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Outline

I Review of AEE

I Diffusion reaction problem: −∆u + κ2u = f in Ω
u = 0 on ∂Ω

I Standard equilibrated residuals
I upper bound with no constant
I elementwise local
I non-robust if κ→∞
I not computable

I Improvements
I robust fluxes
I computable

I Conclusions
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A Posterior Error Estimates (AEE)

Definition

I |||e||| ≈ η (or |||e||| ≤ η, or η ≤ |||e|||)
I η = η(uh, f ,Ω, Th, . . . )

Properties

I efficient and reliable C1η ≤ |||e||| ≤ C2η

I guaranteed bounds |||e||| ≤ η or η ≤ |||e|||

I robust (w.r.t. κ2) C1 6= C1(κ2) C2 6= C2(κ2)

I asymptotically exact lim
h→0

η

|||e|||
= 1, Ieff =

η

|||e|||
I local η2 =

∑
K∈Th

η2
K



IN
ST
IT
U
TE

of
M
ATH

EMATICS

A
ca
d
em

y
o
f
Sc
ie
n
ce
s

C
ze
ch

R
ep
u
b
lic

Types of AEE

I Explicit residual: efficient, reliable, local

I Implicit residual:

I Hierarchical: lower bound, reliable, (global)

I Local Dirichlet: lower bound, reliable, local

I Local Neumann: efficient, upper bound, local

I Error Majorants: upper bound, global

I Postprocessing: asymptotically exact, local

I Quantity of interest: no energy norm
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Model Problem

I Classical formulation: κ = const. > 0

−∆u + κ2u = f in Ω ⊂ R2

u = 0 on ∂Ω

I Weak formulation:

V = H1
0 (Ω), B(u, v) =

∫
Ω
∇u · ∇v dx +

∫
Ω
κ2uv dx

u ∈ V : B(u, v) =

∫
Ω

fv dx ∀v ∈ V

I Linear triangular FEM:
Vh = {vh ∈ V : vh|K ∈ P1(K ),K ∈ Th}

uh ∈ Vh : B(uh, vh) =

∫
Ω

fvh dx ∀vh ∈ Vh
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Notation

I e = u − uh

I Residual equation

e ∈ V : B(e, v) =

∫
Ω

fv dx − B(uh, v) ∀v ∈ V

I BK (u, v) =

∫
K
∇u · ∇v dx +

∫
K
κ2uv dx

I |||v |||2 = B(v , v)
|||v |||2K = BK (v , v)

I H1
E (K ) = {v ∈ H1(K ) : v = 0 on ∂K ∩ ∂Ω} K ∈ Th
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Local Neumann Problems

I εK ∈ H1
E (K ) :

BK (εK , v) =

∫
K

fv dx−BK (uh, v)+

∫
∂K

gKv ds ∀v ∈ H1
E (K )
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Local Neumann Problems

III εK ∈ H1
E (K ) :

BK (εK , v) =

∫
K

fv dx−BK (uh, v)+

∫
∂K

gKv ds ∀v ∈ H1
E (K )

I Remark:

−∆(εK + uh) + κ2(εK + uh) = f in K

∇(εK + uh) · nK = gK on ∂K \ ∂Ω

εK + uh = 0 on ∂K ∩ ∂Ω
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Local Neumann Problems

II εK ∈ H1
E (K ) :

BK (εK , v) =

∫
K

fv dx−BK (uh, v)+

∫
∂K

gKv ds ∀v ∈ H1
E (K )

I Theorem: If gK |γ + gK∗ |γ = 0 for γ = ∂K ∩ ∂K ∗

then |||e|||2 ≤
∑
K∈Th

|||εK |||2K .

I Proof: e = u − uh

B(e, v) =
∑
K∈Th

(∫
K

fv dx − BK (uh, v) +

∫
∂K

gKv ds

)

=
∑
K∈Th

BK (εK , v) ≤

(∑
K∈Th

|||εK |||2K

) 1
2

|||v |||

�
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Local Neumann Problems

I εK ∈ H1
E (K ) :

BK (εK , v) =

∫
K

fv dx−BK (uh, v)+

∫
∂K

gKv ds ∀v ∈ H1
E (K )

I Theorem: If gK = ∂u/∂nK then |||e|||2 =
∑
K∈Th

|||εK |||2K .

