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LARGE SCALE GEOMETRY OF BANACH-LIE GROUPS

HIROSHI ANDO, MICHAL DOUCHA, AND YASUMICHI MATSUZAWA

Abstract. We initiate the large scale geometric study of Banach-Lie groups, especially of linear
Banach-Lie groups. We show that the exponential length, originally introduced by Ringrose for
unitary groups of C∗-algebras, defines the quasi-isometry type of any connected Banach-Lie
group. As an illustrative example, we consider unitary groups of separable abelian unital C∗-
algebras with spectrum having finitely many components, which we classify up to topological
isomorphism and up to quasi-isometry, in order to highlight the difference. The main results then
concern the Haagerup property, and Properties (T) and (FH). We present the first non-trivial
non-abelian and non-localy compact groups having the Haagerup property, most of them being
non-amenable. These are the groups U2(M, τ), where M is a semifinite von Neumann algebra
with a normal faithful semifinite trace τ . Finally, we investigate the groups En(A), which are
closed subgroups of GL(n,A) generated by elementary matrices, where A is a unital Banach
algebra. We show that for n ≥ 3, all these groups have Property (T) and they are unbounded,
so they have Property (FH) non-trivially. On the other hand, if A is an infinite-dimensional
unital C∗-algebra, then E2(A) does not have the Haagerup property. If A is moreover abelian
and separable, then SL(2, A) does not have the Haagerup property.
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1. Introduction

A principal topic of geometric group theory is to study groups geometrically as metric spaces,
mainly from the large scale point of view, and to study group actions on geometrically inter-
esting metric spaces, where proper actions, resp. actions with fixed points are of main interest.
Although by the Birkhoff-Kakutani theorem, every first-countable Hausdorff topological group
admits a compatible left-invariant metric, not every such a metric is geometrically interesting.
There are two traditionally well studied classes of groups, finitely generated groups and con-
nected Lie groups, that however admit certain canonical distances that have been the central
objects of the geometric investigation of these groups. These are the word metrics on finitely
generated groups and the left-invariant Riemannian distances on connected Lie groups. Both
classes of distances are considered, for sound reasons, to define the quasi-isometry types of the
corresponding groups, and make the notions of proper group actions meaningful.

It has been recently observed that large scale geometry can be well extended to bigger classes
of groups. Cornulier and de la Harpe in [13] present a systematic large scale geometric study
of locally compact groups, in particular clarify which locally compact groups admit metrics
that well-define their quasi-isometry type, resp. their coarse type. More or less at the same
time, Rosendal in [52] suggested to study coarse geometry of general topological groups. He
discovered that the notion of a coarse structure, as defined by Roe (see [49]), can be defined on
any topological group. This in particular made possible to investigate not necessarily locally
compact groups which have well-defined quasi-isometry type in a similar vein as for locally
compact groups.

We remark that many important notions connecting group actions with analysis, such as
the Haagerup property (also known as, or equivalent to, a-T-menability), i.e. having a metri-
cally proper continuous action on a Hilbert space by affine isometries, or analogous notions for
other, mainly Lp, Banach spaces, are now meaningful for all topological groups. The opposite
properties, i.e. fixed point properties on various metric spaces (in particular on Hilbert spaces
which is for σ-compact locally compact groups equivalent to the famous Property (T), or other
Lp-spaces) can be formulated and investigated even without considering a coarse structure on
a group, but when it is at our disposal, they can be appreciated somewhat better, as we shall see.

The goal of this paper is to initiate the study of these problems on Banach-Lie groups, es-
pecially on linear Banach-Lie groups. Considering the prominence of Lie groups in geometric
group theory and realizing that they have been the main and most natural source of examples
of groups having properties mentioned above, e.g. the Haagerup property, the fixed point prop-
erties on Lp-spaces, Property (T) (indeed, the first examples of non-locally finite groups with
Property (T) were Banach-Lie groups [54]), we believe that Banach-Lie groups should play a
similar prominence in the non-locally compact case. The task of this paper is to justify this
belief. Mostly we will be concerned with linear Banach-Lie groups and their closed subgroups,
i.e. closed subgroups of GL(n,A), where A is a unital Banach algebra. Although in the general
theory of infinite-dimensional Lie groups, this is a very special class, for our purposes it is already
quite rich and it connects our research with operator algebras and topological K-theory, where
these groups naturally appear. We refer to [48], [59], and references therein for the research on
the (mostly normal subgroup) structure of linear Banach-Lie groups.

First we realize that every connected Banach-Lie group has a well-defined quasi-isometry type.
We show that there are several candidates for distances realizing the large scale geometry (all
of them of course quasi-isometrically the same). The standard distance on Banach-Lie groups,
generalizing the Riemanninan distance, is the Finsler distance, and metric geometry of Banach-
Lie groups with this distance is an established topic of research (see e.g. [30] and [6], and
references therein). Indeed, the Finsler distance defines the quasi-isometry type (it is a maximal
metric in the sense of Rosendal [52]). However, in this paper we will promote another distance
that has its origin in C∗-algebra theory and was defined by Ringrose in [47] as a C∗-exponential
length for unitary groups of C∗-algebras. He also proved that for unitary groups it actually
coincides with the Finsler distance. On the other hand, the connection between the exponential
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length and the large scale geometry of the groups U0(A) has not been found until recently.
In [5], the authors found the first connection that U0(A) is bounded if and only if A has finite
exponential length. Thus establishing the (in)finiteness of exponential length is of importance for
our purpose. It turns out that the exponential length can be defined on any connected Banach-
Lie group, where it defines its quasi-isometry type. Its advantage to the Finsler distance, in
our view, is that it is more convenient in computations, especially for linear Banach-Lie groups,
which will be demonstrated several times throughout the paper. Indeed, in some cases the
exponential length can be computed explicitly. Since having a well-defined quasi-isometry type
does not mean that this type is not trivial, i.e. that the group is not quasi-isometric to a point,
we provide some criteria for verifying that a given Banach-Lie group is unbounded. This is an
important research topic in C∗-algebra theory for unitary groups (see e.g. [41], [60], [32], and
references therein).

These new concepts are then illustrated on our ‘toy examples’, the unitary groups of unital
abelian C∗-algebras (in the sequel, we shall use the shorthand abelian unitary groups for them).
We explicitly compute their exponential length. For separable algebras, we show that whenever
the Gelfand spectrum of the algebra is not totally disconnected (otherwise, the unitary group
is bounded, see [5]), then the corresponding unitary group is quasi-isometrically universal for
separable metric spaces. For separable abelian unital C∗-algebras whose Gelfand spectrum has
finitely many components, we provide a classification of their unitary groups up to topological
isomorphism and up to quasi-isometry, highlighting the difference.

Next we focus on Properties (T) and (FH), and the Haagerup property. We provide, to the
best of our knowledge, the first non-trivial examples of non-abelian non-locally compact groups
with the Haagerup property, most of them even being non-amenable (we note that for non-
locally compact groups, amenability does not imply the Haagerup property, see [51], where the
Haagerup property for non-locally compact groups was considered for the first time).

Theorem A. Let M be a semifinite von Neumann algebra acting on a separable Hilbert space
with infinite direct summand and let τ be a normal faithful semifinite trace τ on M . Let 1 ≤
p <∞ and let Up(M, τ) be the p-Schatten unitary group associated to M . Then Up(M, τ) is an
unbounded Polish group acting properly on Lp(M, τ).

In particular, U2(M, τ) has the Haagerup property.

Moreover, if M is a factor, then Up(M, τ) is a Banach-Lie group if and only if M is of type
I. If M is moreover a type II∞ factor, then the following three conditions are equivalent.

(i) Up(M, τ) is amenable for some 1 ≤ p <∞.
(ii) Up(M, τ) is amenable for every 1 ≤ p <∞.
(iii) M is hyperfinite.

If A is any unital (real or complex) Banach algebra and n ≥ 2, denote by E(n,A) the closed
subgroup of GL(n,A), which is the Banach-Lie group of invertible elements of the Banach algebra
Mn(A) with the norm topology, generated by the elementary matrices.

Theorem B. Let A be a unital Banach algebra, not necessarily abelian and separable, and let
n ≥ 3. Then En(A) is an unbounded group with Properties (T) and (FH).

Moreover, if A is abelian, then En(A) is the connected component of the identity of SL(n,A),
thus SL(n,A) has Property (T) if and only if SL(n,A)/En(A) does. In particular, if A is a
C∗-algebra and X is its Gelfand spectrum, then SL(n,A) has Property (T) if and only if the
group of homotopy classes of maps [X,SU(n)] does.

This provides also a large influx of new examples of non-locally compact groups having Prop-
erty (FH) ‘non-trivially’. Indeed, most of the known examples of non-locally compact groups
having Property (FH) are bounded, i.e. they only have bounded orbits when acting on any
metric space.
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Theorem C. On the other hand, if n = 2 and A is an infinite-dimensional unital C∗-algebra,
then (contrary to the finite-dimensional case) E2(A) does not have the Haagerup property. If A
is moreover separable and abelian, then SL(2, A) does not have the Haagerup property.

The paper is organized as follows. In Section 2, we review the background material on large
scale geometry (of groups), on Properties (T), (FH), and the Haagerup property, on Banach-Lie
groups, and on von Neumann algebras. The subsections on Property (T) and the Haagerup
property contain several new observations, e.g. equating Property (FH) with a weak Property
(T) for certain class of topological groups.

In Section 3, we introduce the main new notions of the paper, the exponential length on
Banach-Lie groups. We present its basic properties, compare it with other distances on Lie
groups, and connect it with the C∗-exponential length. Generalizing certain results of Phillips
(mostly from [43]) on C∗-exponential length, we introduce methods for showing that the expo-
nential length is unbounded. These new notions are then illustrated in Section 4 on abelian
unitary groups, for which we compute the exponential length explicitly. We also classify uni-
tary groups of separable abelian unital C∗-algebras whose Gelfand spectrum has finitely many
components, up to topological isomorphism and up to quasi-isometry.

Then in Section 5 we take up the study of the p-Schatten unitary groups of a semifinite von
Neumann algebras and prove the theorem stated for them above. Finally, in Section 6 we study
the groups En(A). We show that they are always unbounded groups. We do not know whether
they are in general Banach-Lie, we do know it when A is abelian or when K0(A) is finitely
generated. We then prove the second theorem stated above.

2. Preliminaries

This section mostly reviews some known notions and facts that will be crucial for the rest
of the paper, but it also contains several new observations (about Properties (T) and (FH) for
Polish groups). We cover here large scale geometry of topological groups, Banach-Lie groups,
Properties (T) and (FH), the Haagerup property, and von Neumann algebras and noncommu-
tative integration theory.

2.1. Large scale geometry of topological groups. Let us start with some basic notions of
large scale geometry. The reader is referred to [49] or [37] for more information.

Let (X, dX) and (Y, dY ) be metric spaces. A map f : X → Y is called a quasi-isometric
embedding if there are constants K,L > 0 such that for all x, y ∈ X

1

K
dX(x, y)− L ≤ dY (f(x), f(y)) ≤ KdX(x, y) + L.

If moreover the image f [X] ⊆ Y is a net, i.e. there is ε > 0 such that for all y ∈ Y there
is x ∈ f [X] with dY (x, y) < ε, then f is called a quasi-isometry and the spaces X and Y are
quasi-isometric.

A strict weakening of the notion of quasi-isometry is the notion of coarse equivalence. A
map f : X → Y between metric spaces as above is called a coarse embedding if there exist
moduli ρ1 : [0,∞) → [0,∞) and ρ2 : [0,∞) → [0,∞), which are non-decreasing and satisfying
limt→∞ ρ1(t) =∞, and such that for all x, y ∈ X

ρ1(dX(x, y)) ≤ dY (f(x), f(y)) ≤ ρ2(dX(x, y)).

If in addition again the image f [X] ⊆ Y is a net, then f is called a coarse equivalence and the
spaces X and Y are called coarse equivalent.

It is clear that the notions of quasi-isometry and coarse equivalence make sense also for
pseudometric spaces (i.e. spaces for which the distance function d may vanish also outside of
the diagonal), an observation that will be useful below.

Next we review some key ideas of the recent monograph [52] of Rosendal on large scale
geometry of topological groups. Based on the ideas of Roe ([49]), Rosendal notices that it is
possible to define a coarse structure for all topological groups. Indeed, a subset A ⊆ G of a
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topological group is coarsely bounded if it is bounded with respect to every continuous left-
invariant pseudometric on G. Otherwise, it is coarsely unbounded.

In this vein, the most important metrizable groups are those for which there exists a compatible
left-invariant metric which metrizes its coarse structure. This is well known to be the case e.g.
for countable discrete groups as one can always find a proper left-invariant metric on such groups.
Even better, there are groups for which one can well-define their quasi-isometry type by finding
a compatible left-invariant metric which is maximal (in a sense defined below). This is well
known to be the case for finitely generated groups (with their word metrics) and for connected
real Lie groups (with their left-invariant Riemannian metrics). Rosendal’s discovery is that there
are actually also many non-locally compact groups which admit such a metric. We start with
precise definitions.

Definition 2.1. [52, Definition 2.49] Let G be a topological group and let P be the set of all
continuous left-invariant pseudometrics on G. Define a partial order relation� on P by setting,
for d, p ∈ P, d� p if there exist constants K,L > 0 such that d ≤ Kp+ L.

A left-invariant pseudometric d ∈ P is maximal if it is maximal element in (P,�).

It is clear that if d, p ∈ P are both maximal, then they are quasi-isometric (i.e. the spaces
(G, d) and (G, p) are quasi-isometric). Moreover, if P admits a maximal element d ∈ P, then d
defines the quasi-isometry type of G (see [52, Section 2.7] for details).

We state the following criterion that is useful in verifying that a given metric is maximal.

Proposition 2.2. [52, Proposition 2.52] Let G be a topological group and d a continuous left-
invariant pseudometric on G. Then the following are equivalent.

(1) d is maximal.
(2) d is coarsely proper and large scale geodesic.

Now we own the definitions of coarse properness and large scale geodesicity.

Definition 2.3. A continuous left-invariant pseudometric on a topological group G is coarsely
proper if it generates the left-coarse structure on G (see [52, Definition 2.4]). By [52, Lemma
2.40], this is equivalent, assuming that d is actually a compatible metric and that G has no
proper open subgroups, to the requirement that for all ∆, δ > 0 there is k ∈ N such that for any
d(g, e) < ∆ there are elements g0 = e, . . . , gk = g ∈ G satisfying d(gi, gi+1) < δ, for all 0 ≤ i < k

Definition 2.4. (G, d) as above is large scale geodesic if there is K > 0 such that for all g, h ∈ G
there are g0 = g, . . . , gn = h satisfying d(g, h) ≤ K

∑n−1
i=0 d(gi, gi+1), and for all 0 ≤ i < n,

d(gi, gi+1) ≤ K.

Let (M,d) be a metric space (or in general, just a pseudometric space). Recall that an intrinsic
pseudometric dI is defined by

dI(x, y) := inf {L(γ) | γ : [0, 1]→M continuous, γ(0) = x, γ(1) = y} ,

for x, y ∈M , where

L(γ) := sup

{
n∑
i=1

d(γ(xi), γ(xi+1)

∣∣∣∣∣x1 = 0 < x2 < . . . < xn+1 = 1

}
.

Notice that dI is symmetric and satisfies the triangle inequality, however it can attain infinity.
In general, it follows from triangle inequalities that d ≤ dI . If we have d = dI , then we say that
M is a length space.

The following simple lemma will be very useful.

Lemma 2.5. Let G be a topological group without proper open subgroups and let d be a left-
invariant compatible metric such that (G, d) is a length space. Then d is maximal.

We note that [52, Example 2.54] states that every compatible left-invariant geodesic metric is
maximal. Lemma 2.5 is just a mild generalization.
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Proof. It is easy to check that d satisfies the condition from Definition 2.3, for any 0 < δ < ∆
with k = b∆

δ c+ 1. Since G has no proper open subgroups and d is compatible, we get that d is
coarsely proper. It is also easy to see d satisfies Definition 2.4 with K arbitrarily close to 1. It
follows from Proposition 2.2 that d is maximal. �

In the sequel, when working with topological groups and their subsets, we shall simply say
that the groups (and their subsets) are bounded, resp. unbounded, instead of the more precise
coarsely bounded, resp. coarsely unbounded. We will also use in the sequel the basic facts (see
[52]) that bounded sets are closed under products and continuous homomorphic images.

Finally we note that (continuous) left-invariant metrics, resp. pseudometrics on groups are
in one-to-one correspondence with (continuous) length functions, resp. pseudo-length functions
on groups, sometimes also called norms, resp. pseudonorms. Since the latter are sometimes
more convenient to define and work with, we shall work with these two notions interchangeably.
Here we recall that for a (topological) group G, a length function is a (continuous) function
` : G → [0,∞) satisfying for all g, h ∈ G, `(g) = 0 if and only if g = 1G, `(g) = `(g−1), and
`(gh) ≤ `(g) + `(h). If the first condition is relaxed to `(1G) = 0, i.e. we allow ` to vanish on
non-trivial elements of G, then ` is a pseudo-length function.

2.2. Infinite-dimensional Lie groups. Let M be a topological space. We say that M is a
Banach manifold if there exists a (real or complex) Banach space Z such that

• M is locally homeomorphic to Z.
• If U, V ⊆M are two open sets, with non-empty intersection, homeomorphic to open sets

in Z via the maps pU : U → Z, resp. pV : V → Z, then the map pu ◦ p−1
V : pV [U ∩ V ]→

pU [U ∩ V ] is smooth.

Definition 2.6. A Hausdorff topological group G is a Banach-Lie group if G is topologically a
Banach manifold and the group operations are smooth.

We briefly review some basic properties of Banach-Lie groups that will be useful for us. We
refer to [58, Section 6] and [33, Section IV] for details. To each Banach-Lie group G, a Banach-
Lie algebra g can be assigned, as in the finite-dimensional case, as the tangent space at 1G. Since
it can be canonically identified with the Banach space on which G is modelled, g is a Banach
space.

There exists, as in the finite-dimensional case, the exponential function exp : g → G, whose
most important property for us is that it is a local diffeomorphism - in fact, being a local home-
omorphism is sufficient for our purposes here. This has the following important consequences:

• The connected component of the identity G0 in G is path-connected and open (therefore
clopen).
• For each X ∈ g, exp(X) ∈ G0, and for each g ∈ G0 there are X1, . . . , Xn ∈ g such that
g =

∏n
i=1 exp(Xi).

• G/G0 is discrete.

The exponential exp(a) will be occasionally denoted just by ea, when working with linear groups,
whenever convenient.

We present few examples below. All of them, and many others, will appear later in the text, so
we postpone the reference or verification that these groups are Banach-Lie to the corresponding
sections.

Examples.

• Every Banach space is an abelian Banach-Lie group.
• Let A be a unital real or complex Banach algebra and let GL(A) denote the group of all

invertible elements of A equipped with the norm topology. Then GL(A) is a Banach-Lie
group.
• Let A be a unital C∗-algebra and let U(A) denote its unitary group with the norm

topology. Then U(A) is a Banach-Lie group. Moreover, if I is a closed two-sided ideal
in A, then UI(A) := {1 + a ∈ U(A) | a ∈ I} is a Banach-Lie group.
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• Let 1 ≤ p ≤ ∞, let H be a Hilbert space and let ‖ · ‖p be the p-Schatten norm on B(H).
Then Up(H) = {1 + a | ‖a‖p <∞}, equipped with the topology coming from the p-norm
‖ · ‖p, is a Banach-Lie group.
• Let H be a matrix finite-dimensional Lie group and let X be a compact Hausdorff space.

Then the group C(X,H) of all continuous maps with point-wise group operations is a
Banach-Lie group.

