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Habilitation thesis

Setting:

I linear elliptic second-order PDE
I finite element method (FEM)

I linear (lowest-order)
I higher-order

I discrete maximum principles (DMP)

Goals:

I General theory of DMP

I Unified survey of known results

I New results (higher-order FEM)
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Introduction

Example 1: −u′′ = f in (0, 2), u(0) = u(2) = 0

Conservation of nonnegativity: f ≥ 0 ⇒ u ≥ 0
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Introduction

Example 1: −u′′ = f in (0, 2), u(0) = u(2) = 0

Conservation of nonnegativity: f ≥ 0 ⇒ u ≥ 0

I u =
2 + (e20 − 1)x − 2e10x

200

I f = e10x

I uh ∈ P3
0(0, 2)
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Introduction

Example 1: −u′′ = f in (0, 2), u(0) = u(2) = 0

Conservation of nonnegativity: f ≥ 0 ⇒ u ≥ 0

I u =
2 + (e20 − 1)x − 2e10x

200

I f = e10x

I uh ∈ P3
0(0, 2)

0 0.5 1 1.5 2
−1

0

1

2

3

4

5x 10
6

x

 

 

exact sol. u
approx. sol. u

h



IN
ST
IT
U
TE

of
M
ATH

EMATICS

A
ca
d
em

y
o
f
Sc
ie
n
ce
s

C
ze
ch

R
ep
u
b
lic

Introduction

Example 2: −∆u = f in Ω = (0, 4)× (0, 2), u = 0 on ∂Ω

Conservation of nonnegativity: f ≥ 0 ⇒ u ≥ 0
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Introduction

Example 2: −∆u = f in Ω = (0, 4)× (0, 2), u = 0 on ∂Ω

Conservation of nonnegativity: f ≥ 0 ⇒ u ≥ 0

f (x1, x2) =
{ 1 for x1 < 1

0 for x1 ≥ 1
uh by linear FEM

Brandts, Korotov, Kř́ıžek, Šolc, SIAM Review 51 (2009), 317–335
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Introduction

Example 2: −∆u = f in Ω = (0, 4)× (0, 2), u = 0 on ∂Ω

Conservation of nonnegativity: f ≥ 0 ⇒ u ≥ 0

f (x1, x2) =
{ 1 for x1 < 1

0 for x1 ≥ 1
uh by linear FEM

Negative values 10× magnified.

Brandts, Korotov, Kř́ıžek, Šolc, SIAM Review 51 (2009), 317–335
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Introduction

Example 2:

Az = b ⇔

A−1︷ ︸︸ ︷ + − +
− + +
+ + +


b︷ ︸︸ ︷ +
0
0

 =

z︷ ︸︸ ︷ +
−
+



z1 z2

z3

Negative values 10× magnified.

Brandts, Korotov, Kř́ıžek, Šolc, SIAM Review 51 (2009), 317–335
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Model problem

− div(A∇u) + b ·∇u + cu = f in Ω

u = gD on ΓD

αu + (A∇u) · n = gN on ΓN

Maximum Principle:
f ≤ 0 and gN ≤ 0 ⇒ max

Ω
u ≤ max

ΓD

max{0, u}

Minimum Principle:
f ≥ 0 and gN ≥ 0 ⇒ min

Ω
u ≥ min

ΓD

min{0, u}

Conservation of Nonnegativity:
f ≥ 0, gD ≥ 0, and gN ≥ 0 ⇒ u ≥ 0

Comparison Principle:
f ≥ f̃ , gD ≥ g̃D, and gN ≥ g̃N ⇒ u ≥ ũ
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Finite element method

Weak form.: u − gD ∈ V : a(u, v) = F(v) ∀v ∈ V

FEM form.: uh − gD,h ∈ Vh : a(uh, vh) = F(vh) ∀vh ∈ Vh

Vh ⊂ V , dim Vh <∞

Discrete Maximum Principle (DMP):
f ≤ 0 and gN ≤ 0 ⇒ max

Ω
uh ≤ max

ΓD

max{0, uh}

Discrete Minimum Principle:
f ≥ 0 and gN ≥ 0 ⇒ min

Ω
uh ≥ min

ΓD

min{0, uh}

Discrete Conservation of Nonnegativity:
f ≥ 0, gD,h ≥ 0, and gN ≥ 0 ⇒ uh ≥ 0

Discrete Comparison Principle:
f ≥ f̃ , gD,h ≥ g̃D,h, and gN ≥ g̃N ⇒ uh ≥ ũh
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Discrete Green’s function

Definition: y ∈ Ω, Gh,y ∈ Vh : a(vh,Gh,y) = vh(y) ∀vh ∈ Vh

Notation: Gh(x, y) = Gh,y(x) ∀(x, y) ∈ Ω2

Theorem: DMP ⇔
(i) Gh(x, y) ≥ 0 ∀(x, y) ∈ Ω2

(ii) gD,h(y)− (Π0
hgD,h)(y) ≥ 0 ∀gD,h ∈ V ∂

h , gD,h ≥ 0 in Ω, y ∈ Ω

Theorem: For linear FEM:
(i) ⇔ A−1 ≥ 0
(ii) ⇔ −A−1A∂ ≥ 0
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Results for linear FEM
Systematic overview of known results.

