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Goal

I −u′′ + κ2u = f in Ω = (aΩ, bΩ) u(aΩ) = u(bΩ) = 0

I f ≥ 0 ⇒ uhp ≥ 0

Outline

I Maximum principle

I hp-FEM

I Definition of the discrete maximum principle (DMP)

I Proof in 1D for p = 1

I Discrete Green’s function (DGF)

I Scheme of the proof in 1D for arbitrary p

I Final result
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−∆u + κ2u = f in Ω, u = 0 on ∂Ω

MaxP : f ≤ 0 ⇒ max
Ω

u ≤ max{0,max
∂Ω

u} = 0
m

MinP : f ≥ 0 ⇒ min
Ω

u ≥ min{0,min
∂Ω

u} = 0
m

ComP : f ≥ 0 ⇒ u ≥ 0

m
G (x , y) ≥ 0 in Ω2

u(y) =

∫
Ω

G (x , y)f (x) dx
−∆Gy + κ2Gy = δy in Ω

Gy = 0 on ∂Ω

G (x , y) = Gy (x)
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Theorem
If u ∈ H1(Ω):

∫
Ω(A∇u · ∇v + κ2uv) dx =

∫
Ω fv dx ∀v ∈ H1

0 (Ω)
and f ≤ 0 then max

Ω
u ≤ max{0,max

∂Ω
u}.

Proof.

I Set M = max{0,max
∂Ω

u}.

I Define v = max{u −M, 0}.
I v ≥ 0 in Ω

I v |∂Ω = 0

I u(x) = v(x) + M for all x ∈ Ω such that v(x) 6= 0.

I v ∈ H1
0 (Ω) (We can use the Green’s theorem.)

I 0 ≥
∫

Ω
fv dx =

∫
Ω

(
A∇u · ∇v + κ2uv

)
dx

=

∫
Ω

(
A∇v · ∇v + κ2(v + M)v

)
dx ≥ 0

I Thus v = 0 and u ≤ M in Ω.
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Theorem
ComP ⇒ MinP

Proof.

I Set m = min
∂Ω

u.

I Let m ≤ 0.
I w = u −m
I − div(A∇w) + κ2w = f − κ2m ≥ 0 in Ω
I w ≥ 0 on ∂Ω.
I Hence, by ComP w ≥ 0 in Ω, i.e. u ≥ m and

min
Ω

u ≥ m = min{0,m} = min{0,min
∂Ω

u}.

I If m > 0 then
I u ≥ 0 on ∂Ω
I ComP for u implies u ≥ 0 in Ω.
I Thus, min

Ω
u ≥ 0 = min{0,m}.
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I Weak

u ∈ V = H1
0 (Ω) : a(u, v)︸ ︷︷ ︸∫

Ω
∇u · ∇v + κ2uv dx

=

∫
Ω

fv dx ∀v ∈ V

I hp-FEM

uhp ∈ Vhp ⊂ V : a(uhp, vhp) =

∫
Ω

fvhp dx ∀vhp ∈ Vhp

I Vhp = {vhp ∈ V : vhp|Ki
∈ Ppi (Ki ), Ki ∈ Thp}

Triangulation Thp of Ω

p p p p p p
11 2 3 4 M−1 M

a = x
K1 K2 K3 K4 KM−1 KM

b = xx x x x x x1 2 3 4 MM−1M−20
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Notation

I For simplicity: −∆u = f

I L2+(Ω) =
{
f ∈ L2(Ω) : f ≥ 0 a.e. in Ω

}
I F = {Thp : Thp is a triangulation of Ω}
I uhp(x) = uThp ,f (x)

Definitions

I DMP – not valid
∀Thp ∈ F ∀f ∈ L2+(Ω) uThp ,f ≥ 0 in Ω

I DMP (a) ∃FDMP ⊂ F :
∀Thp ∈ FDMP ∀f ∈ L2+(Ω) uThp ,f ≥ 0 in Ω

I DMP (b)
∀f ∈ L2+(Ω) ∃Thp ∈ F uThp ,f ≥ 0 in Ω
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−u′′ + κ2u = f in Ω, u = 0 on ∂Ω

Lemma
DMP ⇔ κ2h2

K ≤ 6 for all K ∈ Thp

Proof.