We remark that not all the finite-dimensional Lie theory generalizes - even to Banach-Lie
groups. One particular instance, which will be of concern for us, is that not every closed subgroup
of a Banach-Lie group is a Banach-Lie group. This will have a consequence that sometimes we
will work with certain closed subgroups of Banach-Lie groups, which we do not know whether
they are Banach-Lie. Some of our techniques will still apply to them. Also, we shall work with
the p-unitary groups Up(M, τ), where M is a semifinite von Neumann algebra. In that case,
Up(M, τ) usually is not a Banach-Lie group, still some large scale geometric properties can be
investigated similarly as for Up(H) though. Second we note that there are far more general
infinite-dimensional Lie groups besides Banach-Lie groups; we refer the reader to [34]. It is not
clear to us though how to apply the ideas from Section 3 to these more general classes of Lie
groups.

2.3. Properties (T) and (FH). Here we review the basics of the Kazhdan property (T) and
Property (FH). We also offer some new observations which relate Property (T) and Property
(FH) for Polish (or more general topological) groups. These will be relevant later in Section 6.
Our main reference is [8] and we refer there for any unexplained notion and for more details.

Recall that a unitary representation π : G → U(H) of a topological group G almost has
invariant vectors if for every compact set Q ⊆ G and ε > 0 there exists a unit vector ξ ∈ H
satisfying maxg∈Q ‖gξ − ξ‖ < ε. We say that G has Property (T) (see [8, Definition 121.3] for
more details) if every strongly continuous unitary representation of G almost having invariant
vectors has a non-zero invariant vector. We also say that G has strong Property (T) if we can
replace the compact set Q in the definition for a finite set.

Next, we say that a topological group G has Property (FH) if every continuous action of G
on any Hilbert space H by affine isometries has a fixed point.

Property (T) and Property (FH) are related by the Delorme-Guichardet theorem (see [8,
Theorem 2.12.4]): If a topological group G has Property (T), then it has Property (FH). The
converse is not true in general, we shall later see counterexamples in the class of Polish groups,
however, if G is locally compact and σ-compact (in particular, locally compact and Polish), then
Property (FH) implies Property (T).

Apparently, the first example of a non-locally compact group having Property (T) was pro-
vided by Shalom in [54] as the group of continuous homomorphism from the circle group T into
SL(n,C), for n ≥ 3, which can be identified with SL(n,C(T)). To the best of our knowledge, it
was therefore also the first example of an unbounded non-locally compact group having Prop-
erty (FH). Since then, the research on Property (T) for non-locally compact Polish groups has
undergone a significant development, see e.g. [9], [57], [40], [26]. Curiously, the same cannot be
said about Property (FH). Almost all the new examples of non-locally compact Polish groups
with Property (T) are bounded, therefore they have Property (FH) for trivial reasons (although
it is not always easy to verify that these groups are bounded).

So as far as we know, the only ‘non-trivial’ examples of non-locally compact and unbounded
Polish groups having Property (FH) are the examples by Shalom, whose list has been later
much expanded by Cornulier in [14]. Among trivial examples are direct products of bounded
non-locally compact groups and non-compact locally compact groups with property (T).

Our first goal is to find a weakening of Property (T) that is equivalent to Property (FH) for
much larger class of topological groups. The new examples of unbounded topological groups
having Property (T) and Property (FH) will be provided in Section 6.

We start with a new definition.
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Definition 2.7. Let G be a Polish group and let π : G→ U(H) be a strongly continuous unitary
representation. We say that π almost has invariant vectors in the bounded sense if for every ε > 0
and every bounded set Q ⊆ G there exists a unit vector ξ ∈ H such that supg∈Q ‖gξ − ξ‖ < ε.

We say that G has weak Property (T) if every strongly continuous unitary representation of
G almost having invariant vectors in the bounded sense has a non-zero invariant vector.

Remark 2.8. Notice that if G is a locally compact Polish group, then the weak Property (T)
for G is equivalent to the standard Property (T) - as bounded is equivalent to pre-compact in
this case.

The following proposition is verified exactly as in the locally compact case.

Proposition 2.9. Let G be a topological group. Then G has the weak Property (T) if and only
if there exists a bounded Kazhdan set Q ⊆ G; that is, a bounded set Q ⊆ G and ε such that if
π is a strongly continuous unitary representation that has (Q, ε)-invariant vector, then it has a
non-zero invariant vector.

Lemma 2.10. Let G be a Polish group having weak Property (T). Then

(1) if Q ⊆ G is a bounded Borel generating set, then it is a Kazhdan set;
(2) if Q ⊆ G is a Kazhdan set with non-empty interior, then it is generating.

Proof. First, if Q ⊆ G is a Borel set generating G, then Q̄ = Q∪Q−1 is also Borel and generating,
i.e. G =

⋃
n∈N Q̄

n. Since each Q̄n has the Baire property, there must be n ∈ N such that Q̄n is

non-meager and therefore by the Pettis’ theorem, B = Q̄2n contains an open neighborhood U of
the identity which we suppose to be symmetric. Since G has the weak Property (T), let K be
a bounded Kazhdan set. Now Q̄U is an open symmetric generating set. Let d′ be an arbitrary
compatible left-invariant metric on G. Since Q̄U is bounded (as Q is bounded), it has a finite
diameter in d′ and therefore, by [51, Lemma 2.51], there exists a compatible left-invariant metric
d on G that is quasi-isometric to the word metric ρ with Q̄U as a generating set. Since K is
bounded and so d is bounded on K, and d is quasi-isometric to ρ, there exists k ∈ N such that
K ⊆ (Q̄U)k, so K ⊆ Q̄2nk+k. By a standard computation using triangle inequalities, one gets
that every ε/(2nk+k)-invariant vector for Q̄ is ε-invariant for K, so every ε/2(2nk+k)-invariant
vector for Q is ε-invariant for K, showing that Q is Kazhdan.

If Q is Kazhdan with non-empty interior, then we can argue as in the locally compact case: if
Q is not generating, then the subgroup H generated by Q is a proper open subgroup, therefore
clopen, so G/H is discrete. The quasi-regular representation of G on `2(G/H) has H-invariant
vector, in particular Q-invariant vector, however no invariant vector, contradicting that Q is
Kazhdan. �

We shall call a topological group σ-bounded if it can be covered by countably many bounded
sets with the Baire property. Note that a locally compact group is σ-bounded if and only if
it is σ-compact. We note that even not all Polish groups are σ-bounded. Indeed, a simple
diagonalization argument shows that the Polish group

∏
n∈N Z is not σ-bounded. If it were

covered by countably many bounded sets (Bn)∞n=1, then using the basic observation that the
projection on each coordinate of each Bn is bounded, we could pick elements (zn)∞n=1 such
that zn /∈ Pn(Bn), where Pn is the projectioon on the n-th coordinate, and so the element
(zn)∞n=1 ∈

∏
i∈N Z\

⋃
n∈NBn. Moreover, a topological group is locally bounded (see [52, Definition

2.22]) if it has a bounded neighborhood of the identity.

Lemma 2.11. A Polish group is σ-bounded if and only if it is locally bounded. In general, a
σ-bounded Baire group is locally bounded.

Proof. Suppose that a Baire group G is covered by the sequence of bounded sets (Bn)∞n=1 which
we may suppose are increasing in inclusion. Therefore there is n so that Bn is non-meager. By
the Pettis’ theorem BnB

−1
n contains a neighborhhod of the identity U which is therefore also

bounded.
The converse for Polish groups is clear since countably many translates of the bounded neigh-

borhood of the identity cover the group. �



LARGE SCALE GEOMETRY OF BANACH-LIE GROUPS 9

Proposition 2.12. If a Polish group has the weak Property (T), then it has Property (FH).
Conversely, if a Polish group is σ-bounded and has Property (FH), then it has weak Property
(T).

Proof. Our proof mimics and slightly modifies the standard proofs of the aforementioned equiv-
alence for locally compact Polish groups (or more generally, σ-compact locally compact groups).

First we show that weak Property (T) implies Property (FH). Suppose by contradiction that
α : Gy H is a continuous action of G on a Hilbert space H by affine isometries without a fixed
point. Let b : G → H be the associated continuous cocycle, which is therefore unbounded on
G. For every n ∈ N we define a normalised continuous positive definite function φn : G→ C by
setting

φn(g) := exp
(
− 1

n‖b(g)‖2
)
.

That φn is indeed positive definite follows from the Schoenberg’s theorem ([53]). Let πn be the
unitary representation of G on Hn produced by the GNS-construction from φn, with the cyclic
unit vector ξn, and let π∞ :=

⊕
n∈N πn : G → U(H∞), where H∞ =

⊕
n∈NHn. We claim that

the representation π∞ almost has invariant vectors in the bounded sense. Pick bounded Q ⊆ G
and ε > 0. Since δ(g, h) := ‖b(g) − b(h)‖ is a continuous left-invariant pseudometric on G, and
thus is bounded on Q, for any sufficiently large n ∈ N we have

sup
g∈Q
‖π(g)ξn − ξn‖2 = 2− 2Re

(
exp

(
− 1

n‖b(g)‖2
))

< ε2,

so ξn is the desired almost invariant vector. Finally, we claim that π has no invariant vector.
Assume otherwise that χ ∈ H∞ is an invariant vector.

There must exist n ∈ N such that the orthogonal projection of χ ontoHn is a non-zero invariant
vector χn ∈ Hn for πn. Since the cocycle b is unbounded, there exists a sequence (gi)i ⊆ G with
‖b(gi)‖ → ∞, so (giξn)i converges weakly to 0 in Hn. Indeed, since span{gξn | g ∈ G} is
dense this follows from 〈giξn, gξn〉 = 〈g−1giξn, ξn〉 = exp(− 1

n‖b(g
−1gi‖2) → 0, for any g ∈ G, as

‖b(g−1gi)‖ → ∞.
Then we have

〈ξn, χn〉 = lim
i→∞
〈ξn, g−1

i χn〉 = lim
i→∞
〈giξn, χn〉 = 0,

from which we deduce that for any g ∈ G

〈gξn, χn〉 = 〈ξn, g−1χn〉 = 〈ξn, χn〉 = 0.

Since span{gξn | g ∈ G} is dense in Hn, we conclude that χn = 0, a contradiction.

Conversely, suppose that G has Property (FH) and it is σ-bounded, therefore locally bounded.
So it is covered by the sequence of bounded open sets (Bn)∞n=1 which we may suppose are
increasing in inclusion. We proceed exactly as in [8, Proposition 2.4.5], just replacing the compact
sets covering the σ-compact locally compact group by bounded open subsets (Bn)∞n=1 covering
G. Suppose that there exists π : G→ U(H), a strongly continuous unitary representation almost
having invariant vectors in the bounded sense, without invariant vectors. It follows that for every
n ∈ N we can find (Bn, 1/2

n)-invariant unit vector ξn ∈ H. We define a cocycle b : G→
⊕

n∈NH
by setting

b(g) :=
⊕
n∈N

n(π(g)ξn − ξn).

The same argument as in [8, Proposition 2.4.5] shows that b is a continuous unbounded cocycle
for the unitary representation

⊕
n∈N π, which implies that the corresponding affine isometric

action on
⊕

n∈NH does not have a fixed point. This finishes the proof. �

Proposition 2.13. Let G be a σ-bounded topological group, in particular a locally bounded Polish
group, with the weak Property (T). Then G is generated by a bounded neighborhood of the identity
and if G is moreover Baire (in particular Polish), it admits a maximal compatible left-invariant
metric.
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Proof. Let G be a σ-bounded topological group with the weak Property (T), or equivalently
with Property (FH) by Proposition 2.12. Let B be the set of all bounded subsets of G with
non-empty interior. For each B ∈ B, let HB be the subgroup generated by B. Note that
it is open, so the quotient G/HB is discrete and we have available the quasi-regular unitary
representation πB : G→ `2(G/HB). πB has (B, ε)-invariant vectors for every ε > 0 - the element
δHB ∈ `2(G/HB). On the other hand, unless HB = G, πB has no invariant vectors. It follows
that the unitary representation π :=

⊕
B∈B πB has almost invariant vectors in the bounded

sense and, assuming that G is not generated by a bounded neighborhood of the identity, π has
no invariant vectors since no πB does. This is a contradiction.

It follows that G is generated by a bounded neighborhood of the identity, and if it is Baire it
admits a maximal compatible left-invariant metric by [52, Theorem 2.53]. �

Proposition 2.14. Let G be a Polish group and let H be a closed cobounded subgroup. If H has
Property (FH), then G does as well.

Proof. Let α : G y H be a continuous action of G on a Hilbert space by affine isometries. By
assumption, α � H has a fixed point ξ ∈ H. We claim that the orbit G.ξ is bounded, which
implies that G has a fixed point. Indeed, set δ(g, h) := ‖α(g)ξ − α(h)ξ‖. It is a continuous left-
invariant pseudometric on G. If G.ξ were unbounded, there would exist a sequence (gi)i ⊆ G
with δ(gi, e) → ∞. Since H is cobounded in G, there exists a sequence (hi)i ⊆ H such that
δ(gi, hi) ≤ K, for some uniform constant K. However, δ(gi, hi) = δ(gi, e) → ∞, which is a
contradiction. �

It is however unclear whether the converse, i.e. if G has (FH), then H does, holds in general
since the induced affine action is not available unless there is a G-invariant Borel measure on
G/H.

2.4. The Haagerup property. The Haagerup property is in a sense a strong converse to
Property (T) and Property (FH). There are several equivalent (under some conditions) definitions
and we refer to the monograph [11] for a detailed treatment. The definition we choose to work
with here is commonly called a-T-menability and was actually introduced by Gromov ([22]).
We say that a topological group G has the Haagerup property (or is a-T-menable) if it has a
continuous metrically proper action by affine isometries on a Hilbert space. We recall that by
a metrically proper action G y H by isometries it is usually meant an action such that for
some (or equivalently for any) ξ ∈ H, limg→∞ ‖gξ‖ =∞, where g →∞ is interpreted as leaving
every compact subset of G. This definition is suited for locally compact groups and indeed it
is easy to check that only locally compact groups may be a-T-menable with this definition of
g → ∞. A straightforward modification asking g → ∞ to mean that g leaves every bounded
set, or equivalently d(g, e) → ∞ for every coarsely proper continuous pseudometric, has been
considered by Rosendal in [51, Definition 5]. Improving on the existing results for locally compact
groups, Rosendal provided several equivalent conditions for an amenable Polish group to have
the Haagerup property. In particular, all Banach spaces that coarsely embeds into a Hilbert
space have the Haagerup property as abelian groups. To the best of our knowledge, these
Banach spaces are the only known non-trivial examples of non-locally compact groups having
the Haagerup property. Trivial examples are again the bounded groups and one can also trivially
obtain unbounded and non-locally compact group with the Haagerup property by taking a direct
product of a locally compact group with the Haagerup property with some bounded non-locally
compact group.

We will present the first non-trivial examples, some of them even not amenable, in Section 5.
On the other hand, we shall show that some natural candidates among Banach-Lie groups for
the Haagerup property actually fail it, in Section 6.

The usual characterization of the Haagerup property for locally compact groups carry over to
the general setting without essential change in the statement and its proofs.

Proposition 2.15. Let G be a locally bounded Polish group. Then the following conditions are
equivalent.
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(i) G has the Haagerup property.
(ii) G admits a sequence (ϕn)∞n=1 of normalized (ϕn(1) = 1) continuous positive definite
functions such that limn→∞ ϕn = 1 uniformly on bounded subsets and that for each n ∈ N,
ϕn vanishes at infinity1.

Lemma 2.16. Let G be a σ-bounded Polish group. Then there exists an increasing sequence
B1 ⊂ B2 ⊂ · · · ⊂ G of bounded open neighborhoods of the identity in G such that G =

⋃∞
n=1Bn

and that for every bounded subset B ⊂ G, there exists an n ∈ N such that B ⊂ Bn holds.

Proof. Let B′1 ⊂ B′2 ⊂ · · · be a sequence of bounded subsets of G. We may assume 1 ∈
B′1. Because the σ-boundedness is equivalent to the local boundedness, there exists an open
neighborhood U of 1 in G which is bounded. Let Bn = UB′1UB

′
2 · · ·UB′2n . Then B1 ⊂ B2 ⊂

is an increasing sequence of open bounded neighborhoods of 1 in G with G =
⋃∞
n=1Bn and

B2
n ⊂ Bn+1 (n ∈ N). Then the last claim follows from [52, Proposition 2.7 (4)]. �

Proof of Proposition 2.15. (i)⇒(ii) Let π | G → U(H) be a strongly continuous unitary repre-
sentation of G on a Hilbert space H and b : G→ H be an associated proper 1-cocycle. Then for
each n ∈ N, the positive definite functions ϕn(g) = exp(− 1

n‖b(g)‖2) (g ∈ G) do the job.
Indeed, it is clear that ϕn(1) = 1. Because b is assumed to be a coarse embedding, it is expansive.

So whenever a sequence (gn)∞n=1 in G tends to ∞ as n→∞, ‖b(gn)‖ n→∞→ ∞ holds. This shows
that ϕn vanishes at infinity for each n. Moreover, if B is a bounded subset of G, then because b
is bornologous, supg∈B ‖b(g)‖ <∞ holds. Therefore lim

n→∞
ϕn = 1 uniformly on B.

(ii)⇒(i) Let (ϕn)∞n=1 be a sequence of continuous positive definite functions on G witnessing the
Haagerup property of G. By Lemma 2.16, there exists an increasing sequence B1 ⊂ B2 ⊂ · · ·
of open bounded neighborhoods of 1 in G such that any bounded subset of G is contained in
one of the Bn’s. Because lim

n→∞
ϕn = 1 uniformly on bounded subsets of G, by passing to a

subsequence we may assume that for every k ∈ N the condition |1−ϕn| < 2−n is satisfied on Bk
for every n ≥ k. Let (πn,Hn, ξn) be the cyclic unitary representation associated with ϕn. Let
H =

⊕∞
n=1Hn, π =

⊕∞
n=1 πn. Let g ∈ G. Then g ∈ Bk for some k ∈ N. Then

∞∑
n=k

‖ξn − πn(g)ξn‖2 = 2Re

∞∑
n=k

(1− ϕn(g))

≤ 2

∞∑
n=k

2−n <∞.

This implies that b(g) := (ξn − πn(g)ξn)∞n=1 defines an element in H. Moreover, b : G → H is
a 1-cocycle of π. We show that b is continuous. Let (gk)

∞
k=1 be a sequence in G converging to

g ∈ G. Let ε > 0. Take N ∈ N so that
∑

n≥N+1 21−n < ε holds. By assumption, there exists

k0 ∈ N such that g−1
k g ∈ B1 (k ≥ k0) holds. It then follows that

‖b(gk)− b(g)‖2 = 2Re
∞∑
n=1

(1− ϕn(g−1
k g))

≤ 2
N∑
n=1

(1− ϕn(g−1
k g)) + 2

∞∑
n=N+1

(1− ϕn(g−1
k g))

≤ 2

N∑
n=1

(1− ϕn(g−1
k g)) + ε.

Since lim
k→∞

g−1
k g = 1, it follows that lim supk→∞ ‖b(gk)− b(g)‖2 ≤ ε. Since ε is arbitrary, we have

lim
k→∞

b(gk) = b(g) and the continuity of b follows. Next, we show that b is a coarse embedding.

Let (gk)
∞
k=1 be a sequence in G. Assume that lim

k→∞
gk = ∞, meaning that for every bounded

1for every ε > 0, there exists a bounded set B ⊂ G such that |ϕ| < ε on G \B.
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subset B ⊂ G, there exists k0 ∈ N such that gk ∈ G \ B (k ≥ k0) holds. Then for each n,

ϕn(gk)
k→∞→ 0 holds. Let N ∈ N. There exists k0 ∈ N such that Re (1−ϕn(gk)) ≥ 1

2 (1 ≤ n ≤ N)

holds for every k ≥ k0. This implies that ‖b(gk)‖2 ≥ N (k ≥ k0). Since N is arbitrary, it follows

that ‖b(gk)‖
k→∞→ ∞ holds.

Conversely, if gk →∞ does not hold, then there exists a subsequence gk1 , gk2 , . . . and a bounded
subset B ⊂ G such that gki ∈ B (k ∈ N) holds. Take m ∈ N for which B ⊂ Bm holds. Then for
each i ∈ N, we have

(1) ‖b(gki)‖
2 ≤ 4m+

∑
n=m+1

21−n.

