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I Singularly perturbed problem: −∆u + κ2u = f
I Standard equilibrated residuals

I upper bound with no constant
I elementwise local
I non-robust if κ →∞
I not computable

I Improvements
I robust fluxes
I computable

I Conclusions
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I Classical formulation: κ = const. > 0

−∆u + κ2u = f in Ω ⊂ R2

u = 0 on ∂Ω

I Weak formulation:

V = H1
0 (Ω), B(u, v) =

∫
Ω
∇u · ∇v dx +

∫
Ω

κ2uv dx

u ∈ V : B(u, v) =

∫
Ω

fv dx ∀v ∈ V

I Linear triangular FEM:
Vh = {vh ∈ V : vh|K ∈ P1(K ),K ∈ Th}

uh ∈ Vh : B(uh, vh) =

∫
Ω

fvh dx ∀vh ∈ Vh
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I Goal |‖e|‖ ≤ η, e = u − uh

I Residual equation

e ∈ V : B(e, v) =

∫
Ω

fv dx − B(uh, v) ∀v ∈ V

I BK (u, v) =

∫
K
∇u · ∇v dx +

∫
K

κ2uv dx

I |‖v |‖2 = B(v , v)
|‖v |‖2

K = BK (v , v)

I H1
E (K ) = {v ∈ H1(K ) : v = 0 on ∂K ∩ ∂Ω}
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I gK |γ ∈ P1(γ), γ ⊂ ∂K , K ∈ Th, gK ≈ ∂u|K
∂nK

on ∂K

I gK |γ + gK∗ |γ = 0 for γ = ∂K ∩ ∂K ∗

I εK ∈ H1
E (K ) :

BK (εK , v) =

∫
K

fv dx−BK (uh, v)+

∫
∂K

gKv ds ∀v ∈ H1
E (K )

I e = u − uh

B(e, v) =
∑
K∈Th

(∫
K

fv dx − BK (uh, v) +

∫
∂K

gKv ds

)

=
∑
K∈Th

BK (εK , v) ≤

(∑
K∈Th

|‖εK |‖2
K

) 1
2

|‖v |‖

I |‖e|‖2 ≤
∑
K∈Th

|‖εK |‖2
K
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|‖e|‖2 ≤
∑
K∈Th

|‖εK |‖2
K

Example (M.A. 1999)

−u′′ + κ2u = cos πx in (−1/2, 1/2)

u(±1/2) = 0
u(x) =

cos πx

π2 + κ2

κ Ieff(g equilib
K ) Ieff(g robust

K )

1 1.00 1.00
101 1.00 1.00
102 1.00 1.00
103 1.03 1.00
104 2.73 1.00
105 8.08 1.00
106 25.37 1.00
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The first order equilibration condition:

0 =

∫
K

f ϕi dx − BK (uh, ϕi ) +

∫
∂K

g equilib
K ϕi ds

ϕi . . . basis of P1(K ) ∩ H1
E (K ).

x

y

z

ϕ1

Robust fluxes:

0 ≈
∫

K
f θi dx − BK (uh, θi ) +

∫
∂K

g robust
K θi ds

θi ≈ Eϕi . . . approximate minimum
energy extension of ϕi

Ev ∈ H1(K ):
Ev = v on ∂K
BK (Ev ,w) = 0 ∀w ∈ H1

0 (K ) x

y

z

θ1

1
2 min(1, 1/κ)
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εK ∈ H1
E (K ), v ∈ H1

E (K ),

BK (εK , v) =

∫
K

fv dx − BK (uh, v)

+

∫
∂K

gKv ds



IN
ST
IT
U
TE

of
M
ATH

EMATICS

A
ca
d
em

y
o
f
Sc
ie
n
ce
s

C
ze
ch

R
ep
u
b
licEstimation of local errors

εK ∈ H1
E (K ), v ∈ H1

E (K ), σK ∈ H(div,K ),

BK (εK , v) =

∫
K

fv dx − BK (uh, v)

+

∫
∂K

gKv ds

+

∫
K

div σKv dx +

∫
K

σK · ∇v dx −
∫

∂K
σK · nKv ds︸ ︷︷ ︸

=0
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εK ∈ H1
E (K ), v ∈ H1

E (K ), σK ∈ H(div,K ),

BK (εK , v) =

∫
K

fv dx − BK (uh, v)