−(Au′)′ + bu′ + cu = f in Ω = (a, b)

u(a) = gD

αu(b) +Au′(b) = gN

Original contributions:

I Complete characterization in 1D

I New general sufficient conditions for

I simplicial FEM, arbitrary dimension

I block FEM, arbitrary dimension [A2]

I Right triangular prismatic FEM [A1]
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Results for linear FEM
Systematic overview of known results.

− div(λ∇u) + cu = f in Ω ⊂ Rd

u = gD on ΓD

αu + (λ∇u) · n = gN on ΓN

Original contributions:

I Complete characterization in 1D

I New general sufficient conditions for

I simplicial FEM, arbitrary dimension

I block FEM, arbitrary dimension [A2]

I Right triangular prismatic FEM [A1]
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Results for linear FEM
Systematic overview of known results.

− div(λ∇u) + cu = f in Ω ⊂ Rd

u = gD on ΓD

αu + (λ∇u) · n = gN on ΓN

Original contributions:

I Complete characterization in 1D

I New general sufficient conditions for

I simplicial FEM, arbitrary dimension

I block FEM, arbitrary dimension [A2]

I Right triangular prismatic FEM [A1]
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Results for linear FEM
Systematic overview of known results.

−∆u + cu = f in Ω ⊂ R3

u = 0 on ∂Ω

Original contributions:

I Complete characterization in 1D

I New general sufficient conditions for

I simplicial FEM, arbitrary dimension

I block FEM, arbitrary dimension [A2]

I Right triangular prismatic FEM [A1]
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Results for higher-order FEM

Mostly original results.

− (Au′)′ = f in Ω = (a, b)

u(a) = gD

Au′(b) = gN

I 1D diffusion equation [A3]–[A5]

I 1D diffusion-reaction equation [A6]

I 2D numerical tests – negative conclusions [A7]

I 1D weaker concept [A8]
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Results for higher-order FEM

Mostly original results.

− u′′ + cu = f in Ω = (a, b)

u(a) = gD

u′(b) = gN

I 1D diffusion equation [A3]–[A5]

I 1D diffusion-reaction equation [A6]

I 2D numerical tests – negative conclusions [A7]

I 1D weaker concept [A8]
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Results for higher-order FEM

Mostly original results.

−∆u = f in Ω ⊂ R2

u = 0 on ∂Ω

I 1D diffusion equation [A3]–[A5]

I 1D diffusion-reaction equation [A6]

I 2D numerical tests – negative conclusions [A7]

I 1D weaker concept [A8]
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Results for higher-order FEM

Mostly original results.

− u′′ = f in Ω = (a, b)

u(a) = u(b) = 0

I 1D diffusion equation [A3]–[A5]

I 1D diffusion-reaction equation [A6]

I 2D numerical tests – negative conclusions [A7]

I 1D weaker concept [A8]
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1D diffusion equation

Problem: −u′′ = f in (a, b), u(a) = u(b) = 0

FEM: uhp ∈ Vhp = {vhp ∈ C0[a, b] : vhp ∈ PpK (K ), K ∈ Th}

Theorem: hK ≤ H∗rel(pK )(b− a) ∀K ∈ Th ⇒ uhp satisfies DMP

a bK

pK
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1D diffusion equation

Problem: −u′′ = f in (a, b), u(a) = u(b) = 0

FEM: uhp ∈ Vhp = {vhp ∈ C0[a, b] : vhp ∈ PpK (K ), K ∈ Th}

Theorem: hK ≤ H∗rel(pK )(b− a) ∀K ∈ Th ⇒ uhp satisfies DMP
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Conclusions

Setting:

I linear elliptic second-order PDE
I finite element method (FEM)

I linear
I higher-order

I discrete maximum principles (DMP)

Output:

I general theory

I unified presentation

I general overview of DMP results

I original contributions (higher-order FEM)

I 8 original papers
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Parabolic problems

∂u

∂t
− div(A∇u) + b ·∇u + cu = f in Ω

u = gD on ΓD

αu + (A∇u) · n = gN on ΓN

u(x , t) = u0(x) for t = 0

Conservation of Nonnegativity:
f ≥ 0, gD ≥ 0, gN ≥ 0, and u0 ≥ 0 ⇒ u ≥ 0



Parabolic problems

∂u

∂t
−∆u = 0 in Ω

u = 0 on ∂Ω

u(x , t) = u0(x) for t = 0

Conservation of Nonnegativity: u0 ≥ 0 ⇒ u ≥ 0

Method of lines:

uh(x , t) =
N∑

i=1

zi (t)ϕj(x) ⇒ M ż(t) + Az(t) = b

z(0) = z0

I Semidiscretization: DMP fails on any mesh. [Vejchodský, 2004]

I Full-discretization: DMP satisfied for ∆t > τ [Faragó]

I Mass-lumping, FDM: DMP satisfied under the same
conditions as in the elliptic case.