The right hand side of (1) is finite and is independent of i. Thus, ‖b(gki)‖ → ∞ does not hold.
This shows that b is a coarse embedding. �

2.5. von Neumann algebras. In this subsection we recall backgrounds on von Neumann al-
gebras which are necessary for our study. For more on basics of von Neumann algebra theory,
we refer the reader to Takesaki’s books [55, 56].

First, we recall the non-commutative Lp-spaces. LetM be a von Neumann algebra on a Hilbert
space H and τ be a normal faithful semifinite trace on M . A closed and densely defined operator
A on H is said to be affiliated with M if x′A ⊂ Ax′ for every x′ ∈M ′. This is equivalent to the
condition that u ∈M and 1B(|A|) ∈M for every Borel set B ⊂ R, where A = u|A| is the polar
decomposition of A. In this case, A is moreover called τ -measurable if limr→∞ τ(1[r,∞)(|A|)) = 0
holds.

Definition 2.17. Let 1 ≤ p < ∞. The space Lp(M, τ) of all closed, densely defined and τ -
measurable operators on H which have finite p-norms is called the non-commutative Lp-space
associated with (M, τ). Here, the p-norm of A, denoted ‖A‖p is given by

‖A‖p =

(∫ ∞
0

λpdτ(e(λ))

) 1
p

,

where |A| =
∫∞

0 λ de(λ) is the spectral resolution of |A|.

The space L2(M, τ) is often identified with the Hilbert space on which the semicyclic (GNS)
representation of τ is defined. We also follow this convention. For the backdground on non-
commutative integration theory, we refer the reader to Nelson’s paper [36], [45] or [56, Chapter
IX.2].

Next, we recall the Connes’ characterization of hyperfiniteness.

Definition 2.18. Assume that M is a factor. M is called hyperfinite if there exists an increasing
sequence M1 ⊂ M2 ⊂ · · · of finite-dimensional von Neuman subalgebras of M whose union is
dense in M in the strong operator topology. M is said to have Schwartz’ property P if for every
x ∈ B(H), the following condition holds:

co{uxu∗ | u ∈ U(M)} ∩M ′ 6= ∅.

Here, U(M) denotes the unitary group of M and co in the above expression refers to the closed
convex hull with respect to the weak operator topology.

We will use the following equivalence due to Connes [12, Theorem 6].

Theorem 2.19 (Connes). Let M be a factor acting on a separable Hilbert space. Then M is
hyperfinite if and only if M has Schwartz’ property P.

He actually proved that these two properties are equivalent to many other important proper-
ties, such as injectivity or semidiscreteness (see [12]).
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3. The exponential length

The goal of this section is to show that on every connected Banach-Lie group there is an
explicitly defined compatible length function that is maximal, i.e. it defines a quasi-isometry type
of the Banach-Lie group. We compare this length function with other length functions and left-
invariant metrics traditionally considered on Lie groups, and present some of its basic properties.
We also comment on more general Banach-Lie groups that are not necessarily connected.

Then we specialize to unitary groups of C∗-algebras, where the idea of this length function
originates, and which are a large source of interesting examples. Finally, we introduce some
methods for showing that the length function, and thus the group itself, is unbounded.

3.1. Exponential length and its properties.

Definition 3.1. Let G be a connected Banach-Lie group with a Lie algebra g. For each g ∈ G,
define

elG(g) := inf

{
n∑
i=1

‖Xi‖

∣∣∣∣∣ g = exp(X1) · · · exp(Xn), Xi ∈ g (1 ≤ i ≤ n)

}
.

Proposition 3.2. Let G and g be as above. Then

(i) elG is a continuous pseudo-length function on G.
(ii) (G, dG) is a length pseudometric space, where dG is the induced left-invariant pseu-
dometric given by

dG(g, h) := elG(g−1h), g, h ∈ G.
(iii) dG is a maximal compatible metric on G.

Proof. (i) It is immediate from the definition that for every g, h ∈ G we have elG(g) = elG(g−1)
and elG(gh) ≤ elG(g) + elG(h). So elG is a pseudo-length function. We check that elG, and thus
also dG, is continuous. By the properties of the length function, it suffices to verify that for
every sequence (gn)∞n=1 ⊆ G, we have that gn → 1 implies elG(gn) → 0. Pick such a sequence
(gn)∞n=1 ⊆ G. There exist an open neighborhood U of 0 in g and an open neighborhood V of
1 in G such that exp : g → G induces a homeomorphism between U and V . Without loss of
generality, (gn)∞n=1 ⊆ V , therefore there is a sequence (Xn)∞n=1 ⊆ U such that Xn → 0, thus
‖Xn‖ → 0, and gn = exp(Xn), for each n. Since by definition of elG, for each n, elG(gn) ≤ ‖Xn‖,
we are done.

(ii) By the left-invariance, it suffices to show that for every g ∈ G and every ε > 0 there exists
a path γ, connecting 1 and g, of length less than elG(g) + ε. Find X1, . . . , Xn ∈ g such that
g = exp(X1) · . . . · exp(Xn) and

∑n
i=1 ‖Xi‖ < elG(g) + ε. Set X0 = 0. Since it is clear that for

each 1 ≤ i ≤ n, the length of the path γi : [0, 1] → G, defined by t → exp(Xi−1) exp(tXi), is
bounded by ‖Xi‖. Concatenating the paths (γi)i gives a path of length less than elG(g) + ε that
connects 1 and g.

(iii) We shall need the result of Corollary 3.7 proved below that dG is a compatible metric.
Then it follows from (ii) and Lemma 2.5 that dG is a maximal compatible metric. �

It is now in order to compare elG and dG with other distances considered on Lie and Banach-Lie
groups.

We start with the finite-dimensional case. Let G be a connected real (finite-dimensional) Lie
group and g its Lie algebra. Recall (e.g. from [20, Section 5.6.4]) that G is equipped with
a canonical metric, with which it is geometrically investigated: the left-invariant Riemannian
distance. We briefly recall its construction. Choose a Hilbert space (i.e. defined using an inner
product) norm ‖ · ‖ on g. Let γ : I → G be a smooth (or just piecewise smooth) curve. Define
the length L(γ) of γ as follows:

L(γ) :=

∫
I
‖DLγ(t)−1( ˙γ(t))‖dt.

We now define the left-invariant Riemannian distance d(g, h), between any g, h ∈ G, by

d(g, h) := inf{L(γ) | γ : [a, b]→ G is piecewise smooth, γ(a) = g, γ(b) = h}.
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Fact 3.3. Let G be a connected real Lie group, let d be a left-invariant Riemannian distance on
G and let dG be the distance induced by elG using the same Hilbert norm on g. Then there exists
K > 0 such that 1/KdG −K ≤ d ≤ dG; in particular, d and dG are quasi-isometric.

Proof. Since d is left-invariant, it suffices to show that for some K > 0, for any g ∈ G we have
1/KelG(g)−K ≤ d(g, e) ≤ elG(g). We fix some g ∈ G.

First we show that d(g, e) ≤ elG(g). Fix some ε > 0 and let X1, . . . , Xn ∈ g be such that
g = exp(X1) · . . . · exp(Xn) and

∑n
i=1 ‖Xi‖ < elG(g) + ε. For each i ≤ n, let γ′i : [0, 1] → G be

the smooth curve defined by γ′i(t) := exp(tXi), and let γ1 := γ′1 and γi :=
(∏i−1

j=1 exp(Xj)
)
· γ′i,

for 1 < i. Let γ : [0, n] → G be their natural concatenation which is a piecewise smooth curve
satisfying γ(0) = e and γ(n) = g. For each i < n and i < t < i+ 1 we have DLγ(t)−1(γ̇(t)) = Xi,

so it follows that L(γ) =
∑n

i=1 ‖Xi‖, and therefore d(g, e) < elG(g)+ε. Since ε > 0 was arbitrary,
we have proved the first inequality.

For the converse, first we find the desired K > 0. Since exp induces a local diffeomorphism
between g and G, let V be an open ball around 0 in g such that V and U := exp[V ] ⊆ G are
diffeomorphic (via exp). Without loss of generality, in order to simplify the notation, we assume
that V is the unit ball. Set

K ′ := max

{
‖X‖

d(exp(X), e)

∣∣∣∣ 1/2 ≤ ‖X‖ ≤ 1

}
,

and then set K := max{K ′, 1}. We again fix some ε > 0 and find a smooth curve γ : [0, 1]→ G
such that γ(0) = e, γ(1) = g, and L(γ) < d(g, e) + ε. We find a partition a0 = 0 < a1 < . . . <
an = 1 such that

• for each 0 ≤ i < n, γ[ai, ai+1] ⊆ γ(ai)U ;
• for the unique sequence (Xi)

n−1
i=0 ⊆ g such that for all i < n, γ(ai+1) = exp(X0) · . . . ·

exp(Xi), we have ‖Xi‖ ≤ 1/2 if and only if i = n− 1.

It also follows that for every i < n, ‖Xi‖ < 1 since Xi ∈ V as exp(Xi) ∈ U . Now for every
i < n− 1 we have

elG(exp(Xi)) ≤ ‖Xi‖ ≤ K ′d(γ(ai), γ(ai+1)) ≤ K ′
∫

[ai,ai+1]
‖DLγ(t)−1(γ̇(t))‖dt.

It follows that

elG(g) ≤
n−1∑
i=0

‖Xi‖ ≤
(
K ′
∫

[0,an−1]
‖DLγ(t)−1(γ̇(t))‖dt

)
+1/2 ≤ K ·L(γ)+K ≤ K(d(g, e)+1+ε).

Since ε was arbitrary, we are done. �

Next we consider distances on general Banach-Lie groups. Let G be a connected Banach-Lie
group with a Banach-Lie algebra g equipped with a compatible norm ‖ · ‖. The distance on G
may be defined as in the finite-dimensional Riemannian case using the norm ‖ · ‖.

Definition 3.4. Let G be a connected Banach-Lie group and let g be its Banach-Lie algebra
with a compatible norm ‖ · ‖. A rectifiable path is a function γ : I → G, where I is some interval,

such that the function t→ ‖DLγ(t)−1( ˙γ(t))‖ is integrable. The integral
∫
I ‖DLγ(t)−1( ˙γ(t))‖dt is

then the length of γ denoted by L(γ).
The Finsler distance d on G is then defined, for g, h ∈ G, by

d(g, h) := inf{L(γ) | γ : I → G is rectifiable and γ(0) = g, γ(1) = h}.

Clearly, the Finsler distance is a continuous left-invariant pseudometric onG. We now compare
elG with the Finsler distance on G. In the special case of unitary groups of C∗-algebras, this
has been already done by Ringrose in [47, Proposition 2.9] who proved that these two distances
coincide (notice that Ringrose does not use the term ‘Finsler distance’). Applying the results of
Larotonda from [31] we generalize Ringrose’s result for Banach-Lie groups whose Finsler distance
is bi-invariant - which is the case of unitary groups. In general, we show that these two distances
are quasi-isometric and that dG, the distance induced from elG, majorizes the Finsler distance.
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First, we need the following important fact.

Proposition 3.5. Let G be a connected Banach-Lie group and let d be the Finsler distance
induced from some compatible norm ‖ · ‖ on the Banach-Lie algebra g. Then d is a compatible
metric.

Proof. By [58, Example 12.32], ‖ · ‖ induces a compatible tangent norm on G (see [58, Definition
12.19]) and therefore by [58, Proposition 12.22], the Finsler metric on G induced from ‖ · ‖ is
compatible. �

Proposition 3.6. Let G be a connected Banach-Lie group with a Banach-Lie algebra g equipped
with a compatible norm ‖·‖. Let dG be the metric induced by elG and let d be the Finsler distance
on G.

(1) If d is bi-invariant, then dG = d.
(2) In general, there exists K > 0 such that 1/KdG −K ≤ d ≤ dG; in particular, dG and d

are quasi-isometric.

Proof. The proof that d ≤ dG is completely analogous to the corresponding proof in Fact 3.3 or
to the corresponding proof of the Ringrose’ result in [47, Proposition 2.9].

Assume first that d is bi-invariant. It suffices to check that for any g ∈ G, elG(g) ≤ d(g, e).
Fix some ε > 0 and let γ : [0, 1] → G be a rectifiable curve satisfying γ(0) = e, γ(1) = g, and
L(γ) ≤ d(g, e) + ε. Let R > 0 be such that exp : U → V is a local diffeomorphism, where U is
the open ball of radius R around 0 in g. We can find a partition a0 = 0 < a1 < . . . < an = 1
such that for each 0 ≤ i < n, gi := γ(ai)

−1γ(ai+1) ∈ V . For each 0 ≤ i < n, let Xi ∈ g be such
that gi = exp(Xi), and let γi : [0, 1]→ G be the path γi(t) := gi−1 · exp(tXi), where we declare
g−1 = e. By [31, Theorem 13(2)], each γi is the shortest path between gi and gi+1. Moreover, it
is clear that L(γi) = ‖Xi‖, for each 0 ≤ i < n. It follows that

elG(g) ≤
n−1∑
i=0

‖Xi‖ =
n−1∑
i=0

L(γi) ≤ L(γ) < d(g, e) + ε,

which finishes the proof that d = dG if dG is bi-invariant, since ε was arbitrary.

Now we treat the general case. There exists an open unit ball around 0 in g such that
exp induces a local diffeomorphism between U and V := exp[U ] ⊆ G. Moreover, since d is
compatible, there exists δ > 0 such that for any g ∈ V , if X ∈ U is such that exp(X) = g and
d(g, e) < δ, then ‖X‖ < 1. Set K := max{1, 1

δ/2}. Fix some g ∈ G and ε > 0. Find a rectifiable

curve γ : [0, 1]→ G satisfying γ(0) = e, γ(1) = g, and L(γ) < d(g, e)+ε. We can find a partition
a0 = 0 < a1 < . . . < an = 1 such that

• for all 0 ≤ i < n we have γ(ai)
−1γ(ai+1) ∈ V ;

• for all 0 ≤ i < n− 1, we have δ/2 ≤ d(γ(ai), γ(ai+1)) < δ, and d(γ(an−1), γ(an)) < δ/2.

For each 0 ≤ i < n, let Xi ∈ U ⊆ g be such that gi := exp(Xi) = γ(ai)
−1γ(ai+1). It follows that

we have

elG(g) ≤
n−1∑
i=0

‖Xi‖ ≤ n ≤ n ·K · δ/2 + 1 ≤ KL(γ) + 1 ≤ K(d(g, e) + ε) +K,

which finishes the proof as ε was arbitrary. �

Corollary 3.7. For any connected Banach-Lie group, the pseudometric dG induced from elG is
a compatible metric.

Proof. By Proposition 3.5, d is a compatible metric, where d is the Finsler metric. Since by
Proposition 3.6, we have d ≤ dG, we immediately get that dG is a metric as well. The same
inequality d ≤ dG also gives that dG induces a topology at least as fine as the topology induced
by d which is the original topology of G. Since dG is by Proposition 3.2 continuous, we get that
it must be compatible. �
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Remark 3.8. It follows from Proposition 3.6, or more directly from Lemma 2.5, Proposition 3.5,
and the realization that the Finsler distance is a length metric, that the Finsler distance is also
a maximal distance.

As also showed in Proposition 3.6, the Finsler distance and the metric dG induced from the
exponential length in some cases coincide. We are not aware of any example where they differ.
In any case, it seems that in practice it is more convenient to work with elG as the computations
involving this distance are often easier, and in some particular cases, elG can be computed
explicitly. This in particular holds true for unitary groups of C∗-algebras. See Section 4 in this
article and references from Subsection 3.2 on the C∗-exponential length.

We present some basic observations concerning the exponential length.
Let ‖ · ‖ and ‖ · ‖′ be two equivalent norms on the Lie algebra g, and let elG, resp. el′G be the

corresponding exponential lengths. Since the equivalent norms are automatically bi-Lipschitz
equivalent, the following lemma is easily verified.

Lemma 3.9. Let ‖ · ‖ and ‖ · ‖′ be two equivalent norms on the Lie algebra g, and let elG, resp.
el′G be the corresponding exponential lengths. Then elG and el′G, and the distances they define,
are bi-Lipschitz equivalent.

Proposition 3.10. Let G and H be connected Banach-Lie group and let Φ : G → H be a
topological isomorphism. Then it is bi-Lipschitz with respect to exponential lengths. In particular,
it is a quasi-isometric equivalence.

Proof. Let g and h be the Banach-Lie algebras of G and H respectively. As in the finite-
dimensional case, see [33, Theorem IV.2 (b)], Φ induces an isomorphism φ : g → h which is
in particular a linear isomorphism, so bi-Lipschitz, between g and h as Banach spaces. Let
K ≥ 1 bound the norm of φ and φ−1. Then for every g ∈ G and every x1, . . . , xn ∈ g such that
g = exp(x1) · . . . · exp(xn) we have

elH(Φ(g)) = elH(Φ(exp(x1)) · . . . · Φ(exp(xn))) = elH(exp(φ(x1)) · . . . · exp(φ(xn))) ≤
n∑
i=1

‖φ(xi)‖h ≤ K
n∑
i=1

‖xi‖g.

It follows that elH(Φ(g)) ≤ KelG(g). A symmetric argument shows that elG(g) ≤ KelH(Φ(g)),
which finishes the proof. �

Finally, we discuss the situation when a given Banach-Lie group G is not necessarily connected.
Let us denote in that case the connected component of the identity by G0 and by ΓG the discrete
quotient G/G0. In some cases the large scale geometry of G reduces to studying separately the
large scale geometry of G0 and the large scale geometry of ΓG. This happens e.g. when G is
abelian and we comment on it in Section 4.

In general, let elG again be the exponential length on G0 and let ` be an arbitrary compatible
(i.e. discrete) length function on the discrete group ΓG. Let R′ ⊆ G be a set of representatives
for the left cosets G/G0, where G0 is represented by 1G, and set R = R′∪ (R′)−1. It follows that
R intersects each left coset in at most two elements. We construct a compatible length function
L on G made from elG and ` as follows. In the following, we denote by P : G→ ΓG the quotient
map.

For any g ∈ G we set

L(g) := inf

{
n∑
i=1

(
`(P (ri)) + elG(gi)

) ∣∣∣∣∣ g =

n∏
i=1

rigi, (ri)
n
i=1 ⊆ R, (gi)

n
i=1 ⊆ G0

}
.

We leave to the reader the straightforward verification that L is a compatible length function.

Corollary 3.11. Suppose that G/G0 is at most countable. Then the inclusion G0 ⊆ G is a
coarse embedding.

In particular, if G is separable, then the inclusion G0 ⊆ G is a coarse embedding.
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Proof. We suppose that G/G0 is infinite as otherwise the statement is trivial. Let ` be a proper
length function on ΓG (which exists as ΓG is countable; see e.g. [37, Proposition 1.2.2.]) and let
L be constructed from elG and ` as above. Pick a sequence (gn)∞n=1 ⊆ G0 such that elG(gn)→∞.

We claim that L(gn) → ∞. If not, by passing to a subsequence if necessary, we may assume
that there exists M such that for all n, L(gn) < M . It follows that for each n there are elements
(ri)

m
i=1 ⊆ R and (hi)

m
i=1 ⊂ G0 such that gn =

∏m
i=1 rihi and

∑m
i=1{`(P (ri)) + elG(hi)} < M .

However, since ` is proper, there are only finitely many finite sequences ~r = (r1, . . . , rk) ⊆ R such

that
∑k

i=1 `(P (ri)) < M . LetR be the finite set of such sequences. For each ~r = (r1, . . . , rk) ∈ R,

let B~r :=
∏k
j=1 rjB, where B = {g ∈ G0 | elG(g) < M}. Each B~r can be also written as(∏k

j=1 rj
)
·
(∏k

j=1Bj
)
, where each Bj , j ≤ k, is a conjugate of B. Since G0 is normal, for every

j ≤ k, Bj ⊆ G0, and moreover since it is an image of a bounded set in G0 via a topological
automorphism of G0 - the conjugation by an element of G, it is also bounded. Finally, notice

that for any ~r ∈ R, B~r ∩G0 6= ∅ if and only if B~r ⊆ G0 if and only if
∏k
j=1 rk ∈ G0. It follows

that for every ~r ∈ R, if B~r ∩G0 6= ∅, then B~r is a bounded subset of G0. Consequently, (gn)∞n=1

is covered by finitely many bounded subsets of G0, which is a contradiction. �

Corollary 3.12. G admits a coarsely proper compatible length function if and only if G/G0 is
at most countable.