+

∫
∂K

gKv ds

+

∫
K

div σKv dx +

∫
K

σK · ∇v dx −
∫

∂K
σK · nKv ds
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εK ∈ H1
E (K ), v ∈ H1

E (K ), σK ∈ H(div,K ),

BK (εK , v) =

∫
K

fv dx −
∫

K
∇uh · ∇v dx −

∫
K

κ2uhv dx

+

∫
∂K

gKv ds

+

∫
K

div σKv dx +

∫
K

σK · ∇v dx −
∫

∂K
σK · nKv ds
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εK ∈ H1
E (K ), v ∈ H1

E (K ), σK ∈ H(div,K ),

BK (εK , v) =

∫
K

fv dx +

∫
K

∆uhv dx −
∫

∂K

∂uh

∂nK
v ds −

∫
K

κ2uhv dx

+

∫
∂K

gKv ds

+

∫
K

div σKv dx +

∫
K

σK · ∇v dx −
∫

∂K
σK · nKv ds
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εK ∈ H1
E (K ), v ∈ H1

E (K ), σK ∈ H(div,K ),

BK (εK , v) =

∫
K

fv dx +

∫
K

∆uhv dx −
∫

∂K

∂uh

∂nK
v ds −

∫
K

κ2uhv dx

+

∫
∂K

gKv ds

+

∫
K

div σKv dx +

∫
K

σK · ∇v dx −
∫

∂K
σK · nKv ds

r = f + ∆uh − κ2uh
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εK ∈ H1
E (K ), v ∈ H1

E (K ), σK ∈ H(div,K ),

BK (εK , v) =

∫
K

(r + div σK )v dx −
∫

∂K

∂uh

∂nK
v ds

+

∫
∂K

gKv ds

+

∫
K

σK · ∇v dx −
∫

∂K
σK · nKv ds

r = f + ∆uh − κ2uh
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εK ∈ H1
E (K ), v ∈ H1

E (K ), σK ∈ H(div,K ),

BK (εK , v) =

∫
K

(r + div σK )v dx −
∫

∂K

∂uh

∂nK
v ds

+

∫
∂K

gKv ds

+

∫
K

σK · ∇v dx −
∫

∂K
σK · nKv ds

r = f + ∆uh − κ2uh

σK · nK = gK − ∂uh

∂nK
on ∂K
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εK ∈ H1
E (K ), v ∈ H1

E (K ), σK ∈ H(div,K ),

BK (εK , v) =

∫
K

(r + div σK )v dx

+

∫
K

σK · ∇v dx

r = f + ∆uh − κ2uh

σK · nK = gK − ∂uh

∂nK
on ∂K
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εK ∈ H1
E (K ), v ∈ H1

E (K ), σK ∈ H(div,K ),

BK (εK , v) =

∫
K

1

κ
(r + div σK )κv dx

+

∫
K

σK · ∇v dx

r = f + ∆uh − κ2uh

σK · nK = gK − ∂uh

∂nK
on ∂K
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εK ∈ H1
E (K ), v ∈ H1

E (K ), σK ∈ H(div,K ),

BK (εK , v) ≤
∥∥∥∥1

κ
(r + div σK )

∥∥∥∥
0,K

‖κv‖0,K

+

∫
K

σK · ∇v dx

r = f + ∆uh − κ2uh

σK · nK = gK − ∂uh

∂nK
on ∂K
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εK ∈ H1
E (K ), v ∈ H1

E (K ), σK ∈ H(div,K ),

BK (εK , v) ≤ 1

2

∥∥∥∥1

κ
(r + div σK )

∥∥∥∥2

0,K

+
1

2
‖κv‖2

0,K

+

∫
K

σK · ∇v dx

r = f + ∆uh − κ2uh

σK · nK = gK − ∂uh

∂nK
on ∂K
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εK ∈ H1
E (K ), v ∈ H1

E (K ), σK ∈ H(div,K ),

BK (εK , v) ≤ 1

2

∥∥∥∥1

κ
(r + div σK )