I Proof:

I κ2 > 0 ⇒ u = εK + uh

−∆(εK + uh) + κ2(εK + uh) = f in K

∇(εK + uh) · nK = gK on ∂K \ ∂Ω

εK + uh = 0 on ∂K ∩ ∂Ω

I κ2 = 0 ⇒ u = εK + uh + CK and |||u − uh|||K = |||εK |||K
�



IN
ST
IT
U
TE

of
M
ATH

EMATICS

A
ca
d
em

y
o
f
Sc
ie
n
ce
s

C
ze
ch

R
ep
u
b
lic

Local Neumann Problems

I εK ∈ H1
E (K ) :

BK (εK , v) =

∫
K

fv dx−BK (uh, v)+

∫
∂K

gKv ds ∀v ∈ H1
E (K )

I Standard choice of gK :

I gK |γ + gK∗ |γ = 0

I gK |γ ∈ P1(γ), γ ⊂ ∂K , K ∈ Th, gK ≈
∂u|K
∂nK

on ∂K

I equilibration condition
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Non-robustness

|||e|||2 ≤
∑
K∈Th

|||εK |||2K

Example (M.A.+I.B. 1999)

−u′′ + κ2u = cosπx in (−1/2, 1/2)

u(±1/2) = 0
u(x) =

cosπx

π2 + κ2

I

κ Ieff(g equilib
K ) Ieff(g robust

K )

1 1.00 1.00
101 1.00 1.00
102 1.00 1.00
103 1.03 1.00
104 2.73 1.00
105 8.08 1.00
106 25.37 1.00
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Construction of Fluxes

First order equilibration:

0 =

∫
K

f ϕi dx − BK (uh, ϕi ) +

∫
∂K

g equilib
K ϕi ds

ϕi . . . basis of P1(K ) ∩ H1
E (K ).

x

y

z

ϕ1

Robust fluxes:

0 ≈
∫

K
f θi dx − BK (uh, θi ) +

∫
∂K

g robust
K θi ds

θi ≈ Eϕi . . . approximate minimum
energy extension of ϕi

Ev ∈ H1(K ):
Ev = v on ∂K
BK (Ev ,w) = 0 ∀w ∈ H1

0 (K ) x

y

z

θ1

1
2

min
(
1,

1
%Kκ

)
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Estimation of Local Errors

εK ∈ H1
E (K ), v ∈ H1

E (K ),

BK (εK , v) =

∫
K

fv dx − BK (uh, v)

+

∫
∂K

gKv ds
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Estimation of Local Errors

εK ∈ H1
E (K ), v ∈ H1

E (K ), yK ∈ H(div,K ),

BK (εK , v) =

∫
K

fv dx − BK (uh, v)

+

∫
∂K

gKv ds

+

∫
K

div yKv dx +

∫
K

yK · ∇v dx −
∫
∂K

yK · nKv ds︸ ︷︷ ︸
=0
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Estimation of Local Errors

εK ∈ H1
E (K ), v ∈ H1

E (K ), yK ∈ H(div,K ),

BK (εK , v) =

∫
K

fv dx − BK (uh, v)

+

∫
∂K

gKv ds

+

∫
K

div yKv dx +

∫
K

yK · ∇v dx −
∫
∂K

yK · nKv ds
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Estimation of Local Errors

εK ∈ H1
E (K ), v ∈ H1

E (K ), yK ∈ H(div,K ),

BK (εK , v) =

∫
K

fv dx −
∫

K
∇uh · ∇v dx −

∫
K
κ2uhv dx

+

∫
∂K

gKv ds

+

∫
K

div yKv dx +

∫
K

yK · ∇v dx −
∫
∂K

yK · nKv ds
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Estimation of Local Errors

εK ∈ H1
E (K ), v ∈ H1

E (K ), yK ∈ H(div,K ),

BK (εK , v) =

∫
K

fv dx −
∫

K
∇uh · ∇v dx −

∫
K
κ2uhv dx

+

∫
∂K

gKv ds

+

∫
K

div yKv dx +

∫
K

yK · ∇v dx −
∫
∂K

yK · nKv ds
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Estimation of Local Errors