Kk

ϕk ϕk+1

xk xk+1

I uh(x) =
N∑

j=1

zjϕj(x) Aij = a(ϕj , ϕi ) bi =
∫
Ω f ϕi

I Az = b ⇔ z = A−1b

I Assume A−1 ≥ 0

I f (x) ≥ 0 ⇒ b ≥ 0 ⇒ z ≥ 0 ⇒ uh(x) ≥ 0
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−u′′ + κ2u = f in Ω, u = 0 on ∂Ω

Lemma
DMP ⇔ κ2h2

K ≤ 6 for all K ∈ Thp

Proof.

Kk

ϕk ϕk+1

xk xk+1

I If A s.p.d. tridiagonal then
A−1 ≥ 0 ⇔ Aij ≤ 0 for i 6= j ⇔ κ2h2

K ≤ 6

I a(ϕk , ϕk+1) =

∫ xk+1

xk

(ϕ′kϕ
′
k+1+κ

2ϕkϕk+1) dx = − 1

hK
+κ2 hK

6

I Ak,k+1 ≤ 0 ⇔ κ2h2
K ≤ 6
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−u′′ + κ2u = f in Ω, u = 0 on ∂Ω

Lemma
DMP ⇔ κ2h2

K ≤ 6 for all K ∈ Thp

Counterintuitive:

I Ω = (0, 1), κ = 10, Nelem = 10 ⇒ DMP O.K.

I Ω = (0, 10), κ = 10, Nelem = 10 ⇒ NO DMP
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Definition (DMP)

Characterize such triangulations Thp that
any f ≥ 0 ⇒ uhp ≥ 0 in Ω.

Theorem
DMP ⇔ Ghp ≥ 0 in Ω2

Proof.

Ghp,y ∈ Vhp : a(vhp,Ghp,y ) = δy (vhp)︸ ︷︷ ︸
vhp(y)

∀vhp ∈ Vhp, y ∈ Ω

uhp(y) = a(uhp,Ghp,y ) =

∫
Ω

Ghp(x , y)f (x) dx

Ghp(x , y) = Ghp,y (x)
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Definition (DMP)

Characterize such triangulations Thp that
any f ≥ 0 ⇒ uhp ≥ 0 in Ω.

Theorem
DMP ⇔ Ghp ≥ 0 in Ω2

Theorem
Let ϕ1, ϕ2, . . . , ϕN be a basis of Vhp then

Ghp(x , y) =
N∑

i=1

N∑
j=1

A−1
ij ϕi (x)ϕj(y), where Aij = a(ϕi , ϕj).

Remark: Ω ⊂ R1, κ = 0, −u′′ = f

h ≤ 0.9|Ω| ⇒ DMP (Vejchodský, Šoĺın, Math. Comp. 2007)
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I Standard basis
ϕv

1 , ϕ
v
2 , . . . , ϕ

v
M︸ ︷︷ ︸

vertex part

, ϕb
M+1, . . . , ϕ

b
N︸ ︷︷ ︸

bubble part

I New basis
ψv

1 , ψ
v
2 , . . . , ψ

v
M︸ ︷︷ ︸

vertex part

, ψb
M+1, . . . , ψ

b
N︸ ︷︷ ︸

bubble part

x0
x1 x2 x3 x4

ϕv
1 ϕv

2 ϕv
3

ϕb
4 ϕb

5

ϕb
6

ϕb
7, ϕ

b
8, ϕ

b
9

ψb
i = ϕb

i

ψv
i = ϕv

i −
M∑

j=1
cijϕ

b
M+j such that a(ψv

i , ϕ
b
j ) = 0 ∀j
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I Standard basis
ϕv