Proof. Suppose that ΓG = G/G0 is at most countable. We suppose that it is infinite, otherwise
the statement is again trivial. ΓG then admits a proper length function `, as mentioned above.
We show that the length function L, defined above, constructed from elG and ` is coarsely
proper. Let (gn)∞n=1 ⊆ G be a given sequence. We claim that (gn)∞n=1 is unbounded if and only if
either the sequence (P (gn))∞n=1 is unbounded in ΓG or this sequence is bounded, thus finite, and

without loss of generality we then have (P (gn))∞n=1 is constant, and elG(g−1
1 gn) → ∞. Indeed,

if (P (gn))∞n=1 is unbounded in ΓG, then (gn)∞n=1 cannot be bounded since otherwise (P (gn))∞n=1

is an image of a bounded set by a quotient map, thus bounded. So assume that (P (gn))∞n=1 is
bounded, thus finite. Without loss of generality, we assume that (P (gn))∞n=1 is constant. Then

if elG(g−1
1 gn) is bounded, then (g−1

1 gn)∞n=1 is bounded in G0, thus also in G, and consequently

also (gn)∞n=1 is bounded in G. If elG(g−1
1 gn) → ∞, then by Corollary 3.11, L(g−1

1 gn) → ∞, so
also L(gn)→∞, and (gn)∞n=1 is unbounded.

So suppose now that (gn)∞n=1 is unbounded. Either (P (gn))∞n=1 is infinite, or without loss

of generality it is constant. In the latter case, by Corollary 3.11, L(g−1
1 gn) → ∞, thus also

L(gn)→∞. In the former case, if (L(gn))∞n=1 is bounded, then as in the proof of Corollary 3.11

we get that (gn)∞n=1 is covered by
⋃k
i=1 giBi, where gi ∈ G and Bi ⊆ G0 is bounded. However,

P (
⋃k
i=1 giBi) is bounded in ΓG, a contradiction.

For the other direction, we must show that if ΓG is uncountable, then G does not admit a
coarsely proper compatible length function. It is straightforward to check that for a sequence
(gn)∞n=1 ⊆ G, if the set {P (gn) | n ∈ N} is infinite, then (gn)∞n=1 is unbounded in G. It follows
that if L were a coarsely proper length function on G, then the quotient length function `
defined on the quotient would be a proper length function on ΓG, which is impossible since ΓG
is uncountable. �

Corollary 3.13. G admits a maximal compatible length function, i.e. G has a well-defined
quasi-isometry type, if and only if G/G0 is finitely generated.

Proof. Suppose first that G/G0 = ΓG is finitely generated. Let S ⊆ G be a finite symmetric
set containing 1G such that P [S] ⊆ ΓG generates ΓG. We slightly modify the definition of the
length function L as follows. For any g ∈ G we set

L(g) := inf

{
n∑
i=1

(
`(P (si)) + elG(gi)

) ∣∣∣∣∣ g =
n∏
i=1

sigi, (si)i≤n ⊆ S, (gi)i≤n ⊆ G0

}
,

where ` : S → {0, 1} is defined so that `(s) = 0 if and only if s = 1G.
The proof that L is a coarsely proper compatible length function is as in the proof of Corol-

lary 3.12. So it is enough to just prove that L is large scale geodesic (recall Proposition 2.2).
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However this easily follows (with constant K = 2) from the definition of L and the fact that elG
is large scale geodesic with a constant arbitrarily close to 1.

Conversely, assume that G admits a maximal compatible length function L. Let ` be the
quotient length function on ΓG, which is compatible, thus discrete. We claim that (ΓG, `) is
coarsely connected, i.e. there exists C > 0 such that for every γ ∈ ΓG there are γ1, . . . , γn ∈ ΓG
such that γ =

∏n
i=1 γi and `(γi) < C, for every i ≤ n. We prove that. Pick γ ∈ ΓG and let

g ∈ G be such that p(g) = γ. Since L is large scale geodesic with some constant K > 0, there
exist g1, . . . , gn ∈ G such that g =

∏n
i=1 gi and L(gi) < K, for all i ≤ n. It suffices to set

γi = P (gi), for i ≤ n, and we have obtained a sequence witnessing that ` is coarsely connected
with constant C = K, since `(γi) ≤ L(gi) < K, for i ≤ n. Now ΓG must be finitely generated
by [13, Proposition 1.A.1 (fg)]. �

3.2. Examples: The C∗-exponential length and rank. Here we briefly review our main
example of an exponential length function on a Banach-Lie group that has inspired the general
definition - the C∗-exponential length on connected components of unitary groups of C∗-algebras.

Let A be a unital C∗-algebra, denote by U(A) its unitary group equipped with the norm
topology, and by U0(A) the connected component of the identity of U(A). U(A) is an algebraic
subgroup of GL(A), therefore a Banach-Lie group (see [23, Theorem 1] and [33, Proposition
IV.9]). A standard argument shows that the Banach-Lie algebra of U(A) is the set of skew-
adjoint elements of A. Here we shall however follow the literature on C∗-algebras, that is also
compatible with the practice in mathematical physics, and we identify the Lie algebra of U(A)
with the set Asa of self-adjoint elements of A; the exponential map has therefore the form
a→ exp(ia).

The exponential length for the identity components of unitary groups of C∗-algebras has been
introduced in [47] (for non-unital algebras A, U(A) may be defined as {1 + a ∈ U(Ã) | a ∈ A},
where Ã is the minimal unitization of A). Since then, a substantial research in the theory of
C∗-algebras has been done on computing the C∗-exponential length, which in our terms can
be described as determining for which C∗-algebras A, the unitary group U0(A) is bounded, or
unbounded [5]. We refer the reader to [47], [42], [60], [32], [39], and references therein.

For any C∗-algebraA, since U(A) is a Banach-Lie group, U0(A) = {
∏n
j=1 exp(iaj) | a1, . . . , aj ∈

Asa}. Following [44], define cer(A), the C∗-exponential rank of A, to be the minimal n (if it exists,
otherwise set cer(A) = ∞) such that for every u ∈ U0(A) there are a1, . . . , an ∈ Asa such that
u =

∏n
j=1 exp(iaj). Note that originally cer has been defined to attain values 1, 1+ε, 2, 2+ε, . . .,

however this more precise definition is not relevant for our purposes. The main original reason for
defining the C∗-exponential length in [47] was to find in some cases bounds on the C∗-exponential
rank. The following fact, proved more quantitatively in [47, Corollary 2.7], is immediate from
the general Lie theory.

Fact 3.14. Let A be a C∗-algebra. If U0(A) is bounded, i.e. diamcel(U0(A)) < ∞, then cer(A)
is finite.

Since from our point of view, which is the point of view of large scale geometry, unbounded
groups are more interesting, the contraposition of the fact is more important. If cer(A) = ∞,
then the group U0(A) is unbounded.

Based on the discussion above, we present some examples.

(1) If A is a unital C∗-algebra of real rank zero, then U0(A) is bounded; more precisely,
diamcel(U0(A)) = π (see [43, Theorem 3.5]).

(2) If X is a compact Hausdorff space and A = C(X) ⊗ B(H), then U0(A) is bounded (see
[47] and also [60] for far reaching generalizations).

(3) If X is a compact Hausdorff space which is not totally disconnected, n ≥ 2, and B is a
UHF C∗-algebra, then the groups U0(C(X)), U0(C(X) ⊗Mn), and U0(C(X) ⊗ B) are
unbounded (see [42, Theorem 6.7]).

(4) More generally, if A is a C∗-algebra and there are two different traces on A that induce
the same homomorphisms from K0(A), then U0(A) is unbounded (see [43, Corollary 3.2]).
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(5) Let F∞ be the free group on countably many generators and let A = C∗(F∞), the full
group C∗-algebra of F∞. Then cer(A) =∞ and so U0(A) is unbounded (see [41, Corollary
2.7]).

Let us note that it often happens that for a C∗-algebra A, cer(A) < ∞, however U0(A) is
unbounded. Consider e.g. abelian unital C∗-algebras as a prime example when this occurs.

3.3. The reduced exponential length. In [43], Phillips introduced the reduced C∗-exponential
length. Besides computing the exponential rank, it turns out this is one of the main tools how to
show that a particular unitary group (more precisely, its connected component of the identity)
of a C∗-algebra has infinite cel, and thus it is unbounded. Here we generalize the reduced
exponential length to general Banach-Lie groups and show some of its applications.

Remark 3.15. For many C∗-algebras A, this method of Phillips from [43] is essentially the only
way how to show that U0(A) is unbounded. Indeed, as proved in [43] and also more generally in
Proposition 3.17, the reduced exponential length is the distance of an element to the commutator
subgroup. If A is a simple Z-stable C∗-algebra of rational tracial rank at most one, then by [32],
the diameter of the commutator subgroup of U0(A) is bounded by 2π in the exponential length.

Definition 3.16. Let G be a connected Banach-Lie group with a Banach-Lie algebra g. Let
g ∈ G and let us define the reduced exponential length relG(g) as

inf

{
‖

n∑
i=1

Xi‖

∣∣∣∣∣ g = exp(X1) · · · exp(Xn), Xi ∈ g (1 ≤ i ≤ n)

}
.

Proposition 3.17. Let G be a connected Banach-Lie group with a Banach-Lie algebra g.

(i) The function rel : G → [0,∞) is a continuous pseudo-length function on G and we
have rel ≤ el.

(ii) If G′ is the closure of the derived subgroup of G, then rel is the quotient length function,
of el, on G/G′. That is, for every g ∈ G

relG(g) = inf
{

elG(gh)
∣∣h ∈ G′} .

In particular, it is a maximal compatible length function on the abelianization G/G′.

Proof. It is clear that for every g, h ∈ G we have relG(g) = relG(g−1) and relG(gh) ≤ relG(g) +
relG(h). Thus it is a pseudo-length function on G. By definition, for any g ∈ G, relG(g) ≤ elG(g).
So since el is continuous by Proposition 3.2, rel is continuous as well. This proves (i).

In order to prove (ii), we shall need the following lemma (cf. [43, Lemmas 2.4 and 2.5]).

Lemma 3.18. For every X,Y ∈ g and for every g ∈ G′ we have

(1) exp(X) exp(Y ) exp(X + Y )−1, exp([X,Y ]) ∈ G′;
(2) relG(exp(X) exp(Y )) = relG(exp(X + Y )), relG(g) = 0.

Proof of Lemma 3.18. (2) follows from (1) as in [43, Lemma 2.5], while (1) follows exactly as in
[43, Lemma 2.4] from the Trotter product formula

exp(X + Y ) = lim
n→∞

(
exp( 1

nX) exp( 1
nY )

)n
and the commutator formula

exp([X,Y ]) = lim
n→∞

(
exp( 1

nX) exp( 1
nY ) exp(− 1

nX) exp(− 1
nY )

)n2

respectively, which hold in general Banach-Lie groups (see [33, Theorem IV.2]). �

Fix some g ∈ G and let h ∈ G′ be arbitrary. We get relG(gh) = relG(g) since relG(h) = 0
by Lemma 3.18. Thus relG(g) = relG(gh) ≤ elG(gh). Since h was arbitrary, we get relG(g) ≤
inf {elG(gh) |h ∈ G′}. For the other inequality, fix some ε > 0 and find X1, . . . , Xn ∈ g such
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that g = exp(X1) · · · exp(Xn) and ‖
∑n

i=1Xi‖ < relG(g) + ε. Set g′ := exp(X1 + . . . + Xn). By
Lemma 3.18, h := g−1g′ ∈ G′, so we have

elG(gh) = elG(g′) ≤ ‖
n∑
i=1

Xi‖ < relG(g) + ε.

Since ε > 0 was arbitrary, we get inf {elG(gh) | h ∈ G′} ≤ relG(g), and we are done.
It follows that rel is compatible with the quotient topology on G/G′. Maximality of rel follows

by a straightforward argument from maximality of el - this is left to the reader since it is not
needed in the sequel. This finishes the proof. �

In what follows, we shall consider rel both as a pseudo-length function defined on G and a
length function defined on G/G′.

Next we define a map analogous to the homomorphism from [43, Theorem 2.8] using which we
later show that rel is unbounded on many Banach-Lie groups, thus these groups are unbounded.

For the rest of the section a connected Banach-Lie group G and its Banach-Lie algebra g are
fixed. Denote by g′ the closed real linear span of commutators in g, i.e.

g′ := R− span {[X,Y ] | X,Y ∈ g} .
That is, g′ is the derived Banach-Lie algebra of g. In the sequel, we shall sometimes denote the
Banach space g/g′ by E.

Proposition 3.19. The map Φ′ : g→ G/G′ defined by X → PG(exp(X)), where PG : G→ G/G′

is the projection, induces a continuous open surjective homomorphism, which vanishes on g′, thus
it factorizes through a continuous open surjective homomorphism Φ : E → G/G′. In particular,
G/G′ ' E/ker(Φ).

Proof. The proof mostly follows the lines of the proof of [43, Theorem 2.8]. By Lemma 3.18
(1), we get that Φ′ is a homomorphism that vanishes on commutators [X,Y ] ∈ g. Surjectivity
follows since G is connected, and continuity is clear. In order to show that Φ′ is open, it suffices
to show that for any r > 0, Φ′[Br] is open in G/G′, where Br := {X ∈ g | ‖X‖ < r}. Pick r > 0.
It follows from the definition of rel and from Proposition 3.17 (ii) that

Φ′[Br] = {g ∈ G/G′ | relG(g) < r},
which shows the claim.

It follows from the continuity that Φ′ vanishes on the whole g′, thus we obtain a continuous
onto homomorphism Φ : E → G/G′. Since Φ′ = Φ ◦ Pg, where Pg : g→ E is the projection, we
see that Φ is open as well. Therefore it is a quotient map and we obtain the topological group
isomorphism G/G′ ' E/ker(Φ). �

In view of the preceding proposition, it is important to understand the kernel of Φ. Here we
digress from [43] and use more general ideas. In several cases, we will be able to obtain that
E/ker(Φ), and thus also G/G′ and G, are unbounded groups.

View the Banach space E = g/g′ as both a Banach-Lie group and a Banach-Lie algebra with a
trivial Lie bracket (and exponential being the identity). It follows that the projection Pg : g→ E
is a continuous Lie algebra homomorphism. As the Baker-Campbell-Hausdorff formula holds true
also for Banach-Lie groups (see [24, Section 9.2.5] for the BCH-formula for classical Lie groups
and notice that it has been generalized for Banach-Lie groups already by Birkhoff in [10]), we
can argue as in the finite-dimensional case (see e.g. [24, Theorem 9.5.9]) that Pg induces a local
continuous homomorphism ψ : U → E defined on some neighborhood of the identity U ⊆ G (for
g ∈ U , we have ψ(g) = Pg(log(g))).

Let now f : [0, 1] → G be an arbitrary continuous map. We define Ψ(f) ∈ E as follows. We
choose a partition 0 = t0 < t1 < . . . < tn = 1 so that for every 0 < i ≤ n, f(ti−1)−1f(ti) ∈ U ,
and we set

Ψ(f) :=

n∑
i=1

ψ
(
f(ti−1)−1f(ti)

)
.
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Using the fact that ψ is a local homomorphism on U , it is easy to check that Ψ(f) does not depend
on the partition 0 = t0 < t1 < . . . < tn = 1. A standard and similar argument, again using
that ψ is a local homomorphism, in fact shows that if for some other f ′ : [0, 1]→ G, if f ∼h f ′,
i.e. f ′(0) = f(0), f ′(1) = f(1), and f and f ′ are homotopy equivalent, then Ψ(f) = Ψ(f ′). In
particular, we record the following lemma as a corollary of the preceding discussion.

Lemma 3.20. The map Ψ induces a homomorphism, with the same name, Ψ : π1(G)→ E.

A classical result from Lie theory, valid also for Banach-Lie groups, says that if G is simply
connected, then the local homomorphism uniquely extends to a full homomorphism from G to
E. Since we do not want to assume simple-connectedness in general, we define the following
homomorphism.

Definition 3.21. Let F := Ψ[π1(G)] be the closure of the image of π1(G) in E via Ψ. Set
Z := E/F and let PZ : E → Z be the projection. We define a map ∆ : G→ Z as follows. Since
G is connected, it is generated by the neighborhood U . Therefore for any g ∈ G, find a discrete
path g1, . . . , gn ∈ U such that g = g1 · · · gn and set

∆(g) :=

n∑
i=1

PZ
(
ψ(gi)

)
.

To see that ∆ is well-defined, notice that if h1, . . . , hm ∈ U is another path such that g =
h1 · · ·hm, then the elements 1G, g1, g1g2, . . . , g = g1 · · · gn = h1 · · ·hm, h1 · · ·hm−1, . . . , h1, 1G lie
on some closed curve whose homotopy equivalence class represents some element x ∈ π1(G). It
follows that PZ

(∑n
i=1 ψ(gi)

)
= PZ

(∑m
j=1 ψ(hj)

)
showing that the definition of ∆(g) does not

depend on the choice of the path.
It follows that ∆ : G → Z is a continuous homomorphism. Since its target is abelian, it

factorizes through a continuous homomorphism, denoted the same, ∆ : G/G′ → Z.

Theorem 3.22. The following diagram commutes.

E

G/G′ Z

Φ
PZ

∆

Proof. We must show that for every [X] ∈ E we have PZ([X]) = ∆ ◦ Φ([X]), where [X] ∈ E =
g/g′ is an equivalence class of some X ∈ g. Since all the maps are homomorphisms, it suffices
to check it for [X] ∈ E such that exp(X) ∈ U . However then we have

∆ ◦ Φ([X]) = ∆
(
PG
(

exp(X)
))

= PZ

(
ψ
(

exp(X)
))

= PZ

(
Pg

(
log(exp(X))

))
= PZ([X]).

�

The commutative diagram immediately provides a desired estimate on the kernel of Φ.

Corollary 3.23. We have ker(Φ) ⊆ F .

The last theorem utilizes the machinery we have built to provide a criterion for a Banach-Lie
group to be unbounded.

Theorem 3.24. Let G be an infinite-dimensional connected Banach-Lie group. If π1(G) is
finitely generated, in particular, when G is simply connected, and if the finite rank of π1(G)
is strictly less than the dimension of the Banach space g/g′ (thus in the case that G is simply
connected, we merely want that g′ 6= g), then G/G′ and so also G are unbounded.

Proof. By Proposition 3.19, we get that G/G′ ' E/ker(Φ), and by Corollary 3.23, we have

ker(Φ) ⊆ Ψ[π1(G)]. Let H be the finite-dimensional Banach subspace of E generated by Ψ[π1(G)]
(that is, its basis is a subset of Ψ[S], where S is a finite generating set of π1(G)). We have

Ψ[π1(G)] ⊆ H and the dimension of H is at most the finite rank of π1(G). Therefore the
dimension of H is strictly less than the dimension of E, we get that E/H is a non-trivial Banach
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space, thus an unbounded Banach-Lie group. Since there is a projection E/ker(Φ)→ E/H and
a quotient of a bounded group is bounded, we get that E/ker(Φ), and thus also G/G′ and in
turn also G, are unbounded. �

4. Large scale geometry of abelian unitary groups

In this section we illustrate the notions of the previous section on the example of abelian
unitary groups on which the exponential length can be explicitly computed in an elementary
way. It also demonstrates how the notions of coarse equivalence, quasi-isometry, and isomorphism
differ.

Before specializing to unitary groups, we start with some observations on large scale geometry
of general abelian Banach-Lie groups.

4.1. Abelian Banach-Lie groups. The main examples of abelian Banach-Lie groups are Ba-
nach spaces themselves, in which case the Banach-Lie algebra of a Banach space X is X with
trivial Lie bracket and exp : X → X being the identity map.