εK ∈ H1
E (K ), v ∈ H1

E (K ), yK ∈ H(div,K ),

BK (εK , v) =

∫
K

fv dx −
∫

K
∇uh · ∇v dx −

∫
K
κ2uhv dx

+

∫
∂K

gKv ds

+

∫
K

div yKv dx +

∫
K

yK · ∇v dx −
∫
∂K

yK · nKv ds

r = f − κ2uh
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Estimation of Local Errors

εK ∈ H1
E (K ), v ∈ H1

E (K ), yK ∈ H(div,K ),

BK (εK , v) =

∫
K

(r + div yK )v dx −
∫

K
∇uh · ∇v dx

+

∫
∂K

gKv ds

+

∫
K

yK · ∇v dx −
∫
∂K

yK · nKv ds

r = f − κ2uh
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Estimation of Local Errors

εK ∈ H1
E (K ), v ∈ H1

E (K ), yK ∈ H(div,K ),

BK (εK , v) =

∫
K

(r + div yK )v dx −
∫

K
∇uh · ∇v dx

+

∫
∂K

gKv ds

+

∫
K

yK · ∇v dx −
∫
∂K

yK · nKv ds

r = f − κ2uh

yK · nK = gK on ∂K \ ∂Ω
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Estimation of Local Errors

εK ∈ H1
E (K ), v ∈ H1

E (K ), yK ∈ H(div,K ),

BK (εK , v) =

∫
K

(r + div yK )v dx −
∫

K
∇uh · ∇v dx

+

∫
K

yK · ∇v dx

r = f − κ2uh

yK · nK = gK on ∂K \ ∂Ω
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Estimation of Local Errors

εK ∈ H1
E (K ), v ∈ H1

E (K ), yK ∈ H(div,K ),

BK (εK , v) =

∫
K

1

κ
(r + div yK )κv dx

+

∫
K

(yK −∇uh) · ∇v dx

r = f − κ2uh

yK · nK = gK on ∂K \ ∂Ω
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Estimation of Local Errors

εK ∈ H1
E (K ), v ∈ H1

E (K ), yK ∈ H(div,K ),

BK (εK , v) ≤
∥∥∥∥1

κ
(r + div yK )

∥∥∥∥
0,K

‖κv‖0,K

+

∫
K

(yK −∇uh) · ∇v dx

r = f − κ2uh

yK · nK = gK on ∂K \ ∂Ω
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Estimation of Local Errors

εK ∈ H1
E (K ), v ∈ H1

E (K ), yK ∈ H(div,K ),

BK (εK , v) ≤ 1

2

∥∥∥∥1

κ
(r + div yK )

∥∥∥∥2

0,K

+
1

2
‖κv‖2

0,K

+

∫
K

(yK −∇uh) · ∇v dx

r = f − κ2uh

yK · nK = gK on ∂K \ ∂Ω
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Estimation of Local Errors

εK ∈ H1
E (K ), v ∈ H1

E (K ), yK ∈ H(div,K ),

BK (εK , v) ≤ 1

2

∥∥∥∥1

κ
(r + div yK )

∥∥∥∥2

0,K

+
1

2
‖κv‖2

0,K

+ ‖yK −∇uh‖0,K ‖∇v‖0,K

r = f − κ2uh

yK · nK = gK on ∂K \ ∂Ω
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Estimation of Local Errors

εK ∈ H1
E (K ), v ∈ H1

E (K ), yK ∈ H(div,K ),

BK (εK , v) ≤ 1

2

∥∥∥∥1

κ
(r + div yK )

∥∥∥∥2

0,K

+
1

2
‖κv‖2

0,K

+
1

2
‖yK −∇uh‖2

0,K +
1

2
‖∇v‖2

0,K

r = f − κ2uh

yK · nK = gK on ∂K \ ∂Ω
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Estimation of Local Errors

εK ∈ H1
E (K ), v ∈ H1

E (K ), yK ∈ H(div,K ),

BK (εK , v) ≤ 1

2

∥∥∥∥1

κ
(r + div yK )

