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I −∆u = f in Ω, u = 0 on ∂Ω

I uh ∈ Vh :

∫
Ω
∇uh · ∇vh dx︸ ︷︷ ︸
a(uh, vh)

=

∫
Ω

fvh dx︸ ︷︷ ︸
F (vh)

∀vh ∈ Vh

I uh =

NDOF∑
i=1

yiϕi Ay = b Aij = a(ϕj , ϕi )

bi = F (ϕi )

I u∗h =

NDOF∑
i=1

y∗i ϕi Ay∗ = b∗

I ‖u − u∗h‖
2
a = ‖u − uh‖2a + 2a(u − uh, uh − u∗h) + ‖uh − u∗h‖

2
a

discretization error: ‖u − uh‖a ≈ O(h)

iteration error: ‖uh − u∗h‖a ≈ O(?) ‖u‖2a = a(u, u)
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Lemma
If Ay = b, Ay∗ = b∗, and κ(A) = ‖A‖

∥∥A−1
∥∥ then

‖y − y∗‖
‖y‖

≤ κ(A)
‖b − Ay∗‖

‖b‖
.

Proof.

‖y − y∗‖
‖y‖

‖b − Ay∗‖
‖b‖

=

∥∥A−1(b − b∗)
∥∥

‖y‖
‖b − b∗‖
‖Ay‖

=

∥∥A−1(b − b∗)
∥∥

‖b − b∗‖
‖Ay‖
‖y‖

≤
∥∥A−1

∥∥ ‖A‖ ≡ κ(A)
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‖uh − u∗h‖a
‖uh‖a

=
‖y − y∗‖A
‖y‖A

≤ κA(A)
‖b − Ay∗‖A

‖b‖A
‖y‖2A = yTAy

‖uh − u∗h‖L2(Ω)

‖uh‖L2(Ω)

=
‖y − y∗‖M
‖y‖M

≤ κM(A)
‖b − Ay∗‖M

‖b‖M
‖y‖2M = yTMy

‖uh − u∗h‖L∞(Ω)

‖uh‖L∞(Ω)

=
‖y − y∗‖∞
‖y‖∞

≤ κ∞(A)
‖b − Ay∗‖∞

‖b‖∞
‖y‖∞ = max

i
|yi |

? =
‖y − y∗‖`2

‖y‖`2

≤ κ`2(A)
‖b − Ay∗‖`2

‖b‖`2

‖y‖2`2 = yT y

‖uh‖a = ‖y‖A ‖uh‖L2(Ω) = ‖y‖M ‖uh‖L∞(Ω) = ‖y‖∞ ? = ‖y‖`2
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Lemma
A, M s.p.d ⇒ κM(A) =

∥∥A−1
∥∥

M
‖A‖M ≤ κ`2(M)κ`2(A)

Proof.

I M s.p.d. ⇒
∥∥M−1

∥∥ = sup
0 6=y∈RN

yTM−1y

yT y
= sup

0 6=z∈RN

z=M−1/2y

zT z

zTMz

I ‖A‖2M = sup
0 6=z∈RN

‖Az‖2M
‖z‖2M

= sup
0 6=z∈RN

zTAMAz

zTMz

= sup
0 6=z∈RN

zTAMAz

zTA2z

zTA2z

zT z

zT z

zTMz
≤ ‖M‖

∥∥A2
∥∥∥∥M−1

∥∥
I

∥∥A−1
∥∥2

M
≤ ‖M‖

∥∥A−2
∥∥∥∥M−1

∥∥
I κ2

M(A) ≤ κ2(M)κ(A2) = κ2(M)κ2(A) ‖·‖ = ‖·‖`2
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−∆u = f in Ω = (0, 1)2

u = 0 on ∂Ω

I −∆ṽk` = λ̃k`ṽk`

I ṽk` = 2 sin(kπx1) sin(`πx2)
∫
Ω vk`vmn = δ(k`)(mn)

λ̃k` = π2(k2 + `2) k, ` = 1, 2, . . .