We describe general connected abelian Banach-Lie groups. Let G be a connected abelian
Banach-Lie group with Banach-Lie algebra X and exponential map exp : X → G. Some parts
of the following theorem are probably known even in this generality, however lacking a proper
reference, we provide a complete proof.

Theorem 4.1. Let G be a connected abelian Banach-Lie group whose Banach-Lie algebra is a
Banach space X. Then there exists a discrete subgroup Γ of X and a topological group isomor-
phism between G and X/Γ. The group Γ is isomorphic to the fundamental group π1(G). Further,

let T be the closure of the torsion subgroup of G and let Y = R− span[Γ] ⊆ X. Then G/T is
topologically isomorphic to the real Banach space X/Y .

Moreover, the subgroup T is bounded if and only if Γ is cobounded in Y , i.e. Y/Γ is bounded.
In particular, if Γ is cobounded in Y , then G is quasi-isometric to the Banach space X/Y

Proof. Note that exp is, in this case, a continuous surjective open homomorphism of abelian
groups. Set Γ := Ker(exp). Since exp is a local homeomorphism, it follows that Γ is a discrete
subgroup of X. The isomorphism G ' X/Γ then immediately follows.

We show that Γ ' π1(G). To see this, observe first that the Banach space X is the universal
cover of G. Indeed, clearly X is simply connected and it is straightforward to check that the
quotient map p : X → X/Γ ' G is a covering map. The rest is a standard fact of algebraic
topology that whenever a discrete group Γ acts freely and properly discontinuously by homeo-
morphism on a path connected and simply connected space X (which Γ does in this case), then
π1(X/Γ) ' Γ.

Next we claim that T = exp[Y ]. First we show that exp[Y ] ⊆ T . Since T is a closed
subgroup and exp is continuous it suffices to show that for every γ ∈ Γ and every α ∈ R we have
exp(αγ) ∈ T . Further application of the continuity of exp reduces the general case first to the
case when α = p/q, for p, q ∈ Z, and then, using that exp is a homomorphism, to the case when
α = 1/q, for q ∈ Z. However then exp(1/q · γ) is an element with torsion q, thus it belongs to T .

In order to show that T ⊆ exp[Y ], we show that exp[Y ] is closed and that for every torsion
element g ∈ G, we have g ∈ exp[Y ]. Let us do the the former. Let (gn)∞n=1 ⊆ exp[Y ] be a
sequence converging to some g ∈ G. Since exp is surjective and a local homeomorphism, there
are x ∈ X with exp(x) = g, open neighborhoods U , V of g in G and x in X respectively, so that
the restriction exp : V → U is a homeomorphism. Without loss of generality, we may assume
that (gn)∞n=1 ⊆ U . We can then find a sequence (xn)∞n=1 ⊆ V ∩ Y such that exp(xn) = gn, for
all n, and xn → x. Since Y is a closed subspace, we get x ∈ Y .

Now we show the latter, e.g. that any torsion element g ∈ G is in exp[Y ]. Let n be the order
of g and let x ∈ X be such that exp(x) = g. It follows that exp(nx) = gn = 1, so nx ∈ Γ and
therefore x ∈ Y .

We showed that T = exp[Y ] and it immediately follows that exp induces an isomorphism
between G/T and X/Y .
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Finally, we prove that Γ is cobounded in Y if and only if T is bounded. Suppose first that Γ
is cobounded in Y , so there exists a bounded subset A ⊆ Y such that Y =

⋃
γ∈Γ γ + A. Pick

y ∈ Y , γ ∈ Γ and a ∈ A such that y = γ + a. It follows that

exp(y) = exp(γ) · exp(a) = exp(a),

thus exp[Y ] = exp[A], and since A is bounded, exp[A] is bounded as well, as an image of a
bounded set by a continuous homomorphism.

Conversely, assume that Γ is not cobounded in Y and let (yn)∞n=1 ⊆ Y be such that dist(yn,Γ)→
∞. It follows that the projection of the sequence (yn)∞n=1 is unbounded in the quotient group
X/Γ and since exp induces a topological isomorpism between X/Γ and G, we get (exp(yn))∞n=1

is unbounded in G. Since for each n, exp(yn) ∈ T , we are done.
The final claim of the statement follows. If Γ is cobounded and therefore T is bounded in

G, it is straightforward to see that the projection G → G/T is a quasi-isometry, and G/T is
isomorphic to the Banach space X/Y . �

In this paper, we focus mainly on connected Banach-Lie groups. Section 3 however contained
some observations on large scale geometry of not necessarily connected Banach-Lie groups. We
complete this discussion here. It turns out that for abelian Banach-Lie groups, their large scale
geometry can be independently divided into the large scale geometry of the connected groups
and the discrete groups. This follows from the following basic fact.

Fact 4.2. Let G be an abelian Banach-Lie group and let G0 be the connected component of the
identity. Then G ' G0 ⊕G/G0.

Proof. By Theorem 4.1, G0 is a quotient of a Banach space, therefore a quotient of a divisible
abelian group, so G0 itself is divisible. Since G0 is also an open subgroup of G, the short exact
sequence

0→ G0 → G→ G/G0 → 0

topologically and algebraically splits. This means that G is topologically isomorphic to G0 ⊕
G/G0. �

Suppose that d is a maximal compatible metric on G0. By abusing the notation, denote still
by d its canonical extension to a pseudometric on G0 ⊕ G/G0 by defining d((a, g), (b, h)) :=
d(a, b). Do the same for a maximal (if G/G0 is finitely generated) or coarsely proper (if G/G0

is countable) metric p on G/G0. It follows that a maximal (or coarsely proper) compatible
invariant metric on G can be obtained as a sum d and p. This reduces the investigation of large
scale geometry of G to separately investigating the geometry of G0 and separately the geometry
of G/G0.

4.2. Abelian unitary groups. Here we start our investigation of the large scale geometry of
unitary groups, with the norm topology, of unital commutative C∗-algebras. Let A be a unital
commutative C∗-algebra and let X be a compact Hausdorff space such that A = C(X). Denote
the discrete abelian group U(A)/U0(A) by ΓA. Then U(A) = C(X,T) and in fact, we have the
following exact sequence (see [25, Proposition 8.50])

0→ C(X,Z)→ C(X,R)→ C(X,T)→ ΓA → 0.

Moreover, as follows from Fact 4.2, we have U(A) ' U0(A)⊕ ΓA.
In the sequel, we shall focus only on the connected component U0(A).

First we provide an explicit formula on the exponential length cel which is useful in many
computations.

Let P : R → R/Z be the canonical projection. Denote by Ω : U0(A) → C(X)/C(X,Z)
the canonical isomorphism between U0(A) = C(X,T)0 and C(X,R)/C(X,Z) = C(X,R/Z)0

(induced from the isomorphism between T and R/Z). Moreover, denote by ‖ · ‖Q the quotient
norm on C(X,R)/C(X,Z). That is, for every f ∈ C(X,R/Z)0, set

‖f‖Q := inf{‖f ′‖ | f ′ ∈ C(X,R), P ◦ f ′ = f},
where ‖f ′‖ is the standard supremum norm of f ′.
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Proposition 4.3. Let X be a compact Hausdorff space and set A = C(X). Then for every
f ∈ U0(A), we have

cel(f) = 2π‖Ω(f)‖Q.

Proof. The constant 2π in the equality appears because of the two different lengths of two
canonical models of the circle group: either as T = {t ∈ C | |t| = 1}, or R/Z. Denote by G the
group C(X,R/Z) and G0 its component of the identity. In this notation we have Ω : U0(A)→ G0.
If for each f ∈ G0 we define

|f | := inf{
n∑
k=1

‖xk‖ | f =
n∑
k=1

P ◦ xk, (xk)k≤n ⊆ C(X,R)},

we clearly get that for all a ∈ U0(A), cel(a) = 2π|Ω(a)|. Thus it suffices to show that for
every f ∈ G0 we have |f | = ‖f‖Q. Fix f ∈ G0. It is immediate from the definition that
|f | ≤ ‖f‖Q. Conversely, fix ε > 0 and find (xk)k≤n ⊆ C(X,R) such that f =

∑n
k=1 P ◦ xk and∑n

k=1 ‖xk‖ < |f |+ ε. Set x =
∑n

k=1 xk. Since P is a homomorphism from R to R/Z we have

f =

n∑
k=1

P ◦ xk = P ◦
n∑
k=1

xk = P ◦ x,

and thus

‖f‖Q ≤ ‖x‖ ≤
n∑
k=1

‖xk‖ < |f |+ ε.

Since ε was arbitrary, we are done. �

With this proposition in hand, we can now easily recover the following result of Phillips (see
[43, Corollary 3.3] for one implication; for the other implication, if X is a totally disconnected
compact Hausdorff space, then C(X) is an AF-algebra, i.e. a direct limit of finite-dimensional
algebras (An)∞n=1, and we have by [43, Lemma 3.8] that cel(C(X)) = limn cel(An) = π, since it
is easy to check that cel(A) = π for A finite-dimensional).

Corollary 4.4. Let X be a compact Hausdorff space and let A = C(X). Then cel is bounded
on U0(A) if and only if X is totally disconnected.

As another consequence using that cel is a maximal compatible length function, we recover
the recent result of Ando and Matsuzawa [5, Proposition 4.6].

Corollary 4.5. Let X be a compact Hausdorff space and let A = C(X). Then U0(A) is bounded
if and only if X is totally disconnected.

As being abelian and unitary, the groups U0(C(X)) seem to be candidates for groups with
the Haagerup property. The following theorem disproves this hope in the non-trivial case when
these groups are unbounded.

Theorem 4.6. Let X be a compact Hausdorff space and let A = C(X). Then U0(A), resp. U(A)
are quasi-isometrically, resp. coarsely universal (for separable metric spaces) if and only if X
is not totally disconnected. Analogously, U0(A) and U(A) admit coarse embedding into Hilbert
space as well as the Haagerup property if and only if X is totally disconnected.

Proof. If X is totally disconnected, then U0(A) is bounded, therefore it is not coarsely universal
(nor quasi-isometrically universal); on the other hand, it trivially coarsely embeds into Hilbert
space and has the Haagerup property. Moreover, since in this case U(A) = U0(A), we get the
same conclusion for U(A) as well.

We now assume that X is not totally disconnected. To simplify the notation, in the following
we identify U0(A) = C(X,T)0 with C(X,R/Z)0 which is canonically isometrically isomorphic
with C(X,R)/C(X,Z). We shall denote C(X,R/Z)0 by G0. Let H be the closed subgroup of
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G0 obtained by taking closure of the subgroup {f ∈ C(X,R/Z) | the range of f is finite}. A
straightforward computation shows that

G0/H '
(
C(X,R)/C(X,Z

)
/{f ∈ C(X,R) | the range of f is finite} '

C(X,R)/{f ∈ C(X,R) | the range of f is finite}.

It follows thatG0/H is isomorphic to a Banach space, since {f ∈ C(X,R) | the range of f is finite}
is a Banach subspace of C(X,R). Denote this Banach space isomorphic to G0/H by Z.

Let Q : G0 → G0/H be the projection. We claim that it is a quasi-isometry. Since Q is onto,
it suffices to show that H is bounded. However, H is isomorphic to the group
{f ∈ C(X,R) | the range of f is finite}/C(X,Z). Since the group
{f ∈ C(X,R) | the range of f is finite}/C(X,Z) is clearly bounded, its closure is bounded as
well.

Lemma 4.7. Z is bi-Lipschitz universal, i.e. every separable metric space embeds into Z by a
bi-Lipschitz embedding.

Assume for a moment that we have proved the lemma. Then since U0(A) is isomorphic to
G0, which is quasi-isometric to Z, we get that U0(A) is quasi-isometrically universal. Further,
since U0(A) coarsely embeds into U(A), we get that U(A) is coarsely universal. It follows that
none of them can coarsely embeds into Hilbert space or have the Haagerup property. Indeed,
the latter implies the former, and the former is in contradiction with coarse universality since
Hilbert space is known not to be coarsely universal (see [19]). It remains to prove the lemma.

Proof of Lemma 4.7. Since X is not totally disconnected, it contains an infinite closed connected
subset K ⊆ X. By the Urysohn lemma, we can find a continuous onto map φ′ : K → [0, 1] and
by the Tietze extension theorem, we can extend it to a continuous function φ : X → [0, 1]. Set
Y to be the Banach space C([0, 1],R)/{f ∈ C([0, 1],R) | f is constant}.

Now it clearly suffices to prove the following two claims.

Claim 1. Y linearly isometrically embeds into Z.

Claim 2. Y is bi-Lipschitz universal.

We start with Claim 1. First, we set ψ0 : C([0, 1],R) → C(X,R) to be the dual map to φ;
that is, ψ0(f) := f ◦ φ, for all f ∈ C([0, 1],R). Second, we define a map ψ : Y → Z as follows.
Let [f ]Y be an element of Y viewed as an equivalence class of some C([0, 1],R) in the quotient
C([0, 1],R)/{f ∈ C([0, 1],R) | f is constant}. We set

ψ([f ]Y ) := [ψ0(f)]Z ,

where [ψ0(f)]Z is the equivalence class of the function ψ0(f) = f ◦ φ : X → R in the quotient

Z = C(X,R)/{f ∈ C(X,R) | the range of f is finite}.

Step 1. The map ψ is well defined. To prove this, we must verify that [ψ0(f)]Z = [ψ0(f ′)]Z
for all f, f ′ ∈ C([0, 1],R) such that [f ]Y = [f ′]Y . However, [f ]Y = [f ′]Y implies that f − f ′ ∈
{f ∈ C([0, 1],R) | f is constant}. Since clearly,

ψ0[{f ∈ C([0, 1],R) | f is constant}] ⊆ {f ∈ C(X,R) | the range of f is finite},

we get that ψ0(f − f ′) ∈ {f ∈ C(X,R) | the range of f is finite}, so [ψ0(f)]Z = [ψ0(f ′)]Z , so
[ψ([f ]Y )]Z is well defined.

Step 2. The map ψ is linear. This is straightforward and left to the reader.

Step 3. The map ψ is isometric. Pick f ∈ C([0, 1],R). Since

• ψ0 : C([0, 1],R)→ C(X,R) is isometric,
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• ‖[f ]Y ‖ = inf{‖f + c‖ | c : [0, 1]→ R is constant},
• ‖ψ([f ]Y )‖ = inf{‖ψ0(f) + c‖ | c ∈ {f ∈ C(X,R) | the range of f is finite}},
• ψ0[{f ∈ C([0, 1],R) | f is constant}] ⊆ {f ∈ C(X,R) | the range of f is finite},

we get that ‖ψ([f ]Y )‖ ≤ ‖[f ]Y ‖.
To prove the reverse inequality, set R = ‖ψ([f ]Y )‖ and fix ε > 0. By definition, we can find

c′ ∈ {f ∈ C(X,R) | the range of f is finite} such that R ≤ ‖ψ0(f) + c′‖ < R+ ε/2 and then, by
further approximation, we can find c ∈ C(X,R) with finite range such that R ≤ ‖ψ0(f) + c‖ <
R + ε. Since c has finite range, say {r1, . . . , rn} ⊆ R, by setting Ki := c−1(ri), for i ≤ n, we
obtain a partition (Ki)

n
i=1 of X consisting of clopen sets. Since K is connected, there exists

i ≤ n such that K ⊆ Ki. It follows that c � K is constant with value ri. Let d ∈ C([0, 1],R) be
a constant function with the same value ri. It follows that

‖ψ([f ]Y )‖+ε ≥ ‖ψ0(f)+c‖ ≥ sup
x∈K
|ψ0(f)(x)+c(x)| = sup

x∈K
|f◦φ(x)+c(x)| = sup

y∈[0,1]
|f(y)+d(y)| ≥ ‖[f ]Y ‖.

Since ε > 0 was arbitrary, we are done. This finishes the proof of the first claim.

Now we prove Claim 2. Y is a quotient of C([0, 1],R) by a one-dimensional subspace of
constant functions. It is easy to check that it is linearly isomorphic, thus bi-Lipschitz equivalent,
with the subspace of C([0, 1],R) of functions with zero integral with respect to the Lebesgue

measure: by the map [f ]→ f −
( ∫ 1

0 fdλ
)
· 1, where 1 is the constant function with value 1 and

[f ] is an equivalence class of some f ∈ C([0, 1],R). We therefore identify Y with such a space
and prove an isometric universality for this space, by abusing the notation still denoted by Y .
Let M be an arbitrary separable metric space. It is well known that C([0, 1],R) is isometrically
universal, i.e. there exists an isometric embedding ϕ : M → C([0, 1],R). We produce an
isometric embedding φ : M → Y . For every m ∈M we define

φ(m)(x) :=

{
ϕ(m)(3x) 0 ≤ x ≤ 1/3,

−ϕ(m)(3− 3x) 2/3 ≤ x ≤ 1,

and we extend φ(m) on the interval [1/3, 2/3] linearly. It is now straightforward to check that
for every m,m′ ∈M

•
∫ 1

0 φ(m)dλ = 0, thus φ(m) ∈ Y ,
• ‖φ(m)− φ(m′)‖ = ‖ϕ(m)− ϕ(m′)‖ = dM (m,m′),

so φ is the desired isometric embedding. This finishes the proof of the second claim, and so also
the proof of Lemma 4.7 and the proof of Theorem 4.6. �

�

In the special case when X has just finitely many connected components, we obtain a stronger
result.

First we identify the fundamental group π1(U0(A)), for an abelian unital C∗-algebra A, in the
following lemma which is likely well known.

Lemma 4.8. Let X be a compact Hausdorff space and A = C(X). Then the fundamental group
π1(U0(A)) is equal to C(X,Z).

In particular, π1(U0(A)) is finitely generated if and only if X has only finitely many connected
components, or equivalently, when the algebra of clopen subsets of X is atomic. In that case,
π1(U0(A)) ' Zn, where n is the number of connected components of X.

Proof. By Theorem 4.1, π1(U0(A)) = Ker(exp), for exp : C(X,R) → U0(A). This has been
already identified with C(X,Z). The latter statements are then easy to verify. �

In the following we show a strong distinction between the equivalence relations of topological
isomorphism and quasi-isometry, within the class of separable abelian unitary groups. We restrict
our attention to the separable abelian unitary groups with finite rank fundamental groups. We
leave the general case for some future investigation.

We start with classification of this class up to topological isomorphism.
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Theorem 4.9. Let U0(A) and U0(B) be connected components of separable infinite-dimensional
abelian unitary groups with finitely generated fundamental groups. Then U0(A) and U0(B) are
topologically isomorphic if and only if π1(U0(A)) is isomorphic to π1(U0(B)), i.e. the fundamental
group is a complete invariant for topological isomorphism.

Proof. Fix U0(A) and U0(B) satisfying the requirements of the theorem. Let K and L be the
Gelfand spaces of A and B respectively (necessarily uncountable and metrizable). If U0(A) and
U0(B) are topologically isomorphic, then clearly their fundamental groups are isomorphic.

So we prove the converse and we now assume that π1(U0(A)) = π1(U0(B)). Let n be the
common rank of these fundamental groups. It follows that we can write K as a disjoint sum of
clopen connected components K1, . . . ,Kn and similarly L as the disjoint sum of clopen connected
components L1, . . . , Ln. Each component is either a singleton or uncountable metrizable. For
i ≤ n, we set ei := χKi ∈ C(K,Z), and fi := χLi ∈ C(L,Z), the characteristic functions of the
corresponding sets. Clearly, e1, . . . , en generate C(K,Z) and an analogous statement for L holds.
Since U0(A) can be identified with C(K,R)/C(K,Z) we have U0(A) = C(K,R)/〈e1, . . . , en〉, and
analogously U0(B) = C(L,R)/〈f1, . . . , fn〉. Since K and L are uncountable and metrizable, by
the Miljutin theorem [3, Theorem 4.4.8] there exists a linear isomorphism φ : C(K,R)→ C(L,R).
If for every i ≤ n we have φ(ei) = fi, then φ[C(K,Z)] = C(L,Z) and so φ also induces a
topological isomorphism between U0(A) and U0(B). This is not the case in general, but we prove
that we can find a linear isomorphism between C(K,R) and C(L,R) with this property.

