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Poisson problem

I Classical formulation: −∆u = f in Ω

u = 0 on ∂Ω

I Weak formulation: u ∈ V : a(u, v) = F (v) ∀v ∈ V

I V = H1
0 (Ω)

I a(u, v) =

∫
Ω

∇u · ∇v dx , F (v) =

∫
Ω

fv dx

I hp-FEM: uhp ∈ Vhp : a(uhp, vhp) = F (vhp) ∀vhp ∈ Vhp

I Vhp = {vhp ∈ V : vhp|K ∈ PpK (K ),K ∈ Thp}
I pK polynomial degree on K
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(Continuous) maximum principle

−∆u = f in Ω

u = 0 on ∂Ω

MaxP : f ≤ 0 ⇒ max
Ω

u ≤ max
∂Ω

u = 0

m
ComP : f ≥ 0 ⇒ u ≥ 0

m
G (x , y) ≥ 0 in Ω2

u(y) =

∫
Ω

f (x)G (x , y) dx
−∆Gy = δy in Ω

Gy = 0 on ∂Ω

G (x , y) = Gy (x)
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Discrete Maximum Principle (DMP)

DMP : f ≥ 0 in Ω ⇒ uhp ≥ 0 in Ω

Theorem (main)

DMP ⇔ Ghp(x , y) ≥ 0 ∀(x , y) ∈ Ω2

I Ghp,y ∈ Vhp : a(vhp,Ghp,y ) = vhp(y) ∀vhp ∈ Vhp, y ∈ Ω

Ghp(x , y) = Ghp,y (x)

II Ghp(x , y) =
N∑

i=1

N∑
j=1

(
A−1

)
ij
ϕi (x)ϕj(y), Aij = a(ϕj , ϕi )



IN
ST
IT
U
TE

of
M
ATH

EMATICS

A
ca
d
em

y
o
f
Sc
ie
n
ce
s

C
ze
ch

R
ep
u
b
lic

Discrete Maximum Principle (DMP)

DMP : f ≥ 0 in Ω ⇒ uhp ≥ 0 in Ω

Theorem (main)

DMP ⇔ Ghp(x , y) ≥ 0 ∀(x , y) ∈ Ω2

I Ghp,y ∈ Vhp : a(vhp,Ghp,y ) = vhp(y) ∀vhp ∈ Vhp, y ∈ Ω

Ghp(x , y) = Ghp,y (x)

II Ghp(x , y) =
N∑

i=1

N∑
j=1

(
A−1

)
ij
ϕi (x)ϕj(y), Aij = a(ϕj , ϕi )
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Discrete Maximum Principle (DMP)

DMP : f ≥ 0 in Ω ⇒ uhp ≥ 0 in Ω

Theorem (main)

DMP ⇔ Ghp(x , y) ≥ 0 ∀(x , y) ∈ Ω2

I Ghp,y ∈ Vhp : a(vhp,Ghp,y ) = vhp(y) ∀vhp ∈ Vhp, y ∈ Ω

Ghp(x , y) = Ghp,y (x)

I uhp(y) = a(uhp,Ghp,y ) =

∫
Ω

f (x)Ghp(x , y) dx

I Ghp(x , y) =
N∑

i=1

N∑
j=1

(
A−1

)
ij
ϕi (x)ϕj(y), Aij = a(ϕj , ϕi )
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Discrete Maximum Principle (DMP)

DMP : f ≥ 0 in Ω ⇒ uhp ≥ 0 in Ω

Theorem (main)

DMP ⇔ Ghp(x , y) ≥ 0 ∀(x , y) ∈ Ω2

I Ghp,y ∈ Vhp : a(vhp,Ghp,y ) = vhp(y) ∀vhp ∈ Vhp, y ∈ Ω

Ghp(x , y) = Ghp,y (x)

I uhp(y) =

∫
Ω

f (x)Ghp(x , y) dx

I Ghp(x , y) =
N∑

i=1

N∑
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(
A−1

)
ij
ϕi (x)ϕj(y), Aij = a(ϕj , ϕi )
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Discrete Maximum Principle (DMP)