∥∥∥∥2

0,K

+
1

2
‖κv‖2

0,K

+ ‖σK‖0,K ‖∇v‖0,K

r = f + ∆uh − κ2uh

σK · nK = gK − ∂uh

∂nK
on ∂K
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εK ∈ H1
E (K ), v ∈ H1

E (K ), σK ∈ H(div,K ),

BK (εK , v) ≤ 1

2

∥∥∥∥1

κ
(r + div σK )

∥∥∥∥2

0,K

+
1

2
‖κv‖2

0,K

+
1

2
‖σK‖2

0,K +
1

2
‖∇v‖2

0,K

r = f + ∆uh − κ2uh

σK · nK = gK − ∂uh

∂nK
on ∂K
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εK ∈ H1
E (K ), v ∈ H1

E (K ), σK ∈ H(div,K ),

BK (εK , v) ≤ 1

2

∥∥∥∥1

κ
(r + div σK )

∥∥∥∥2

0,K

+
1

2
‖κv‖2

0,K

+
1

2
‖σK‖2

0,K +
1

2
‖∇v‖2

0,K

r = f + ∆uh − κ2uh

σK · nK = gK − ∂uh

∂nK
on ∂K

1

2
‖κv‖2

0,K +
1

2
‖∇v‖2

0,K =
1

2
|‖v |‖2

K
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εK ∈ H1
E (K ), v ∈ H1

E (K ), σK ∈ H(div,K ),

BK (εK , v) ≤ 1

2

∥∥∥∥1

κ
(r + div σK )

∥∥∥∥2

0,K

+
1

2
‖σK‖2

0,K +
1

2
|‖v |‖2

K

r = f + ∆uh − κ2uh

σK · nK = gK − ∂uh

∂nK
on ∂K

1

2
‖κv‖2

0,K +
1

2
‖∇v‖2

0,K =
1

2
|‖v |‖2

K
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εK ∈ H1
E (K ), v ∈ H1

E (K ), σK ∈ H(div,K ),

BK (εK , εK ) ≤ 1

2

∥∥∥∥1

κ
(r + div σK )

∥∥∥∥2

0,K

+
1

2
‖σK‖2

0,K +
1

2
|‖εK |‖2

K

r = f + ∆uh − κ2uh

σK · nK = gK − ∂uh

∂nK
on ∂K
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εK ∈ H1
E (K ), v ∈ H1

E (K ), σK ∈ H(div,K ),

|‖εK |‖2
K ≤ 1

2

∥∥∥∥1

κ
(r + div σK )

∥∥∥∥2

0,K

+
1

2
‖σK‖2

0,K +
1

2
|‖εK |‖2

K

r = f + ∆uh − κ2uh

σK · nK = gK − ∂uh

∂nK
on ∂K
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εK ∈ H1
E (K ), v ∈ H1

E (K ), σK ∈ H(div,K ),

1

2
|‖εK |‖2

K ≤ 1

2

∥∥∥∥1

κ
(r + div σK )

∥∥∥∥2

0,K

+
1

2
‖σK‖2

0,K

r = f + ∆uh − κ2uh

σK · nK = gK − ∂uh

∂nK
on ∂K
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εK ∈ H1
E (K ), v ∈ H1

E (K ), σK ∈ H(div,K ),

|‖εK |‖2
K ≤

∥∥∥∥1

κ
(r + div σK )

∥∥∥∥2

0,K

+ ‖σK‖2
0,K

r = f + ∆uh − κ2uh

σK · nK = gK − ∂uh

∂nK
on ∂K
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εK ∈ H1
E (K ), v ∈ H1

E (K ), σK ∈ H(div,K ),

|‖εK |‖2
K ≤

∥∥∥∥1

κ
(r + div σK )

∥∥∥∥2

0,K

+ ‖σK‖2
0,K

r = f + ∆uh − κ2uh

σK · nK = gK − ∂uh

∂nK
on ∂K
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εK ∈ H1
E (K ), v ∈ H1

E (K ), σK ∈ H(div,K ),

|‖εK |‖2
K ≤

∥∥∥∥1

κ
(r + div σK )

∥∥∥∥2

0,K

+ ‖σK‖2
0,K

|‖e|‖2 ≤
∑
K∈Th

|‖εK |‖2
K ≤

∑
K∈Th

(∥∥∥∥1

κ
(r + div σK )