We write C(K,R) as a Banach space sum X ′ ⊕ V ′, where V ′ = span{e1, . . . , en} and X ′

is the complement of V ′ in C(K,R). Analogously, we write C(L,R) as a Banach space sum
Y ′ ⊕ W ′. For every i ≤ n, we have φ(ei) =

(∑n
j=1 α

i
jfi
)

+ yi, where yi ∈ Y ′, and we have

φ−1(fi) =
(∑n

j=1 β
i
jei
)

+ xi, where xi ∈ X ′. Set now V := span{e1, x1, . . . , en, xn}, W :=

span{f1, y1, . . . , fn, yn} and let X, resp. Y be their complements in C(K,R), resp. C(L,R). It
follows that for every i ≤ n we have φ(xi) = fi +

∑n
j=1 β

i
jφ(ei) ∈ W . Analogously, for every

i ≤ n, φ−1(yi) ∈ V . We obtain that the restriction of φ to V induces an isomorphism between V
and W . Without loss of generality, we may also assume that φ induces an isomorphism between
X and Y . Indeed, let PX be the linear projection from C(K,R) onto X; analogously, we define
PY . Set φ0 := PY ◦ φ � X. Then we claim that φ0 is a linear isomorphism between X and Y .

• It is injective since if form z ∈ X we have φ0(z) = 0, then by definition φ(z) ∈ W , thus
z ∈ V ∩X, as φ induces an isomorphism between V and W , so z = 0.
• It is surjective. Pick z ∈ Y . Then there is q′ ∈ C(K,R) such that φ(q) = z. Set
q = PX(q′). We have that q′ = q + s, where s ∈ V , thus

z = φ0(q′) = φ0(q) + φ0(s) = φ0(q),

which shows the surjectivity.

Since φ0 is also continuous, by the bounded inverse theorem it is a linear isomorphism. In the
sequel, we may therefore assume that φ0 = φ � X.

We define a new linear operator ψ : C(K,R)→ C(L,R) as follows:

• We set ψ � X = φ � X;
• For i ≤ n, we set φ(ei) = fi;
• For i ≤ n, we set ψ(xi) = yi.

Therefore we have got a linear isomorphism between C(K,R) and C(L,R) satisfying ψ[C(K,Z)] =
C(L,Z), which thus induces a topological isomorphism between U0(A) and U0(B). This con-
cludes the proof.

�

We show that the classification up to topological isomorphism is in stark contrast to the
classification up to quasi-isometry.

Theorem 4.10. All identity components of separable infinite-dimensional abelian unitary groups
with finitely generated fundamental group are quasi-isometric. In fact, they are also quasi-
isometric to the Banach space C([0, 1]).
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Proof. Let U0(A) be a separable infinite-dimensional abelian unitary group with finitely gener-
ated fundamental group, where A = C(K). By Lemma 4.8, the fundamental group of U0(A)
is isomorphic to C(K,Z). Since it is finitely generated, X := Span[C(K,Z)] = {f ∈ C(K,R) |
f has finite range}, and so C(K,Z) is clearly cobounded in X. By Theorem 4.1, U0(A) is
quasi-isometric to the Banach space C(K,R)/X. Since all hyperplanes in C(K,R) are iso-
morphic to C(K,R) itself (see [3, Proposition 4.4.1]) and X is finite-dimensional, we get that
C(K,R) ' C(K,R) ⊕ X, and thus C(K,R)/X ' C(K,R). It follows that U0(A) is quasi-
isometric to C(K,R) and that is in turn linearly isomorphic, and so quasi-isometric, to C([0, 1])
by the Miljutin theorem. This finishes the proof. �

5. The p-unitary group Up(M, τ)

In this section we study the p-unitary groups (see [4] where these groups have been introduced)
associated with a semifinite von Neumann algebra.

Definition 5.1. Let (M, τ) be a semifinite von Neumann algebra and a normal faithful semifinite
trace on it. Let 1 ≤ p < ∞. The the p-unitary group of M , denoted by Up(M, τ) is the group
of all unitaries u ∈ U(M) such that u − 1 ∈ Lp(M, τ). The group is endowed with the metric
topology given by the following bi-invariant metric

d(u, v) := ‖u− v‖p, u, v ∈ Up(M, τ).

In the case M = B(H) for a Hilbert space H and τ is the usual trace, the group is called the
Schatten p-unitary group and is denoted by Up(H). The group U∞(H) = {u ∈ U(H) | u − 1 ∈
K(H)} is sometimes called the Fredholm unitary group. If M is finite, then Up(M, τ) = U(M)s
is independent of the choise of τ and p.

Fact 5.2. We remark that if M is a factor, then Up(M, τ) is a Banach-Lie group if and only if
M is of type I.

Proof. If M is of type I, then it is well-known (see. e.g., [15]) that Up(M, τ) is a Banach-Lie
group. On the other hand, suppose that M is a type II factor and τ is a normal faithful semifinite
trace on it. Then the group Up(M, τ) has small subgroups, which implies that Up(M, τ) is not
a Banach-Lie group. Indeed, for the type II1 case it has small subgroups by [5, Corollary 3.12],
so assume that M is of type II∞. Let e ∈ M be a nonzero finite projection. Then the group
Ge := {u+e⊥ | u ∈ U(eMe)} is a closed subgroup of Up(M, τ). Morevoer, the norm ‖·‖p induces

the strong operator topology on Ge (cf. [5, Lemm 4.18]) and U(eMe) 3 u 7→ u + e⊥ ∈ Ge is
a topological group isomorphism. Again by [5, Corollary 3.12], U(eMe) has small subgroups,
whence so does Up(M, τ). �

Even though Up(M, τ) is not necessarily a Banach-Lie group, it is easy to check, using
Lemma 5.4, that for every u ∈ Up(M, τ) the formula

elM (u) := inf

{
n∑
i=1

‖ai‖p

∣∣∣∣∣ (ai)i≤n ⊆ Lp(M, τ)sa ∩M,u = eia1 · · · eian

}
,

defines a compatible maximal length function as for Banach-Lie groups. However, because it is
more convenient in this case to use the p-norm distance, we shall use the distance d.

5.1. Haagerup property. It is shown in [5, Theorem 4.17 and Theorem 4.28] that if M is a
type II∞ factor, then Up(M) does not have Property (FH). We show here that it actually has
the Haagerup property.

Theorem 5.3. Let (M, τ) be as in Definition 5.1 and 1 ≤ p < ∞. The following statements
hold.

(i) The compatible bi-invariant metric on Up(M, τ) given by d(u, v) := ‖u − v‖p (u, v ∈
Up(M, τ)) is a maximal metric. It is unbounded if and only if M has infinite direct
summand.
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(ii) The group Up(M, τ) admits the following continuous coarsely proper affine isometric
action on Lp(M, τ) given by

u · x := ux+ (u− 1), u ∈ Up(M, τ), x ∈ Lp(M, τ).

In particular, the group U2(M, τ) has the Haagerup property.

Lemma 5.4. Let M be a semifinite von Neumann algebra with a faithful normal semifinite trace
τ . Then every u ∈ Up(M, τ) (1 ≤ p < ∞) is of the form u = eia, where a ∈ Lp(M, τ)sa ∩M .
Moreover, the following inequality holds.

(2) 1
2‖a‖p ≤ ‖e

ia − 1‖p ≤ ‖a‖p, a ∈ Lp(M, τ)sa

Proof. Let u ∈ Up(M, τ). Then by spectral theory u = eia for some a = a∗ ∈M with ‖a‖∞ ≤ π.
Let a =

∫
[−π,π] λ de(λ) be the spectral resolution of a. Then

‖u− 1‖pp = τ(|eia − 1|p) =

∫
[−π,π]

(2(1− cosλ))
p
2 dτ(e(λ)).

By the elementary inequality

(3) 1
4x

2 ≤ 2(1− cosx) ≤ x2 (|x| ≤ π),

it follows that

2−p‖a‖pp =

∫
[−π,π]

(λ
2

4 )
p
2 dτ(e(λ)) ≤ ‖u− 1‖pp <∞,

which shows that a ∈ Lp(M, τ) and 1
2‖a‖p ≤ ‖e

ia−1‖p. By (3) again, we see that 1
2‖a‖p ≤ ‖e

ia−
1‖p ≤ ‖a‖p holds for every a ∈M ∩Lp(M, τ)sa, whence by density for every a ∈ Lp(M, τ)sa. �

Proof of Theorem 5.3. (i) We use Proposition 2.2: d is maximal if and only if (Up(M, τ), d) is
coarsely proper and large scale geodesic (recall the definitions from Definitions 2.3 and 2.4,
respectively). First we show that d is coarsely proper. Let ∆, δ > 0, and u ∈ Up(M, τ) with

‖u− 1‖p < ∆ be given. Fix k ∈ N such that max(πδ ,
2∆
δ ) < k holds. By Lemma 5.4, u is of the

form u = eia where a = a∗ ∈ Lp(M, τ) ∩Msa and the inequality (2) in Lemma 5.4 holds.

Define uj = ei ja
k (0 ≤ j ≤ k). Then u0 = 1, uk = u and for each 0 ≤ j ≤ k − 1,

d(yj+1, yj) = ‖ei a
k − 1‖p ≤ 1

k‖a‖p ≤
2
k‖e

ia − 1‖p < δ.

Therefore d is coarsely proper.
Next we check that d is large scale geodesic. Again we may check this condition only for 1

and u arbitrary. Let u ∈ Up(M, τ) and write u = eia where a = a∗ ∈ Lp(M, τ) ∩Msa and a
satisfies (2). We will show that K = 2 works and that n is chosen to satisfy n ≤ 2d(x, y). If
‖a‖p ≤ 1, then ‖u − 1‖p ≤ ‖a‖p ≤ 2. Assume next that ‖a‖p ≥ 1. Then choose n ∈ N so large

that ‖a‖2 ≤ 2n ≤ 2‖a‖2. Note that n ≤ ‖a‖p ≤ 2‖u−1‖p holds. Then let uj = ei j
n
a (0 ≤ j ≤ n),

so that u0 = 1, un = u and for each 0 ≤ j ≤ n− 1,

‖uj+1 − uj‖p = ‖ei a
n − 1‖p ≤ 1

n‖a‖p ≤ 2.

Moreover,
n−1∑
j=0

‖uj+1 − uj‖p = n‖ei a
n − 1‖p ≤ ‖a‖p ≤ 2‖eia − 1‖p = 2‖u− 1‖p.

This shows that d is large scale geodesic with constant K = 2. Therefore, d is a maximal metric.
The last statement is immediate, because d is unbounded if and only if τ is not finite, if and
only if M has nonzero infinite direct summand.

(ii) It is straightforward to see that the action is affine isometric and continuous. Note that
the associated 1-cocycle b(u) = u − 1 (u ∈ Up(M, τ)) defines a coarse embedding of Up(M, τ)
into Lp(M, τ) because of the equality ‖b(u)− b(1)‖p = d(u, 1) (u ∈ Up(M, τ)). This finishes the
proof. �
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5.2. Amenability. It is known that locally compact amenable Polish groups have the Haagerup
property (see [28, Examples 2.4 (2)]). The same implication is no longer true for general Polish
groups. In [51, Theorem 3], Rosendal showed that an amenable Polish group has the Haagerup
property if and only if it coarsely embeds into a Hilbert space. We show that the groups Up(M, τ)
are typically non-amenable.

Theorem 5.5. Let M be a II∞ factor acting on a separable Hilbert space and τ a normal faithful
semifinite trace on M .The following three conditions are equivalent.

(i) Up(M, τ) is amenable for some 1 ≤ p <∞.
(ii) Up(M, τ) is amenable for every 1 ≤ p <∞.

(iii) M is hyperfinite.

Thus Up(M, τ) is nonamenable if M is not hyperfinite. The proof of Theorem 5.5 is done by
standard approximation arguments. However, because M is not of finite type, a care must be
taken of the subtle relationship among the strong operator topology, the topologies given by the
‖ · ‖p-norms and the operator norm. We denote the operator norm by ‖ · ‖∞.

Lemma 5.6. Let M be a semifinite von Neumann algebra with a normal faithful semifinite trace
τ and let 1 ≤ p < ∞. Let a ∈ Lp(M, τ)sa and ε > 0. Then there exists a0 ∈ Msa ∩ Lp(M, τ)
with finite spectrum such that ‖a− a0‖p < ε holds. If moreover a ∈M , then a0 can be chosen to
satisfy ‖a0‖∞ ≤ ‖a‖∞ and a0a = aa0.

Proof. Let a =

∫
R
λ de(λ) be the spectral resolution of a. For each n ∈ N and k = 1, . . . , n2n, let

In,k =
[
k−1
2n ,

k
2n

)
. Also let Jn,k =

(
− k

2n ,−
k−1
2n

]
, for k = 2, . . . , n2n, and Jn,1 =

(
− 1

2n , 0
)
. Then

{In,k, Jn,k}n2n

k=1 is a measurable partition of (−n, n). Define an =
∑n2n

k=1
k−1
2n (1In,k − 1Jn,k) ∈Msa,

which has finite spectrum and an ∈ Lp(M, τ) by

‖an‖pp ≤
∫

(−n,n)
λp dτ(e(λ)) ≤ ‖a‖pp <∞.

It is also clear that when a is bounded, then aan = ana and ‖an‖∞ ≤ ‖a‖∞ hold for every n.
By a standard argument using spectral theory, one can then show that lim

n→∞
‖a−an‖p = 0. This

implies the claim. �

It is not clear to us whether the map Lp(M, τ)sa 3 a 7→ eia ∈ Up(M, τ) is continuous. However,
the next lemma is sufficient for our purpose.

Lemma 5.7. Let M be a semifinite von Neumann algebra with a normal faithful semifinite
trace τ , and let 1 ≤ p < ∞. Let a ∈ Msa ∩ Lp(M, τ) and (an)∞n=1 be a sequence of elements in
Msa ∩ Lp(M, τ) such that supn ‖an‖∞ <∞ and lim

n→∞
‖an − a‖p = 0. Then

(i) lim
n→∞

∥∥∥∥∥eia −
n∑
k=0

ikak

k!

∥∥∥∥∥
p

= 0.

(ii) lim
n→∞

‖eian − eia‖p = 0.

Proof. Let a =
∫
R λ de(λ) be the spectral resolution of a. Then for each n ∈ N,

∑n
k=1

ikak

k! ∈
Lp(M, τ), and ∥∥∥∥∥eia −

n∑
k=0

ikak

k!

∥∥∥∥∥
p

p

=

∫
R

∣∣∣∣∣eiλ −
n∑
k=0

ikλk

k!

∣∣∣∣∣
p

dτ(e(λ)) · · · (?).

By the Taylor’s theorem, there exists µ ∈ R between 0 and λ such that

eiλ −
n∑
k=0

ikλk

k!
=

in+1eiµ

(n+ 1)!
λn+1.

Thus, because τ(e(·)) is supported on [−‖a‖∞, ‖a‖∞], we have
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(?) ≤
∫

[−‖a‖∞,‖a‖∞]

{
1

(n+ 1)!
‖a‖n∞|λ|

}p
dτ(e(λ))

=

{
1

(n+ 1)!
‖a‖n∞‖a‖p

}p
n→∞→ 0.

This proves (i).
(ii) First, we assume that supn ‖an‖∞ ≤ 1 and ‖a‖∞ ≤ 1. By (i), for each n ∈ N,

‖eian − eia‖p = lim
N→∞

∥∥∥∥∥
N∑
k=0

ik

k!
(akn − ak)

∥∥∥∥∥
p

.

Then ∥∥∥∥∥
N∑
k=0

ik

k!
(akn − ak)

∥∥∥∥∥
p

≤ ‖an − a‖p +

N∑
k=2

1

k!
‖akn − ak‖p · · · (??).

For each N ≥ 2 and k = 2, . . . , N ,

‖akn − ak‖p ≤ ‖(an − a)ak−1
n ‖p + ‖a(ak−1

n − ak−1)‖p
≤ ‖a‖k−1

∞ ‖an − a‖p + ‖a‖∞‖ak−1
n − ak−1‖p

≤ ‖an − a‖p + ‖ak−1
n − ak−1‖p ≤ . . .

≤ k‖an − a‖p.
Therefore

(??) ≤ ‖an − a‖p

(
1 +

∞∑
k=2

1

(k − 1)!

)
n→∞→ 0.

This shows (ii) in the case where all an, a are contractions.
Now we consider the general case. Take m ∈ N such that ‖an‖∞, ‖a‖∞ ≤ m (n ∈ N) holds. Then
1
man,

1
ma (n ∈ N) are contractions. Thus by the above argument,

‖eian − eia‖p = ‖ei
1
man · · · ei

1
man − ei

1
ma · · · ei

1
ma‖p

≤ ‖(ei
1
man − ei

1
ma)ei

1
man · · · ei

1
man‖p + ‖ei

1
ma(ei

1
man − ei

1
ma)ei

1
man · · · ei

1
man‖p + · · ·

+ ‖ei
1
ma · · · ei

1
ma(ei

1
man − ei

1
ma)‖p

= m‖ei
1
man − ei

1
ma‖p

n→∞→ 0.

Thish proves (ii). �

Until the end of this section, we fix notation, which will be used in the proof of (ii)⇒(i) in
Theorem 5.5. Fix 1 ≤ p < ∞ and a separable infinite-dimensional Hilbert space H with an
orthonormal basis (ξn)∞n=1. For each n ∈ N, let fn be the projection onto the subspace spanned
by {ξ1, . . . , ξn}. Let Rn := M2(C)⊗n ∼= M2n(C) and

(4) Mn := Rn ⊗ fnB(H)fn ⊕ C1Rn ⊗ f⊥n ⊂ R⊗B(H).

Then (Mn)∞n=1 is an increasing sequence of finite-dimensional ∗-subalgebras of the hyperfinite
II∞ factor M := R⊗B(H) endowed with the normal faithful semifinite trace τ := τ0 ⊗ Tr (τ0

is the normal faithful tracial state on the hyperfinite II1 factor R and Tr denotes the operator
trace). We say that an element a ∈ M ∩ Lp(M, τ) is p-approximable if there exists a sequence
(an)∞n=1 of elements in M0 ∩ Lp(M, τ), where M0 :=

⋃∞
k=1Mk, such that supn ‖an‖∞ ≤ ‖a‖∞

and lim
n→∞

‖a− an‖p = 0 hold. Note that M0 is a ∗-strongly dense unital subalgebra of M .

Proposition 5.8. Any a ∈Msa ∩ Lp(M, τ) is p-approximable.

The following lemma may be known. However, because we could not find a reference, we add
a proof.
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Lemma 5.9. Let M be a semifinite von Neumann algebra with a normal faithful semifinite trace
τ , and let 1 ≤ p < ∞. Let (xi)i∈I be a bounded net in M converging strongly to x ∈ M . Then
for every a ∈ Lp(M, τ), lim

i→∞
‖(xi − x)a‖p = 0 holds.

Proof. Since Lp(M) is spanned by self-adjoint elements, we may assume that a is self-adjoint.
We may also assume that xi, x are contractions.

Step 1. Consider the case that a has finite spectrum (thus a ∈ Lq(M, τ) for every 1 ≤ q ≤ ∞).
Suppose first that p ≥ 2. Then we use the following inequality

(5) ‖x‖p ≤ ‖x‖
1− 2

p
∞ ‖x‖

2
p

2 , x ∈M ∩ L
2(M, τ)(⊂ Lp(M, τ)).

By (5) and the fact that M is represented on L2(M, τ) by left multiplications so that the strong
convergence of (xi)i∈I is the pointwise 2-norm convergence in L2(M, τ), we have

‖(xi − x)a‖p ≤ ‖(xi − x)a‖
1− 2

p
∞ ‖(xi − x)a‖

2
p

2

≤ 2
1− 2

p ‖a‖
1− 2

p
∞ ‖(xi − x)a‖

2
p

2

i→∞→ 0.

