 (1985), no. 1, 69–78.



THE TREE PACKING CONJECTURE FOR TREES OF ALMOST LINEAR MAXIMUM DEGREE 150

(PA) London School of Economics, Department of Mathematics, Houghton Street, London
WC2A 2AE, UK

Email address: p.d.allen@lse.ac.uk

(JB) London School of Economics, Department of Mathematics, Houghton Street, London
WC2A 2AE, UK

Email address: j.boettcher@lse.ac.uk

(DC) Technische Universität Hamburg, Institut für Mathematik, Am Schwarzenberg-Campus
3, 21073 Hamburg, Germany

Email address: dennis.clemens@tuhh.de

(JH) Institute of Mathematics of the Czech Academy of Sciences, Žitná 25, 115 67 Prague,
Czechia. With institutional support RVO:67985840 and Institute of Computer Science of the
Czech Academy of Sciences, Pod Vodárenskou věží, 2, 182 07 Prague, Czechia. With institutional
support RVO:67985807

Email address: hladky@cs.cas.cz

(DP) Institute of Computer Science of the Czech Academy of Sciences, Pod Vodárenskou věží,
2, 182 07 Prague, Czechia. With institutional support RVO:67985807

Email address: piguet@cs.cas.cz

(AT) Technische Universität Hamburg, Institut für Mathematik, Am Schwarzenberg-Campus 3,
21073 Hamburg, Germany

Email address: taraz@tuhh.de

Powered by TCPDF (www.tcpdf.org)

http://www.tcpdf.org