DMP : f ≥ 0 in Ω ⇒ uhp ≥ 0 in Ω

Theorem (main)

DMP ⇔ Ghp(x , y) ≥ 0 ∀(x , y) ∈ Ω2

I Ghp,y ∈ Vhp : a(vhp,Ghp,y ) = vhp(y) ∀vhp ∈ Vhp, y ∈ Ω

Ghp(x , y) = Ghp,y (x)

I uhp(y) =

∫
Ω

f (x)Ghp(x , y) dx

I Ghp(x , y) =
N∑

i=1

N∑
j=1

(
A−1

)
ij
ϕi (x)ϕj(y), Aij = a(ϕj , ϕi )
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Discrete Maximum Principle (DMP)

DMP : f ≥ 0 in Ω ⇒ uhp ≥ 0 in Ω

Theorem (main)

DMP ⇔ Ghp(x , y) ≥ 0 ∀(x , y) ∈ Ω2

Remark (1D):
Ω = (aΩ, bΩ) ⊂ R1 − u′′ = f in (aΩ, bΩ)

u(aΩ) = u(bΩ) = 0

I p = 1, 2, 4, 6 ⇒ DMP for any mesh

I p = 3, 5, 7, 8, . . . , 100 ⇒ DMP if h ≤ 0.9|Ω|
(Vejchodský, Šoĺın, Math. Comp. 2007)
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Linear FEM

I DMP ⇔ Ghp ≥ 0 ⇔ A−1 ≥ 0 ⇔ A monotone

I A s.p.d., off-diag(A) ≤ 0 ⇔ A M-matrix ⇒ A monotone

I Element matrices: off-diag(AK ) ≤ 0 ⇒ off-diag(A) ≤ 0

I A =
∑

K∈Thp

AK , AK
ij = aK (ϕj , ϕi ) =

∫
K
∇ϕi · ∇ϕj



IN
ST
IT
U
TE

of
M
ATH

EMATICS

A
ca
d
em

y
o
f
Sc
ie
n
ce
s

C
ze
ch

R
ep
u
b
lic

Linear FEM

I DMP ⇔ Ghp ≥ 0 ⇔ A−1 ≥ 0 ⇔ A monotone

I A s.p.d., off-diag(A) ≤ 0 ⇔ A M-matrix ⇒ A monotone

I Element matrices: off-diag(AK ) ≤ 0 ⇒ off-diag(A) ≤ 0

I A =
∑

K∈Thp

AK , AK
ij = aK (ϕj , ϕi ) =

∫
K
∇ϕi · ∇ϕj

Example (triangles):

AK =
1

2

 cotβ + cot γ − cot γ − cotβ
− cot γ cotα + cot γ − cotα
− cotβ − cotα cotα + cotβ


α β

γ

A B

C
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Linear FEM

I DMP ⇔ Ghp ≥ 0 ⇔ A−1 ≥ 0 ⇔ A monotone

I A s.p.d., off-diag(A) ≤ 0 ⇔ A M-matrix ⇒ A monotone

I Element matrices: off-diag(AK ) ≤ 0 ⇒ off-diag(A) ≤ 0

I A =
∑

K∈Thp

AK , AK
ij = aK (ϕj , ϕi ) =

∫
K
∇ϕi · ∇ϕj

Example (triangles):

I αmax ≤ π/2 ⇒ off-diag(AK ) ≤ 0

I α + α′ ≤ π ⇔ off-diag(A) ≤ 0

α′

α
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Linear FEM

I DMP ⇔ Ghp ≥ 0 ⇔ A−1 ≥ 0 ⇔ A monotone

I A s.p.d., off-diag(A) ≤ 0 ⇔ A M-matrix ⇒ A monotone

I Element matrices: off-diag(AK ) ≤ 0 ⇒ off-diag(A) ≤ 0

I A =
∑

K∈Thp

AK , AK
ij = aK (ϕj , ϕi ) =

∫
K
∇ϕi · ∇ϕj

Gap: A monotone but not M-matrix
⇒ numerical tests
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Higher order FEM

I DMP ⇔ Ghp ≥ 0 6⇔ A−1 ≥ 0

I Ghp(xV
i , x

V
j ) ≥ 0 ⇔ S−1 ≥ 0

I xV
i , i = 1, . . . ,Nvert vertices (nodes) in Thp

I S = AVV − AVNA−1
NNANV

I A =

(
AVV AVN

ANV ANN

)
I AVV ∈ RNvert×Nvert , ANN ∈ RNnonv×Nnonv , Ndof = Nvert + Nnonv

I hp-FEM basis: ϕV
1 , . . . , ϕ

V
Nvert︸ ︷︷ ︸

vertex fun.