Next, suppose 1 ≤ p < 2. Since a is self-adjoint and has finite spectrum, it is a real linear
combination of τ -finite projections. To show that ‖(xi− x)a‖p tends to 0, by triangle inequality
we may assume that a itself is a τ -finite projection. Let 2 ≤ r < ∞ be such that 1

p = 1
2 + 1

r .

By a = a2, we have by the generalized non-commutative Hölder’s inequality([18, Corollaire 3].
Cf.[45, Lemma 5.9]),

‖(xi − x)a‖p = ‖(xi − x)a · a‖p ≤ ‖(xi − x)a‖2‖a‖r
n→∞→ 0.

Step 2. Consider the general case. Let ε > 0. By Lemma 5.6, there exists a0 ∈Msa ∩Lp(M, τ)
with finite spectrum such that ‖a − a0‖p < ε

4 holds. By Step 1, lim
i→∞
‖(xi − x)a0‖p = 0 holds.

Thus there exists i0 ∈ I such that for every i ≥ i0, ‖(xi − x)a0‖p < ε
2 holds. Then for every

i ≥ i0,

‖(xi − x)a‖p ≤ ‖(xi − x)(a− a0)‖p + ‖(xi − x)a0‖p

< ‖xi − x‖∞‖a− a0‖p +
ε

2
< ε.

Since ε is arbitrary, the claim follows. �

Proof of Proposition 5.8. Let M̃ be the set of all a ∈M ∩ Lp(M, τ) which are p-approximable.

Step 1. We first show that if a ∈ M̃ is a self-adjoint element with finite spectrum and if
u ∈ U(M), then uau∗ ∈ M̃ . Indeed, by a ∈ M̃ , there exists a sequence (an)∞n=1 in M0∩Lp(M, τ)
with supn ‖an‖∞ ≤ ‖a‖∞ such that lim

n→∞
‖an − a‖p = 0. There exists a sequence (un)∞n=1 in

U(M0) converging ∗-strongly to u. Then (unanu
∗
n)∞n=1 is a sequence in M0 ∩ Lp(M, τ) with

supn ‖unanu∗n‖∞ ≤ ‖a‖∞, and (we use ‖x‖p = ‖x∗‖p and ‖axb‖p ≤ ‖a‖∞‖x‖p‖b‖∞ for a, b ∈M
and x ∈M ∩ Lp(M, τ))

‖unanu∗n − uau∗‖p ≤ ‖(un − u)anu
∗
n‖p + ‖u(an − a)u∗n‖p + ‖ua(u∗n − u∗)‖p

≤ ‖(un − u)an‖p + ‖an − a‖p + ‖(un − u)a∗u∗‖p
≤ ‖(un − u)(an − a)‖p + ‖(un − u)a‖p + ‖an − a‖p + ‖(un − u)a∗‖p
≤ 2‖an − a‖p + 2‖(un − u)a‖p + ‖an − a‖p.
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The last term tends to 0 as n→∞ because lim
n→∞

‖(un − u)a‖p = 0 thanks to Lemma 5.9. Thus

lim
n→∞

‖unanu∗n − uau∗‖p = 0, which shows that uau∗ ∈ M̃ as we wanted.

Step 2. Next, we show that M̃ contains all elements in Msa ∩ Lp(M, τ) which have finite
spectrum. To show this, let a ∈ Msa ∩ Lp(M, τ) be an element with finite spectrum and let
ε > 0. There exist nonzero τ -finite projections p1, . . . , pm ∈ M and λ1, . . . , λm ∈ R such that
a =

∑m
i=1 λipi. For each i = 1, . . . ,m, write τ(pi) = di + si, where di ∈ Z≥0 and 0 ≤ si < 1.

Take large enough n ∈ N so that n >
∑m

i=1(di + 1) and for each i = 1, . . . ,m, there exists

ki ∈ {0, . . . , 2n − 1} such that if we set ti = di + ki
2n , then ti ≤ τ(pi) and the following inequality

holds:
m∑
i=1

|λi|p(τ(pi)− ti) < ( ε2)p.

Let e1, . . . , e2n be pairwise orthogonal minimal projections in Rn ∼= M2n(C) with
∑2n

i=1 ei = 1.
For each n ∈ N let rn be the rank one projection onto Cξn. Set

qi := 1Rn ⊗
d′i+di∑
j=d′i+1

rj +

ki∑
`=1

e` ⊗ rd′i+di+1, i = 1, . . . ,m,

where d′1 := 0 and d′i :=
∑i−1

j=1(dj + 1) (i = 2, . . . ,m). Note that some terms in the above sum

might be disregarded when di = 0 (in this case the first sum is disregarded) or ki = 0 (in this
case the second sum is disregarded). Note that qi ∈ Rn ⊗ fnB(H)fn ⊂ Mn (1 ≤ i ≤ m). Then

{qi}mi=1 are mutually orthogonal projections in M0 and τ(qi) = di + ki
2n = ti ≤ τ(pi) (1 ≤ i ≤ m)

holds. Let 1 ≤ i ≤ m. Because M is a type II∞ factor, there exists a projection p′i ≤ pi such
that p′i ∼ qi in M holds (here, ∼ stands for the Murray-von Neumann equivalence of projections
in M). Let ui ∈M be a partial isometry satisfying

u∗iui = qi, uiu
∗
i = p′i.

Also, 1 −
∑m

i=1 qi ∼ 1 −
∑m

i=1 p
′
i (both being infinite projections in M), we may find a partial

isometry u0 ∈M satisfying

u∗0u0 = 1−
m∑
i=1

qi, u0u
∗
0 = 1−

m∑
i=1

p′i.

Then u =
∑m

i=0 ui is a unitary in M satisfying uqiu
∗ = p′i (1 ≤ i ≤ m). This shows that

ua0u
∗ = a′, where a0 ∈ M0 ∩ Lp(M, τ) and a′ ∈ M ∩ Lp(M, τ) are self-adjoint elements defined

by

a0 :=
m∑
i=1

λiqi, a
′ :=

m∑
i=1

λip
′
i.

Moreover, ‖a − a′‖p = (
∑m

i=1 |λi|p(τ(pi)− ti))
1
p < ε

2 , and by a0 ∈ M0 ∩ Lp(M, τ), and Step

1, a′ ∈ M̃ holds. Thus, there exists a′′ ∈ M0 ∩ Lp(M, τ) with ‖a′′‖∞ ≤ ‖a′‖∞ ≤ ‖a‖∞ such

that ‖a′−a′′‖p < ε
2 holds. Therefore we have ‖a−a′′‖p < ε. Since ε is arbitrary, we obtain a ∈ M̃ .

Step 3. Let a ∈Msa∩Lp(M, τ) and ε > 0. Then by Lemma 5.6, there exists a0 ∈Msa∩Lp(M, τ)

with finite spectrum such that ‖a0‖∞ ≤ ‖a‖∞ and ‖a − a0‖p < ε
2 hold. Since a0 ∈ M̃ by Step

2, there exists a1 ∈ M0 ∩ Lp(M, τ) such that ‖a1‖∞ ≤ ‖a0‖∞ and ‖a0 − a1‖p < ε
2 hold. Thus

‖a1‖∞ ≤ ‖a‖∞ and ‖a − a1‖p < ε. Since ε is arbitrary, we obtain a ∈ M̃ . This concludes the
proof. �

Proof of Theorem 5.5. (ii)⇒(i) is clear. (i)⇒(iii) Fix 1 ≤ p <∞ such that Up(M, τ) is amenable.
Let T ∈ B(L2(M, τ)) be arbitrary. We set K := co{uTu∗ | u ∈ U(M)}, where the closure is with
respect to the weak operator topology. Then K is a compact convex subset, and Up(M, τ) acts
on it by conjugation. Clearly the action is continuous and affine. Since Up(M, τ) is amenable,
we can find an element y in K so that uyu∗ = y holds for any u ∈ Up(M, τ). For any finite
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projection p in M , the operator 1−2p is in Up(M, τ). Thus y commutes with all finite projections
in M . Since M is generated by the set of finite projections, y is in M ′. Therefore M fulfills the
Schwartz’ property P, which implies that M is hyperfinite by Theorem 2.19.

(iii)⇒(ii) Let 1 ≤ p < ∞. For each n ∈ N, define Gn := U(Mn) ∩ Up(M, τ)2 with the ‖ · ‖p-
metric with respect to τ := τ0 ⊗ Tr. Note that an element u ∈ Gn is of the form u0 ⊕ 1 ⊗ f⊥n ,
where u0 is a unitary in An := M2n(C) ⊗ fnB(H)fn. Thus u − 1 = u0 − fn ∈ Lp(M, τ).
Then G1 ⊂ G2 ⊂ · · · is an increasing sequence of compact subgroups of Up(M, τ). We show
that G0 :=

⋃∞
n=1Gn is ‖ · ‖p-dense in Up(M, τ), which will imply that Up(M, τ) is amenable.

Let u ∈ Up(M, τ) and ε > 0. Then there exists a ∈ Msa ∩ Lp(M, τ) such that u = eia. By
(the proof of) Proposition 5.8, there exists a sequence (an)∞n=1 in M0,sa ∩ Lp(M, τ) such that
supn ‖an‖∞ <∞ and lim

n→∞
‖an − a‖p = 0. Then un := eian ∈ G0 (n ∈ N) and by Lemma 5.7, we

have lim
n→∞

‖u− un‖p = 0. This shows that G0 is ‖ · ‖p-dense in Up(M, τ). �

6. The groups En(A) and SL(n,A)

The special linear groups SL(n,K), K ∈ {R,C}, are undoubtedly one of the most important
Lie groups. In the case n ≥ 3 they are the prominent examples of groups with Property (T) and
in the case n = 2 they are the prominent examples of groups with the Haagerup property. The
groups SL(n,R), and their relatives elementary groups En(R), have been heavily investigated
with regard to Property (T) for much more general rings R (see e.g. [29] and [21]). Here we
consider their variants which are unbounded topological groups, and in many cases they are
Banach-Lie groups.

6.1. The structure of En(A). Let A be a unital Banach algebra over the complex or real
numbers. Let n ≥ 2 be a natural number and let Mn(A) denote the unital Banach algebra of all
n×n matrices with coefficients from A. By GL(n,A), we shall denote the group Inv(Mn(A)), i.e.
the topological group of all invertible matrices with matrix entries in A. This is a Banach-Lie
group with Mn(A) as a Banach-Lie algebra (see [33, Proposition IV.9]).

For any i 6= j ≤ n, let Ei,j(a) be the elementary matrix which has the units on the diagonal
and the element a ∈ A on the (i, j)-th coordinate. By Ei,j(A) we denote the closed subgroup
{Ei,j(a) | a ∈ A} of GL(n,A), and by En(A) we denote the closed subgroup of GL(n,A) generated
by all the subgroups Ei,j(A), where i 6= j ≤ n. We note that we do not know whether the
subgroup algebraically generated by the collection of subgroups {Ei,j(A) | i 6= j ≤ n} is always
closed in GL(n,A). Therefore En(A) is meant to be the closure of 〈Ei,j(A) | i 6= j ≤ n〉. The
normal subgroup structure of these groups was studied in [59].

Notice that En(A) is connected as its dense subgroup consisting of products of elementary
matrices is connected. In case when A is commutative, we denote by SL(n,A) the subgroup
of GL(n,A) (and supergroup of En(A)) of matrices of determinant 1, the unit of A. If A is
separable, En(A), resp. SL(n,A) are Polish groups.

Additionally, if A is an abelian unital Banach algebra (real or complex), then SL(n,A) is a
Banach-Lie group with Banach-Lie algebra sl(n,A), where the latter is the set of all trace-less
matrices from Mn(A) (with the Lie bracket [X,Y ] = XY − Y X). This is clear when A is a
unital abelian C∗-algebra. Since if in this case X is the Gelfand spectrum of A, i.e. A = C(X),
then SL(n,A) is canonically isomorphic to the group C(X,SL(n,C)), resp. C(X,SL(n,R)) if
A = C(X,R) is the real algebra. The latter is a Banach-Lie group with Banach-Lie algebra
C(X, sl(n,C)), resp. C(X, sl(n,R)), which are again canonically isomorphic to sl(n,A); see [34,
Section I.2].

For general A, we can use the fact that SL(n,A) is an ‘algebraic subgroup’ of GL(n,A), thus
a Banach-Lie subgroup. We refer to [23, Theorem 1].

2An element in U(Mn) is of the form u0 ⊕ eiθ1Rn ⊗ f⊥n , which is in Up(M, τ) if and only if eiθ = 1 (recall that
f⊥n is infinite-rank).
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This has the effect that we can say something also about En(A), for abelian algebras A. We
record it in the following lemma.

Lemma 6.1. Let A be an abelian unital Banach algebra over the real or complex numbers. Let
n ≥ 2. Then En(A) is the connected component of the identity in SL(n,A). In particular, it is
a Banach-Lie group.

Proof. Clearly, En(A) is a closed subgroup of SL(n,A). Although we do not a priori know that
En(A) is a Banach-Lie group, since it is a closed subgroup of a Banach-Lie group, g := {X ∈
sl(n,A) | ∀t ≥ 0 (exp(tX) ∈ En(A)} is a well-defined Banach-Lie subalgebra of sl(n,A) (see [33,
Corollary IV.3]). For i 6= j ≤ n and a ∈ A denote by ei,j(a) the matrix Ei,j(a)−Id ∈ sl(n,A), and
by fi,j(a) ∈ sl(n,A) the matrix containing a at the (i, i)-th entry, −a at the (j, j)-th entry, and
zeros elsewhere. Matrices of the form ei,j(a) and fi,j(a) span the Banach-Lie algebra sl(n,A).
The verification is the same as in the finite-dimensional case.

Since En(A) contains all elementary matrices Ei,j(a), for i 6= j ≤ n, a ∈ A, g contains all
matrices ei,j(a). Since fi,j(a) = [ei,j(a), ej,i(1)], we get that g contains the basis of sl(n,A), and
thus g = sl(n,A). By the Lie theory, the connected component of the identity of SL(n,A) is
equal to {exp(X1) · · · exp(Xn) | X1, . . . , Xn ∈ sl(n,A) = g}. The latter set, denoted by G, is a
dense subgroup of En(A). Indeed, by definition of g, G ⊆ En(A), and since En(A) is by definition
the closure of the subgroup generated by matrices Ei,j(a), which is contained in G, we get that
G is dense in En(A). Since G is closed, these groups are equal. �

For A non-commutative, the situation is more delicate and we do not know whether in general
En(A) is a Banach-Lie group. We do know it under certain K-theoretic assumption on A.

For the rest of this subsection, we shall assume a mild familiarity with the K0 group of Banach
algebras. We refer to [50] for any unexplained notion. Specifically, we want to recall that for
any Banach algebra A and any tracial linear operator τ : A → E, where E is a Banach space,
i.e. a linear map satisfying τ(xy − yx) = 0, we have a unique associated group homomorphism
τ∗ : K0(A) → E; see [50, Section 3.3.1] for details. We shall also work with the de la Harpe-
Skandalis determinant. Its definition will be recalled later, we refer the reader to [17] and [16]
for more information.

Fix now n ≥ 2 and A. Let g := {X ∈ Mn(A) | ∀t ≥ 0 (exp(tX) ∈ En(A))}. It is a closed Lie
subalgebra of Mn(A).

Let τ : A → A/[A,A] =: E be the universal tracial operator, i.e. the projection from A onto
E := A/[A,A], where [A,A] is the closed linear span of commutators. Let τn : Mn(A) → E be
τ ◦ Tr, i.e. τn((xi,j)i,j≤n) = τ(

∑
i≤n xii). Set L := {X ∈Mn(A) | τn(X) = 0}.

Proposition 6.2. L is a Banach-Lie algebra and we have L ⊆ g. If K0(A) is trivial, we have
equality and En(A) is a Banach-Lie group equal to the (connected component of the identity of
the) Banach-Lie subgroup GHS of GL(n,A) of elements with vanishing de la Harpe-Skandalis
determinant. If K0(A) is finitely generated, then En(A) is still a Banach-Lie group, subgroup of
GHS.

Proof. Since τn is a continuous linear map and for every X,Y ∈ Mn(A) (not necessarily from
L), τn([X,Y ]) = 0, it follows that L is a closed Lie subalgebra of Mn(A).

Step 1. We claim that L is spanned by the following elements:

• ei,j(a), for i 6= j ≤ n and a ∈ A, which contains a at the (i, j)-th entry and zeros
elsewhere;
• fi,j(a), for i 6= j ≤ n and a ∈ A, which contains a at the (i, i)-th entry, −a at the (j, j)-th

entry, and zeros elsewhere;
• g(a), where a ∈ [A,A], and g(a) is a matrix containg a at the (n, n)-th entry and having

zeros elsewhere.

Indeed, let (xi,j)i,j≤n ∈ L. By subtracting elements of the form ei,j(xi,j), for i 6= j ≤ n, we may
suppose that xi,j = 0 if i 6= j. Analogously, by subtracting the element of the form f1,2(x1,1),
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we may suppose that x1,1 = 0. Continuing in the same fashion, we are reduced to the case when
xi,j 6= 0 if and only if i = j = n. Then we must have τ(xn,n) = 0, so xn,n ∈ [A,A], and we are
done.

Step 2. We claim that L ⊆ g. It suffices to show that all elements of the form ei,j(a),
fi,j(a), and g(b) are present in g. It is clear that all elements ei,j(a) belong to g. Since
fi,j(a) = [ei,j(a), ej,i(1)], also all elements of the form fi,j(a) belong to g. Finally, for any
a, b ∈ A, we have g(ab− ba) = [en,1(a), e1,n(b)]− f1,n(ba), thus g(ab− ba) ∈ g. Since g is closed,
g(c) ∈ g for all c ∈ [A,A].

Step 3. Set G = GL(n,A), E = A/[A,A], let τ : A → E be the projection, the uni-
versal tracial linear operator. Let τ∗ : K0(A) → E be the associated homomorphism. Let

∆τ : G0 → E/τ∗[K0(A)] be the de la Harpe-Skandalis determinant associated to τ . That is, for
any g = exp(X1) · · · exp(Xn) ∈ G0, for X1, . . . , Xn ∈Mn(A), we have

∆τ (g) =

n∑
i=1

P (τn(Xi)),

where P : E → E/τ∗[K0(A)] is the projection. The definition does not depend on the decompo-
sition exp(X1) · · · exp(Xn) (see again [17] and [16] for more details).

We set GHS = ker(∆τ ). Since ∆τ is a continuous group homomorphisms between Banach-Lie
groups, by [35, Proposition IV.3.4], GHS is a Banach-Lie subgroup of the Banach-Lie group G.

Since for i 6= j ≤ n and a ∈ A, we have ∆τ (Ei,j(a)) = 0, we have that En(A) ⊆ GHS . Let L̃ be
the Banach-Lie algebra of GHS . It follows from the inclusion En(A) ⊆ GHS that we have also

g ⊆ L̃.

Step 4. Let F be the closed real linear span of τ∗[K0(A)] and set Z := E/F . Let PZ : E → Z

be the projection. We set L̂ := {X ∈ Mn(A) | PZ ◦ τn(X) = 0}. We claim that L̃ ⊆ L̂. If

X ∈ Mn(A) does not belong to L̂, then PZ ◦ τn(X) 6= 0. So ∆τ (exp(X)) = P (τn(X)) 6= 0, thus

X /∈ L̃.

Step 5a. Suppose now that K0(A) = {0}. Then we claim that L̂ ⊆ L which will immedi-

ately imply that L̂ = L̃ = L = g. Indeed, let X ∈ L̂. Then since P and PZ are trivial,
τn(X) = 0. It follows that X ∈ L.

Finally, we claim that in this case En(A) = GHS,0, where GHS,0 is the connected component
of the identity in GHS . So in particular, En(A) is a Banach-Lie group with Banach-Lie algebra
L. We have already shown that En(A) ⊆ GHS . Since En(A) is connected, we have actually
En(A) ⊆ GHS,0. Conversely, any element g ∈ GHS,0 is of the form exp(X1) · · · exp(Xn), for some

X1, . . . , Xn ∈ L̃. Since L̃ = g, for each i, exp(Xi) ∈ En(A), thus g ∈ En(A), and we are done.