I f =
∑
k,`

ck`λ̃k`ṽk` ⇒ u =
∑
k,`

ck`ṽk`
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h =
1
N

0 h 2h 1
0

h

2h

(N − 1)h

1

I A =

−1 −1 −1

−1 8 −1

−1 −1 −1

1
3
×

I Awk` = λk`w
k` k, ` = 1, 2, . . . ,N − 1

I wk`
ij = h ṽ(ih, jh) = 2h sin(kπih) sin(`πjh) i , j = 1, 2, . . . ,N − 1

λk` =
2

3

(
4− cos(kπh)− cos(`πh)− 2 cos(kπh) cos(`πh)

)
wk` · wmn = δ(k`)(mn)

I κ(A) =
2 + cos2(πh)

2− cos(πh)− cos2(πh)
≈ O(h−2)
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h =
1
N

0 h 2h 1
0

h

2h

(N − 1)h

1

I M =

1 4 1

4 16 4

1 4 1

h2

36
×

I Mwk` = µk`w
k` k, ` = 1, 2, . . . ,N − 1

I wk`
ij = dtto. i , j = 1, 2, . . . ,N − 1

I µk` =
h2

9

(
4 + 2 cos(kπh) + 2 cos(`πh) + cos(kπh) cos(`πh)

)
I κ(M) =

4 + 4 cos(πh) + cos2(πh)

4− 4 cos(πh) + cos2(πh)
h→0−→ 9
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I

∫
Ω

λ̃k` ṽk`(x1, x2)ϕij(x1, x2) dx1 dx2 = dk`w
k`
ij

I dk` =
k2 + `2

k2`2π2h3
4

(
1− cos(kπh)

) (
1− cos(`πh)

)
I f =

∑
k,`

ck`λ̃k`ṽk` ⇒ u =
∑
k,`

ck`ṽk`

b =
∑
k,`

ck`dk`w
k` ⇒ y =

∑
k,`

ck`dk`

λk`
wk`

⇒ uh =
N−1∑
i=1

N−1∑
j=1

yijϕij

c11 = 10 c23 = 2 c33 = 1
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I ‖u‖2a =
∑
k,`

c2
k`λ̃k` ‖u‖a ≈ O(1)

I ‖uh‖2a = ‖y‖2A =
∑
k,`

c2
k`d

2
k`/λk` ‖uh‖a ≈ O(1)

I ‖u − uh‖2a = ‖u‖2a − ‖uh‖2a ‖u − uh‖a ≈ O(h)

I ‖f ‖2a =
∑
k,`

c2
k`λ̃

3
k` ‖f ‖a ≈ O(1)

I ‖b‖2A =
∑
k,`

c2
k`d

2
k`λk` ‖b‖A ≈ O(h2)

dk` ≈ O(h) λk` ≈ O(h2)
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L2 norms

I ‖u‖2L2(Ω) =
∑
k,`

c2
k` ‖u‖L2(Ω) ≈ O(1)

I ‖uh‖2L2(Ω) = ‖y‖2M =
∑
k,`

c2
k`d

2
k`µk`

λ2
k`

‖uh‖L2(Ω) ≈ O(1)

I

∫
Ω

uuh dx1 dx2 =
∑
k,`

c2
k`d

2
k`

λk`λ̃k`

≈ O(1)

I ‖u − uh‖2L2(Ω) = ‖u‖2L2(Ω) − 2

∫
Ω

uuh dx1 dx2 + ‖uh‖2L2(Ω)

‖u − uh‖L2(Ω) ≈ O(h2)

I ‖f ‖2L2(Ω) =
∑
k,`

c2
k`λ̃

2
k` ‖f ‖L2(Ω) ≈ O(1)

I ‖b‖2M = bTMb =
∑
k,`

c2
k`d

2
k`µk` ‖b‖M ≈ O(h2)

I ‖b‖2`2 = bTb =
∑
k,`

c2
k`d

2
k` ‖b‖`2 ≈ O(h)
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p0 = r0 = b − Ay0

for k = 0, 1, 2, . . . do

I if
rT
k rk
bTb

≤ TOL2 then STOP TOL = 10−4

I αk =
rT
k rk

pT
k Apk

(step length)

I yk+1 = yk + αkpk (approximate solution)

I rk+1 = rk − αkApk (residual)

I βk =
rT
k+1rk+1

rT
k rk

(residual improvement)

I pk+1 = rk+1 − βkpk (search direction)
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Relative errors – L2(Ω) norm – ‖·‖L2(Ω)
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Relative err. and upper bound – L2(Ω) norm – ‖·‖L2(Ω)
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licConclusions and open questions

I iteration error – single precission – relevant from 106–8 DOFs

I
‖y − y∗‖
‖y‖

≤ κ(A)
‖b − Ay∗‖

‖b‖
overestimation by 102–22

I Correct norm?

I Better stopping criterion for CG?

I Theory?
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