1 , ϕ
v
2 , . . . , ϕ

v
M︸ ︷︷ ︸

vertex part

, ϕb
M+1, . . . , ϕ

b
N︸ ︷︷ ︸

bubble part

I New basis
ψv

1 , ψ
v
2 , . . . , ψ

v
M︸ ︷︷ ︸

vertex part

, ψb
M+1, . . . , ψ

b
N︸ ︷︷ ︸

bubble part

Stiffness matrices

A =

(
A B

BT D

)

Ã =

(
S 0
0 D

)
S = A− BD−1BT

ψb
i = ϕb

i

ψv
i = ϕv

i −
M∑

j=1
cijϕ

b
M+j such that a(ψv

i , ϕ
b
j ) = 0 ∀j
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I Standard basis
ϕv

1 , ϕ
v
2 , . . . , ϕ

v
M︸ ︷︷ ︸

vertex part

, ϕb
M+1, . . . , ϕ

b
N︸ ︷︷ ︸

bubble part

I New basis
ψv

1 , ψ
v
2 , . . . , ψ

v
M︸ ︷︷ ︸

vertex part

, ψb
M+1, . . . , ψ

b
N︸ ︷︷ ︸

bubble part

Stiffness matrices

A =

(
A B

BT D

)

Ã =

(
S 0
0 D

)
S = A− BD−1BT

Ghp(x , y) =
N∑

i=1

N∑
j=1

Ã−1
ij ψi (x)ψj(y)

=
M∑
i=1

M∑
j=1

S−1
ij ψv

i (x)ψv
j (y)︸ ︷︷ ︸

G v
hp(x ,y)

+
N−M∑
i=1

N−M∑
j=1

D−1
ij ψb

M+i (x)ψb
M+j(y)︸ ︷︷ ︸

Gb
hp(x ,y)
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licScheme of the proof in 1D for arbitrary p

x0 x1 x2 x3 x4
x0

x1

x2

x3

x4

K2
2

Stiffness matrices

A =

(
A B

BT D

)

Ã =

(
S 0
0 D

)
S = A− BD−1BT

Ghp(x , y) =
N∑

i=1

N∑
j=1

Ã−1
ij ψi (x)ψj(y)

=
M∑
i=1

M∑
j=1

S−1
ij ψv

i (x)ψv
j (y)︸ ︷︷ ︸

G v
hp(x ,y)

+
N−M∑
i=1

N−M∑
j=1

D−1
ij ψb

M+i (x)ψb
M+j(y)︸ ︷︷ ︸

Gb
hp(x ,y)
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licScheme of the proof in 1D for arbitrary p

To prove Ghp(x , y) ≥ 0 we require

(a) ψv
i ≥ 0

(b) a(ψv
i , ψ

v
j ) ≤ 0 for i 6= j

(c) Ghp(x , y)|K2
k

=

G v
hp(x , y)|K2

k
+ Gb

hp(x , y)|K2
k
≥ 0

Stiffness matrices

A =

(
A B

BT D

)

Ã =

(
S 0
0 D

)

x0 x1 x2 x3 x4
x0

x1

x2

x3

x4

K2
2

Ghp(x , y) =
N∑

i=1

N∑
j=1

Ã−1
ij ψi (x)ψj(y)

=
M∑
i=1

M∑
j=1

S−1
ij ψv

i (x)ψv
j (y)︸ ︷︷ ︸

G v
hp(x ,y)

+
N−M∑
i=1

N−M∑
j=1

D−1
ij ψb

M+i (x)ψb
M+j(y)︸ ︷︷ ︸

Gb
hp(x ,y)
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(a) κ2h2
K ≤ αpK ⇒ ψv

i |K ≥ 0

(b) κ2h2
K ≤ βpK ⇒ a(ψv

i , ψ
v
j ) ≤ 0 for i 6= j

(c) κ2h2
K ≤ γpK

HK
rel

1− HK
rel

+ δpK ⇒ Ghp(x , y)|K2
k
≥ 0

HK
rel =

hK

|Ω|

HK
rel ≤ 1/3

p αp βp γp δp

1 ∞ 6 0 ∞
2 20/3 ∞ 0 ∞
3 38.61 25.89 5.608 0
4 18.91 ∞ 2.936 3.614
5 49.44 59.82 7.799 0
6 37.56 ∞ 7.247 0.887
7 72.82 107.81 9.791 0
8 62.62 ∞ 9.709 0
9 104.09 169.85 11.510 0
10 94.10 ∞ 10.644 0
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Vhp = span{ψv
1 , . . . , ψ