Step 5b. Suppose that K0(A) is finitely generated. Since K0(A), and thus also τ∗[K0(A)],
are finitely generated, F , the closed real linear span of τ∗[K0(A)], is a finite dimensional sub-

space. It follows that L has a finite codimension in L̂, and since L ⊆ g ⊆ L̃ ⊆ L̂, also g has a
finite codimension in L̃. It follows from [38, Lemma 1.4] that En(A) is a Banach-Lie subgroup
of the Banach-Lie group GHS .

�

Finally we address the question whether the groups En(A) are unbounded. We show this to
be the case for all n ≥ 2 and A regardless whether En(A) is Banach-Lie, or not.

For the rest of this subsection, we choose and fix (A, ‖ · ‖A), a unital Banach algebra, and
n ≥ 2. Let (An, ‖ · ‖n) be the direct sum of n copies of A with the `1-sum norm. We consider
two norms on the algebra Mn(A). For X = (Xi,j)i,j≤n, set

‖X‖∞ := max
i,j≤n

‖Xi,j‖A
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and set

‖X‖ := sup
{ξ∈An|‖ξ‖n≤1}

‖Xξ‖n.

The latter is a Banach algebra norm on Mn(A). However, we clearly have the following.

Fact 6.3. The norms ‖ · ‖ and ‖ · ‖∞ are equivalent.

We prove the following more general criterion which could be useful also elsewhere.

Proposition 6.4. Let G be a closed subgroup of a connected component of the identity of
GL(n,A). If there exists a sequence (Xm)∞m=1 ⊆ G such that ‖Xm‖∞ → ∞, then G is un-
bounded.

Proof. Let G and (Xm)∞m=1 ⊆ G be as in the statement. Denote GL(n,A) by H. It suffices to find
a continuous length function l on G such that l(Xm)→∞. Since H is a Banach-Lie group, elH
is a compatible maximal length function on H. The restriction of elH to G is clearly a continuous
(even compatible) length function on G, so it suffices to show that elH(Xm) → ∞. For each

m, find xm1 , . . . , x
m
km
∈Mn(A) such that Xm =

∏
k≤km exp(xmk ) and elH(Xm) ≥

∑km
k=1 ‖xmk ‖ − 1.

Then we have

elH(Xm) ≥
km∑
k=1

‖xmk ‖ − 1 = log
(

exp
( km∑
k=1

‖xmk ‖
))
− 1 ≥

log
(
‖
( km∏
k=1

exp(xmk )
)
‖
)
− 1 = log

(
‖Xm‖

)
− 1,

where the second inequality follows from

‖

(
km∏
k=1

exp(xmk )

)
‖A ≤ exp

(
km∑
k=1

‖xmk ‖A

)
.

Since by Fact 6.3, ‖Xm‖∞ →∞ implies ‖Xm‖ → ∞, which in turn implies log
(
‖Xm‖

)
− 1→

∞, the previous inequalities show that elH(Xm)→∞. This finishes the proof. �

Corollary 6.5. For every unital Banach algebra A and n ≥ 2, the group En(A) is unbounded.

Proof. The group En(A) contains the sequence Xm := E1,2(m1). Since we have ‖Xm‖∞ → ∞,
we are done by Proposition 6.4. �

6.2. Property (T) of groups En(A) and SL(n,A). This subsection contains our main results
concerning Property (T) for the groups of the type En(A) and SL(n,A). Partial results in
this direction have been obtained, as discussed earlier in Subsection 2.3, by Shalom in [54] and
Cornulier in [14] using the bounded generation property. Here we show that much more can be
said using just the techniques of the proof of Property (T) for SL(n,C), resp. SL(n,R), and the
Mautner phenomenon. In particular, instead of the special case of the ring, or rather algebra,
C(X), we consider arbitrary unital Banach algebras, not necessarily abelian or separable - when
dealing with groups En(A). At the end of the subsection, we also discuss Property (T) for
SL(n,A), when A = C(X) for X compact Hausdorff. The main result is the following.

Theorem 6.6. Let A be a unital Banach algebra over the real or complex numbers and let n ≥ 3.
Then the group En(A) has Property (T), and therefore also Property (FH).

Proof. Fix a unital Banach algebra A. We shall only prove the theorem for E(3, A). For the
other groups from the statement, the proof is analogous.

Notice that we can naturally identify GL(n,C), resp. SL(n,C) with a subgroup of GL(n,A),
resp. En(A). Indeed, since A is unital, a matrix (ai,j)i,j ∈ GL(n,C), where each ai,j ∈ C can
be identified with a matrix (ai,j · 1)i,j ∈ GL(n,A), where 1 is the unit of A. Since SL(n,C) is
generated by the groups of elementary matrices Ei,j(C), it follows it can be identified with a
subgroup of En(A).
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Let π : E3(A)→ U(H) be a continuous unitary representation that almost has invariant vec-
tors. There is a standard embedding of the semi-direct product C2oSL(2,C) into SL(3,C) which

sends an element
((

a1

a2

)
,

(
b1 b2
b3 b4

))
∈ C2 oSL(2,C) to the element

b1 b2 a1

b3 b4 a2

0 0 1

 ∈ SL(3,C),

which is further sent, or identified, with the corresponding element

b1 · 1 b2 · 1 a1 · 1
b3 · 1 b4 · 1 a2 · 1

0 0 1

 ∈
E3(A). Restricting the representation π to this copy of C2 o SL(2,C), which therefore also al-
most has invariant vectors, and using the result (see e.g. [8, Corollary 1.4.13]) that the pair
(C2oSL(2,C),C2) has the relative Property (T) (recall the definition from [8, Definition 1.4.3]),
we get that there is an nonzero C2-invariant vector ξ ∈ H (with respect to this embedding of
C2 into E3(A)). Notice that ξ is therefore E1,3(C)-invariant and E2,3(C)-invariant. Consider

the following subgroups of E3(A): A1 := {a1(λ) =

λ · 1 0 0
0 1 0
0 0 λ−1 · 1

 | λ ∈ C \ {0}} and

A2 := {a2(λ) =

1 0 0
0 λ · 1 0
0 0 λ−1 · 1

 | λ ∈ C \ {0}}.

Let us show that ξ is alsoA1-invariant andA2-invariant. First we do the former. Let λ ∈ C\{0}
be arbitrary. Fix a sequence (λi)i ⊆ C \ {0} with |λi| → 0. We have1 0 λλ−1

i · 1
0 1 0
0 0 1

 0 0 −λ−1
i · 1

0 1 0
λi · 1 0 0

1 0 (λλi)
−1 · 1

0 1 0
0 0 1

 =

λ · 1 0 0
0 1 0

λi · 1 0 λ−1 · 1

→
λ · 1 0 0

0 1 0
0 0 λ−1 · 1

 .

Denoting the matrix

 0 0 −λ−1
i

0 1 0
λi 0 0

 by ui (notice that ui ∈ SL(3,C) and therefore ui ∈

E3(A)), by the continuity of π we get that

‖π(a1(λ))ξ − ξ‖ =

lim
i
‖π(E1,3(λλ−1

i · 1))π(ui)π(E1,3((λλi)
−1 · 1))ξ − ξ‖ =

lim
i
‖π(ui)ξ − ξ‖,

where the last equality follows from the fact that for g, h, f ∈ E3(A) with ‖π(g±)ξ − ξ‖ =
‖π(f±)ξ − ξ‖ = 0 we have

(6) ‖π(h)ξ−ξ‖ ≤ ‖π(g−1)ξ−ξ‖+‖π(g)π(h)π(f)ξ−ξ‖+‖π(f−1)ξ−ξ‖ = ‖π(g)π(h)π(f)ξ−ξ‖,
and symetrically also ‖π(g)π(h)π(f)ξ − ξ‖ ≤ ‖π(h)ξ − ξ‖.

Since the sequence (ui)i does not depend on λ, we get

lim
i
‖π(ui)ξ − ξ‖ = ‖π(a1(1))ξ − ξ‖ = 0,

thus for every λ we have ‖π(a1(λ))ξ − ξ‖ = 0.
An analogous computation using E2,3(λλ−1

i ·1), resp. E2,3((λλi)
−1 ·1) instead of E1,3(λλ−1

i ·1),

resp. E1,3((λλi)
−1 · 1), and

1 0 0
0 0 −λ−1

i · 1
0 λi · 1 0

 instead of ui shows that π(a2(λ))ξ = ξ, for

every λ ∈ C \ {0}.
Now we show that for every a ∈ A, π(E1,3(a))ξ = π(E2,3(a))ξ = π(E3,1(a))ξ = π(E3,2(a))ξ =

ξ. Fix a ∈ A. Since
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lim
i
a1(λi)E1,3(a)a1(λ−1

i ) = lim
i

1 0 λ2
i a

0 1 0
0 0 1

 = Id,

lim
i
a2(λi)E2,3(a)a2(λ−1

i ) = lim
i

1 0 0
0 1 λ2

i a
0 0 1

 = Id,

lim
i
a2(λ−1

i )E3,2(a)a2(λi) = lim
i

1 0 0
0 1 0
0 λ2

i a 1

 = Id

and

lim
i
a1(λ−1

i )E3,1(a)a1(λi) = lim
i

 1 0 0
0 1 0
λ2
i a 0 1

 = Id,

we obtain

0 = lim
i
‖π(a1(λi)E1,3(a)a1(λ−1

i ))ξ − ξ‖ = ‖π(E1,3(a))ξ − ξ‖,

where for the last equality we again used (6), and analogously that ‖π(E3,1(a))ξ−ξ‖ = ‖π(E2,3(a))ξ−
ξ‖ = ‖π(E3,2(a))ξ − ξ‖ = 0.

Finally, since the groups E2,1(A), resp. E1,2(A) is a subgroup of a group generated by E2,3(A)∪
E3,1(A), resp. of a group generated by E1,3(A)∪E3,2(A), we conclude that Ei,j(A)ξ = ξ, for all
i 6= j ≤ 3. Since E3(A) is generated by

⋃
i6=j≤3Ei,j(A), we obtain that ξ is an invariant vector

of E3(A) under the representation π. �

Now we consider the groups SL(n,A), when A is an abelian unital Banach algebra. The
following corollary generalizes [14, Corollary 2].

Corollary 6.7. Let A be an abelian unital Banach algebra. Then SL(n,A) has Property (T) if
and only if the discrete group SL(n,A)/(SL(n,A))0 does.

Proof. By Lemma 6.1, the connected component of the identity (SL(n,A))0 is equal to En(A),
which by Theorem 6.6 has Property (T). So if the quotient group SL(n,A)/(SL(n,A))0 has
Property (T), then so does SL(n,A) since (T) is preserved under (certain) group extensions; see
[8, Proposition 1.7.6] (notice that the proposition is stated only for locally compact groups, but
works as well for completely metrizable groups as mentioned in [8, Remark 1.7.9]). Conversely, if
SL(n,A) has Property (T), then so does every quotient of it, in particular SL(n,A)/(SL(n,A))0.

�

At the end, we specialize to abelian unital C∗-algebras. Let A be such an algebra and let X be
its Gelfand spectrum, i.e. A = C(X). As mentioned earlier, in this case we can identify SL(n,A)
with C(X,SL(n,C)) (analogously for the real case which is left to the reader). Notice that two
elements of SL(n,A) lie in the same connected component if and only if they lie in the same
path connected component if and only if the corresponding continuous functions from X are
homotopic. It follows that SL(n,A)/(SL(n,A))0 = SL(n,A)/En(A) = [X,SLn(C)] = [X, SU(n)].
Recall that for topological spaces Y and Z, the symbol [Y,Z] denotes the set of homotopy classes
of continuous maps from Y to Z. For the last equality, recall that topologically, applying the
polar decomposition, SL(n,C) is homeomorphic to a direct product of SU(n) and a contractible
space.

Summarizing the discussion, we obtain the following.

Proposition 6.8. Let A be an abelian unital C∗-algebra and let X be its Gelfand spectrum.
Then SL(n,A) has Property (T) if and only if [X,SU(n)] does.
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The previous proposition can be used to decide Property (T) of SL(n,C(X)) for a substantial
class of compact Hausdorff spaces based on their homology/cohomology properties.

First we mention, as already suggested in [8, Exercise 4.4.10], that for all n ≥ 3, SL(n,C(S3))
does not have Property (T). Indeed, in this case we have

SL(n,C(S3))/En(C(S3)) = [S3,SU(n)] = π3(SU(n)) = Z,
where we refer to [1, Appendix A (VII)] for the last equality.

On the other hand, if X is a ‘nice’ compact space, then Property (T) for SL(n,C(X)) is
related to Betti numbers of X. In the following, in order to illustrate this idea, we consider for
simplicity just the case n = 3. The proof gives a hint how to analogously proceed for higher n.

Corollary 6.9. Let X be a compact Hausdorff space of dimension at most 15 which is homo-
topically equivalent to a finite CW complex. Suppose that

• either the cohomology groups Hk(X,Z) are finite for all k ≤ dim(X),
• or Hk(X,Z) = 0, for k ∈ {3, 5, 6, 8− 15} ∩ {1, . . . ,dim(X)}.

Then SL(n,C(X)) has Property (T).

Proof. In both cases we apply [7, Proposition 8.2.4] to [X,Y ] = [X, SU(3)] to get that [X,SU(3)]
is finite, thus it has Property (T), and we are done by Proposition 6.8.

The condition on Y = SU(3) is satisfied since SU(3) is simply connected and πk(SU(3)) is
finitely generated for k ≤ 15 (see again [1, Appendix A (VII)]).

If Hk(X,Z) = 0, for k ∈ {3, 5, 6, 8 − 15}, then the assumption of the whole [7, Proposition
8.2.4] is satisfied since π2(SU(3)) = π4(SU(3)) = π7(SU(3)) = 0 (see again [1, Appendix A
(VII)]).

If the cohomology groups Hk(X,Z) are finite, for all k ≤ dim(X), then the conclusion again
holds by the remark following the proof of [7, Proposition 8.2.4]. �

We remark that we do not know whether it can ever happen that the discrete group [X, SU(n)]
is infinite and has Property (T), although it can happen that this group is non-abelian.

6.3. The groups E2(A) and SL(2, A). While the groups SL(n,K) = En(K), for n ≥ 3 and K ∈
{R,C}, have Property (T), the group SL(2,K) = E2(K) has the opposite Haagerup property.
Since the proof of Property (T) passes to the groups En(A), for n ≥ 3, it is natural to consider
the groups E2(A) and SL(2, A) as candidates for groups with the Haagerup property. The aim
of this subsection is to show that these groups actually fail the Haagerup property. We will use
the following result.

Theorem 6.10. Let X be a separable Banach space. Then the following four conditions are
equivalent.

(i) X is strongly unitarily representable (SUR). Namely, X is isomorphic as a topological
group to a closed subgroup of the unitary group on a Hilbert space.

(ii) There exists a probability space (Ω, µ) such that X is linearly isomorphic to a subspace
of L0(Ω, µ), where the latter is equipped with the topology of convergence in measure.

(iii) X admits a uniform embedding into a Hilbert space.
(iv) X admits a coarse embedding into a Hilbert space.

If moreover X is of the form C(Y ), where Y is a compact metric space, then the above four
conditions are equivalent to Y being finite.

Proof. The equivalence (i)⇔(ii) is proved by Aharoni–Maurey–Mityagin in Proposition 3.2 and
Corollary 3.6 of [2], and (ii)⇔(iii) is proved in Theorem 4.1 of the same paper. That these
conditions are equivalent to (iv) is due to Randrianarivony [46] using the work of Johnson–
Randrianarivony [27]. The last claim is proved in [5, Theorem 3.3] in a recent work of two of
the authors. �

Theorem 6.11. Let A be a unital infinite-dimensional C∗-algebra. Then the group E2(A) does
not have the Haagerup property.

For the proof we need the following lemma.
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Lemma 6.12. Let A be as in Theorem 6.11. Suppose B is a separable infinite-dimensional unital
abelian C∗-subalgebra of A and define the abelian subgroup D+ := {diag(d, d−1) | d ∈ GL(B)+}
of E2(A). Then the following statements hold.

(i) For each a ∈ D+, there exists a unique c ∈ Bsa such that a = exp(h), h = diag(c,−c).
(ii) In (i), elGL(2,A)(a) = ‖ log a‖ = elD+(a) holds. In particular, the inclusion D+ ⊂
E2(A) is a coarse embedding of topological groups.

Proof. (i) Suppose a = diag(d, d−1), d ∈ GL(B)+. Let α = inf σ(d) > 0. Regard log | [α, ‖d‖]→
R. Then c = log(d) ∈ Bsa and d = exp(c). Such c is unique by functional calculus. Moreover,
a = exp(h) and h = diag(log d,− log d) holds.

(ii) Notice first that D+ is a Banach-Lie group. Indeed, since B is unital, it is of the form
C(X), for some compact Hausdorff space X. It follows that D+ is isomorphic to a connected
component of the identity of the group GL(Bsa) = GL(C(X,R)), which is Banach-Lie by [33,
Proposition IV.9]. The same reference also implies that GL(2, A) is Banach-Lie.

Since a = elog a, it is clear that elGL(2,A)(a) ≤ elD+(a) ≤ ‖ log a‖ holds. Suppose that x1, . . . , xn
are elements in the Lie algebra M2(A) of GL(2, A) which satisfy a = ex1 · · · exn . Then by

‖ex‖ ≤ e‖x‖ (x ∈M2(A)), we have

e‖ log a‖ = ‖elog a‖ = ‖ex1 · · · exn‖ ≤ e‖x1‖ · · · e‖xn‖.

Therefore ‖ log a‖ ≤
∑n

k=1 ‖xk‖. Since this holds for arbitrary expression of a as the products of
exponentials in GL(2, A), we obtain ‖ log a‖ ≤ elGL(2,A)(a). Therefore elGL(2,A)(a) = elD+(a) =
‖ log a‖ holds.
Since the exponential length is a maximal compatible metric (Proposition 3.2 (iii)), it follows
that the inclusion D+ ⊂ GL(2, A) is a coarse embedding. This further implies that the inclusion
D+ ⊂ E2(A) is a coarse embedding. Indeed, this is witnessed by the restriction of elGL(2,A) to
E2(A). �

Proof of Theorem 6.11. Assume by contradiction that E2(A) has the Haagerup property. We
can find a separable infinite-dimensional unital abelian subalgebra B of A. Indeed, since A is
infinite-dimensional, it contains an infinite-dimensional separable unital C∗-subalgebra. We can
then take as B its maximal abelian C∗-subalgebra; see e.g. [5, Proposition 4.40]. By Lemma
6.12, D+ = {diag(d, d−1) | d ∈ GL+(B)} is a coaserly embedded closed subgroup of E2(A).
Therefore the restriction of a coarsely proper affine isometric action of E2(A) on a Hilbert space
to D+ witnesses the Haagerup property of D+. In this case, D+ is coarsely embeddable into a
Hilbert space. The map Bsa 3 h 7→ diag(eh, e−h) ∈ D+ gives a topological group isomorphism,
where Bsa is regarded as an additive Polish group in the norm topology. This implies that the
real Banach space Bsa coarsely embeds into a Hilbert space. By Theorem 6.10, this implies
that the Gelfand spectrum Spec(B) of B must be finite. This is a contradiction since B is
infinite-dimensional. Therefore the conclusion follows. �

Corollary 6.13. Let A be a separable infinite-dimensional unital abelian C∗-algebra. Then
SL(2, A) does not have the Haagerup property.

Proof. By Lemma 6.1, E2(A) is the connected component of the identity of SL(2, A). Since
A is separable, the discrete quotient SL(2, A)/E2(A) is at most countable, and therefore the
inclusion E2(A) ↪→ SL(2, A) is a coarse embedding by Corollary 3.11. It follows that if SL(2, A)
admitted a continuous coarsely proper action on a Hilbert space, the restriction of the action to
the subgroup E2(A) would be coarsely proper, which would contradict Theorem 6.11. �
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