∥∥∥∥2

0,K

+
1

2
‖κv‖2

0,K

+
1

2
‖yK −∇uh‖2

0,K +
1

2
‖∇v‖2

0,K

r = f − κ2uh

yK · nK = gK on ∂K \ ∂Ω
1

2
‖κv‖2

0,K +
1

2
‖∇v‖2

0,K =
1

2
|||v |||2K
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Estimation of Local Errors

εK ∈ H1
E (K ), v ∈ H1

E (K ), yK ∈ H(div,K ),

BK (εK , v) ≤ 1

2

∥∥∥∥1

κ
(r + div yK )

∥∥∥∥2

0,K

+
1

2
‖yK −∇uh‖2

0,K +
1

2
|||v |||2K

r = f − κ2uh

yK · nK = gK on ∂K \ ∂Ω
1

2
‖κv‖2

0,K +
1

2
‖∇v‖2

0,K =
1

2
|||v |||2K
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Estimation of Local Errors

εK ∈ H1
E (K ), v ∈ H1

E (K ), yK ∈ H(div,K ),

BK (εK , εK ) ≤ 1

2

∥∥∥∥1

κ
(r + div yK )

∥∥∥∥2

0,K

+
1

2
‖yK −∇uh‖2

0,K +
1

2
|||εK |||2K

r = f − κ2uh

yK · nK = gK on ∂K \ ∂Ω
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Estimation of Local Errors

εK ∈ H1
E (K ), v ∈ H1

E (K ), yK ∈ H(div,K ),

|||εK |||2K ≤
1

2

∥∥∥∥1

κ
(r + div yK )

∥∥∥∥2

0,K

+
1

2
‖yK −∇uh‖2

0,K +
1

2
|||εK |||2K

r = f − κ2uh

yK · nK = gK on ∂K \ ∂Ω
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Estimation of Local Errors

εK ∈ H1
E (K ), v ∈ H1

E (K ), yK ∈ H(div,K ),

1

2
|||εK |||2K ≤

1

2

∥∥∥∥1

κ
(r + div yK )

∥∥∥∥2

0,K

+
1

2
‖yK −∇uh‖2

0,K

r = f − κ2uh

yK · nK = gK on ∂K \ ∂Ω
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Estimation of Local Errors

εK ∈ H1
E (K ), v ∈ H1

E (K ), yK ∈ H(div,K ),

|||εK |||2K ≤
∥∥∥∥1

κ
(r + div yK )

∥∥∥∥2

0,K

+ ‖yK −∇uh‖2
0,K

r = f − κ2uh

yK · nK = gK on ∂K \ ∂Ω
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Estimation of Local Errors

εK ∈ H1
E (K ), v ∈ H1

E (K ), yK ∈ H(div,K ),

I Local estimate

|||εK |||2K ≤
∥∥∥∥1

κ
(r + div yK )

∥∥∥∥2

0,K

+ ‖yK −∇uh‖2
0,K ≡ η

2
K (yK )

II Proof:

I f − κ2uh + div yK = f − κ2uh + ∆(uh + εK ) = κ2εK
I yK −∇uh = ∇εK

�

r = f − κ2uh

yK · nK = gK on ∂K \ ∂Ω
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Estimation of Local Errors

εK ∈ H1
E (K ), v ∈ H1

E (K ), yK ∈ H(div,K ),

I Local estimate

|||εK |||2K ≤
∥∥∥∥1

κ
(r + div yK )

∥∥∥∥2

0,K

+ ‖yK −∇uh‖2
0,K ≡ η

2
K (yK )

I Global estimate

|||e|||2 ≤
∑
K∈Th

|||εK |||2K ≤
∑
K∈Th

η2
K (yK )

I Proof:

I f − κ2uh + div yK = f − κ2uh + ∆(uh + εK ) = κ2εK
I yK −∇uh = ∇εK

�

r = f − κ2uh

yK · nK = gK on ∂K \ ∂Ω
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Estimation of Local Errors

εK ∈ H1
E (K ), v ∈ H1

E (K ), yK ∈ H(div,K ),

I Local estimate

|||εK |||2K ≤
∥∥∥∥1

κ
(r + div yK )