∥∥∥∥2

0,K

+ ‖σK‖2
0,K

)

r = f + ∆uh − κ2uh

σK · nK = gK − ∂uh

∂nK
on ∂K
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εK ∈ H1
E (K ), v ∈ H1

E (K ), σK ∈ H(div,K ),

|‖εK |‖2
K ≤

∥∥∥∥1

κ
(r + div σK )

∥∥∥∥2

0,K

+ ‖σK‖2
0,K ≡ η2

K (σK )

|‖e|‖2 ≤
∑
K∈Th

|‖εK |‖2
K ≤

∑
K∈Th

(∥∥∥∥1

κ
(r + div σK )

∥∥∥∥2

0,K

+ ‖σK‖2
0,K

)
≡
∑
K∈Th

η2
K (σK )

r = f + ∆uh − κ2uh

σK · nK = gK − ∂uh

∂nK
on ∂K
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Minimize η2
K (σK ) over Wp(K ) ⊂ H(div,K )

Wp(K ) =
{
σ ∈ [Pp(K )]2 : σ · nK = gK − ∂uh/∂nK

}
Wp

0(K ) =
{
σ ∈ [Pp(K )]2 : σ · nK = 0

}
σK = σ0 + σ1,

σ0 ∈ Wp
0(K )

σ1 ∈ [P1(K )]2 ∩Wp(K ) uniquely given

Find σ0 ∈ Wp
0(K ) :∫

K
div σ0 div w dx +

∫
K

κ2σ0w dx

= −
∫

K
r div w dx −

∫
K

div σ1 div w dx −
∫

K
κ2σ1w dx

∀w ∈ Wp
0(K )
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f K ∈ Pp(K ) :

∫
K

(f − f K )w dx = 0 ∀w ∈ Pp(K )

BK (εK , v) =

∫
K

f Kv dx − BK (uh, v) +

∫
∂K

gKv ds︸ ︷︷ ︸
T2

+

∫
K

(f − f K )v dx︸ ︷︷ ︸
T1

T1 ≤ min(hK/π, 1/κ)
∥∥f − f K

∥∥
0,K︸ ︷︷ ︸

oscK (f )

|‖v |‖K v ∈ H1
E (K )

T2 ≤
∥∥∥∥1

κ
(r + div σK )

∥∥∥∥
0,K

‖κv‖0,K + ‖σK‖0,K ‖∇v‖0,K

|‖εK |‖2
K ≤

(∥∥∥∥1

κ
(r + div σK )

∥∥∥∥
0,K

+ oscK (f )

)2

+
(
‖σK‖0,K + oscK (f )

)2

≡ η2
K (σK )
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−∆u + κ2u = f in Ω

u = 0 on ∂Ω

Example (A)

Ω = (−1/2, 1/2)2

f = cos(πx) cos(πy)

u =
cos(πx) cos(πy)

π2 + κ2

−0.5 0 0.5
−0.5

0

0.5

Example (B)

Ω = {(x , y) : r < 1}

f = 1 r =
√

x2 + y2

u =
1

κ2

(
1− I0(κr)

I0(κ)

)

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1
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f K ∈ P1(K )
minimization of η2

K (σK ) over W2(K )

Example (A)

κ Ieff
10−3 1.40890
10−2 1.40890
10−1 1.40903

1 1.41545
10 1.57538
102 1.58316
103 1.51070
104 1.50251
105 1.50185
106 1.50178

Example (B)

κ Ieff
10−3 1.04518
10−2 1.04518
10−1 1.04521

1 1.05175
10 1.40464
102 1.02094
103 1.00588
104 1.00690
105 1.00701
106 1.00703
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−∆u + κ2u = f in Ω ⊂ R2

u = 0 on ∂Ω

|‖u − uh|‖2 ≤
∑
K∈Th

(∥∥∥∥1

κ
(r + div σK )

∥∥∥∥2

0,K

+ ‖σK‖2
0,K

)
≡ η2

K (σK )

I No constants

I Completely computable

I Guaranteed upper bound – up to oscK (f )

I Elementwise local

I Robust for κ2 ∈ (0,∞)
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