, ϕN
Nvert+1, . . . , ϕ

N
Ndof︸ ︷︷ ︸

edge, bubble fun.
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Test 1

−∆u = f in Ω

u = 0 on ∂Ω

α = 30◦

β = 70◦

α β

α = 1◦, 2◦, . . . , 179◦ β = 1◦, 2◦, . . . , 179◦ α + β < 180◦
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Test 1

−∆u = f in Ω

u = 0 on ∂Ω

α = 40◦

β = 70◦
α β

α = 1◦, 2◦, . . . , 179◦ β = 1◦, 2◦, . . . , 179◦ α + β < 180◦
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Test 1

−∆u = f in Ω

u = 0 on ∂Ω

α = 50◦

β = 70◦
α β

α = 1◦, 2◦, . . . , 179◦ β = 1◦, 2◦, . . . , 179◦ α + β < 180◦
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Test 1

−∆u = f in Ω

u = 0 on ∂Ω

α = 30◦

β = 80◦

α β

α = 1◦, 2◦, . . . , 179◦ β = 1◦, 2◦, . . . , 179◦ α + β < 180◦
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Test 1

−∆u = f in Ω

u = 0 on ∂Ω

α = 40◦

β = 80◦
α β

α = 1◦, 2◦, . . . , 179◦ β = 1◦, 2◦, . . . , 179◦ α + β < 180◦
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Test 1

−∆u = f in Ω

u = 0 on ∂Ω

α = 50◦

β = 80◦
α β

α = 1◦, 2◦, . . . , 179◦ β = 1◦, 2◦, . . . , 179◦ α + β < 180◦
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Test 1 – p = 1
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Test 1 – p = 3
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Test 1 – p = 5
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Test 1 – p = 7



IN
ST
IT
U
TE

of
M
ATH

EMATICS

A
ca
d
em

y
o
f
Sc
ie
n
ce
s

C
ze
ch

R
ep
u
b
lic

Test 1 – p = 2
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Test 1 – p = 4
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Test 1 – p = 6
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Test 1 – p = 8
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Test 2

−∆u = f in Ω

u = 0 on ∂Ω

α = 30◦

β = 110◦ α α

ββ

d = 1

α = 1◦, 2◦, . . . , 179◦ β = 1◦, 2◦, . . . , 179◦
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Test 2

−∆u = f in Ω

u = 0 on ∂Ω

α = 40◦

β = 110◦ α α

ββ

d = 1

α = 1◦, 2◦, . . . , 179◦ β = 1◦, 2◦, . . . , 179◦
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Test 2

−∆u = f in Ω

u = 0 on ∂Ω

α = 50◦

β = 110◦ α α

ββ

d = 1

α = 1◦, 2◦, . . . , 179◦ β = 1◦, 2◦, . . . , 179◦
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Test 2 – p = 1
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Test 2 – p = 3
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Test 2 – p = 5
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Test 2 – p = 2
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Test 2 – p = 4
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Test 2 – p = 6
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Test 3

−∆u = f in Ω

u = 0 on ∂Ω

α = 40◦

β = 110◦

α α

ββ

d = 1

α+ β

α = 1◦, 2◦, . . . , 179◦ β = 1◦, 2◦, . . . , 179◦ α + β < 180◦
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Test 3 – p = 1
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Test 3 – p = 3
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Test 3 – p = 5
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Test 3 – p = 2
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Test 3 – p = 4
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Conclusions

I Quite a gap: A monotone but not M-matrix

I Nodal values Ghp(xV
i , x

V
j ):

nonnegative for wider range of angles if p grows

I Dichotomy of odd and even polynomial degrees

I Wide space for new theory
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