v
M , ψ

b
M+1, . . . , ψ

b
N}

Ghp = G v
hp + Gb

hp

G v
hp(x , y) =

M∑
i=1

M∑
j=1

S−1
ij ψi (x)ψj(y) (x , y) ∈ K 2

=
2∑

i=1

2∑
j=1

S−1
k−2+i ,k−2+jψk−2+i (x)ψk−2+j(y)

≥
2∑

i=1

2∑
j=1

S̃−1
k−2+i ,k−2+j ψ̃k−2+i (x)ψ̃k−2+j(y)

≥ 1

a(ψ̂, ψ̂)
ψ̂(x̂)ψ̂(ŷ)
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Vhp = span{ψv
1 , . . . , ψ

v
M , ψ

b
M+1, . . . , ψ

b
N}

Ghp = G v
hp + Gb

hp

h

ψk−1 ψk

xk−1 xkaΩ bΩ

G v
hp(x , y) =

M∑
i=1

M∑
j=1

S−1
ij ψi (x)ψj(y) (x , y) ∈ K 2

=
2∑

i=1

2∑
j=1

S−1
k−2+i ,k−2+jψk−2+i (x)ψk−2+j(y)

≥
2∑

i=1

2∑
j=1

S̃−1
k−2+i ,k−2+j ψ̃k−2+i (x)ψ̃k−2+j(y)

≥ 1

a(ψ̂, ψ̂)
ψ̂(x̂)ψ̂(ŷ)
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Vhp = span{ψv
1 , . . . , ψ

v
M , ψ

b
M+1, . . . , ψ

b
N}

Ghp = G v
hp + Gb

hp

h

ψ̃k−1 ψ̃k

xk−1 xkaΩ bΩ

G v
hp(x , y) =

M∑
i=1

M∑
j=1

S−1
ij ψi (x)ψj(y) (x , y) ∈ K 2

=
2∑

i=1

2∑
j=1

S−1
k−2+i ,k−2+jψk−2+i (x)ψk−2+j(y)

≥
2∑

i=1

2∑
j=1

S̃−1
k−2+i ,k−2+j ψ̃k−2+i (x)ψ̃k−2+j(y)

≥ 1

a(ψ̂, ψ̂)
ψ̂(x̂)ψ̂(ŷ)
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Vhp = span{ψv
1 , . . . , ψ

v
M , ψ

b
M+1, . . . , ψ

b
N}

Ghp = G v
hp + Gb

hp

hh

ψ̂

xk−1 xkẑaΩ bΩ

G v
hp(x , y) =

M∑
i=1

M∑
j=1

S−1
ij ψi (x)ψj(y) (x , y) ∈ K 2

=
2∑

i=1

2∑
j=1

S−1
k−2+i ,k−2+jψk−2+i (x)ψk−2+j(y)

≥
2∑

i=1

2∑
j=1

S̃−1
k−2+i ,k−2+j ψ̃k−2+i (x)ψ̃k−2+j(y)

≥ 1

a(ψ̂, ψ̂)
ψ̂(x̂)ψ̂(ŷ)
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−∆u + κ2u = f in Ω, u = 0 on ∂Ω

uhp ∈ Vhp : a(uhp, vhp) =

∫
Ω

fvhp dx ∀vhp ∈ Vhp

Theorem
Let Thp be a finite element mesh in an interval Ω = (aΩ, bΩ).
Let us consider arbitrary polynomial degrees up to 10.
Denote by hK and HK

rel = hK/(bΩ − aΩ) the length and the relative
length of the element K ∈ Thp, respectively. If

κ2h2
K

κ2h2
K + γ3

≤ HK
rel ≤ 1/3 for all K ∈ Thp,

where γ3 ≈ 5.608797, then the approximate problem satisfies the
DMP.
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