∥∥∥∥2

0,K

+ ‖yK −∇uh‖2
0,K ≡ η

2
K (yK )

I Theorem: If yK = ∇(uh + εK ) then |||εK |||K = ηK (yK ).
I Proof:

I f − κ2uh + div yK = f − κ2uh + ∆(uh + εK ) = κ2εK
I yK −∇uh = ∇εK

�

r = f − κ2uh

yK · nK = gK on ∂K \ ∂Ω
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Choice of yK : (i) Minimization

Minimize η2
K (yK ) over Wp(K ) ⊂ H(div,K )

Wp(K ) =
{
y ∈ [Pp(K )]2 : y · nK = gK

}
Wp

0(K ) =
{
y ∈ [Pp(K )]2 : y · nK = 0

}
yK = y0

K + ȳK , y0
K ∈Wp

0(K )
ȳK ∈ [P1(K )]2 ∩Wp(K ) uniquely given

Find y0
K ∈Wp

0(K ) :∫
K

div y0
K div w dx +

∫
K
κ2y0

Kw dx

= −
∫

K
f div w dx −

∫
K

div ȳK div w dx −
∫

K
κ2ȳKw dx

∀w ∈Wp
0(K )
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Choice of yK : (ii) Explicit

I 0 ≤ κρK ≤ 1: y∗K = ȳK , ȳK ∈ [P1(K )]2, ȳK · nK = gK

I κρK > 1:

y∗K (x) =


gK ,γ(xL)λ

(L)
L (x)

(
n− cot

ωL

2
t
)

+ gK ,γ(xA)λ
(L)
A (x)n, x ∈ TL

gK ,γ(xA + xt)(1− κy)n, x ∈ Q

gK ,γ(xR)λ
(R)
R (x)

(
n + cot

ωR

2
t
)

+ gK ,γ(xB)λ
(R)
B (x)n, x ∈ TR

0, x ∈ TU

xK

xL xRxA xBγ

xK

TL TR

TU

Q
1
2ωL

1
2ωR

n

t

1
κ

ρK
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On Robustness (κ→∞)

I Robustness of εK (M.A.+I.B. 1999): |||εK |||K ≤ C1|||e|||K
I Need: ηK (y∗K ) ≤ C2|||εK |||K , i.e.,

‖y∗K −∇uh‖2
0,K +

∥∥∥∥1

κ
(f − κ2uh + div y∗K )

∥∥∥∥2

0,K

≤ C 2
2

(
‖∇εK‖2

0,K + ‖κεK‖2
0,K

)
I y∗K ≈ ∇(εK + uh)
− div y∗K ≈ −∆(εK + uh) = f − κ2(εK + uh)

I ∇(εK + uh) =


f κ−1nK in layer at ∂K ∩ ∂Ω
gKnK in layer at ∂K \ ∂Ω
0 in Tin

Tin
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Numerical examples
−∆u + κ2u = f in Ω

u = 0 on ∂Ω

Example (A)

Ω = (−1/2, 1/2)2

f = cos(πx) cos(πy)

u =
cos(πx) cos(πy)

π2 + κ2

−0.5 0 0.5
−0.5

0

0.5

Example (B)

Ω = {(x , y) : r < 1}

f = 1 r =
√

x2 + y2

u =
1

κ2

(
1− I0(κr)

I0(κ)

)

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1
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Results

ηK (y∗K )

Example (A)

κ Ieff

0 2.76471
10−3 2.76471
10−2 2.76471
10−1 2.76480

1 2.77374
10 3.14938
102 1.39897
103 1.00964
104 1.00060
105 1.00006
106 1.000006

Example (B)

κ Ieff

0 —
10−3 4.08953
10−2 4.08952
10−1 4.08838

1 3.95899
10 2.39917
102 1.07185
103 1.00210
104 1.00018
105 1.000018
106 1.0000018
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Conclusions

−∆u + κ2u = f in Ω ⊂ R2

u = 0 on ∂Ω

|||u − uh|||2 ≤
∑
K∈Th

(∥∥∥∥1

κ
(r + div y∗K )

∥∥∥∥2

0,K

+ ‖yK −∇uh‖2
0,K

)

I No constants

I Completely computable

I Guaranteed upper bound

I Elementwise local

I Robust for κ2 ∈ (0,∞)
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