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I Classical formulation: find u ∈ C 2(Ω) ∩ C (Ω) :

−∆u = f in Ω u = 0 on ∂Ω

I Weak formulation

u ∈ H1
0 (Ω) :

∫
Ω
∇u · ∇v dx =

∫
Ω

fv dx ∀v ∈ H1
0 (Ω)

I Galerkin method Vh ⊂ H1
0 (Ω) dim Vh < ∞

uh ∈ Vh :

∫
Ω
∇uh·∇vh dx =

∫
Ω

fvh dx ∀vh ∈ Vh ⇔ Ay = F

I FEM

Vh = {vh ∈ H1
0 (Ω) : vh|K ∈ P1(K ) ∀K ∈ Th}

ϕ1, . . . , ϕN . . . FEM basis functions ϕi (xj) = δij
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∫
Ω
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∫
Ω

fvh dx ∀vh ∈ Vh ⇔ Ay = F

uh(x) =
N∑

j=1

yjϕj(x)
N∑

j=1

yj

∫
Ω
∇ϕj · ∇ϕi dx︸ ︷︷ ︸

Aij

=
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Ω

f ϕi dx︸ ︷︷ ︸
Fi
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I Discretization error: e = u − uh

I Energy norm: ‖u‖2 =

∫
Ω
∇u · ∇u dx = |u|2H1(Ω)

I

u ∈ H2(Ω) ⇒ ‖e‖ ≤ C h |u|H2(Ω)
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I ‖e‖ ≈ η, where η = η(uh)

I Efficient and realiable C1η ≤ ‖e‖ ≤ C2η

I Local η2 =
∑
K∈Th

η2
K

I Guaranteed upper (lower) bound ‖e‖ ≤ η (η ≤ ‖e‖)

I Asymptotic exactness lim
h→0

η

‖e‖
= 1
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Ω
∇u · ∇v dx −

∫
Ω
∇uh · ∇v dx︸ ︷︷ ︸∫

Ω
∇e · ∇v dx

=

∫
Ω

fv dx −
∫

Ω
∇uh · ∇v dx︸ ︷︷ ︸

R(v)

I Explicit residual ‖e‖ = ‖R‖∗

I Implicit residual

eK ∈ H1(K ) :

∫
K
∇eK · ∇v dx = RK (v) ∀v ∈ H1(K )

I Hierarchical Wh = Vh ⊕ V̂h η ∈ V̂h

I Error majorant (complementary energy)
‖e‖2 ≤ ‖∇uh − y∗‖2

0 + C 2
Ω ‖f + div y∗‖2

0 ∀y∗ ∈ H(div,Ω)

I Postprocessing ∇uh  G(uh) ∇e ≈ G(uh)−∇uh

I Quantity of interest Q(e) ≈ η
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1. Construct the initial mesh Th.

2. Find uh on Th.

3. Compute ηK for all K ∈ Th.

4. If
∑
K∈Th

η2
K ≤ TOL2 ⇒ STOP.

5. If ηK ≥ ΘηK ,max ⇒ mark K . 0 < Θ < 1

6. Refine marked elements and build the new mesh Th.

7. GO TO 2.
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−∆u = 0 in Ω

u = gD on ∂Ω

u = r
2
3 sin

2θ − π

3
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−∆u + κ2u = f in Ω ⊂ R2

u = 0 on ∂Ω

‖e‖2 ≤
∑
K∈Th

(∥∥∥∥1

κ
(r + div σK )

∥∥∥∥2

0,K

+ ‖σK‖2
0,K

)
︸ ︷︷ ︸

η2
K

I r = f + ∆uh − κ2uh

I σK ∈ H(div,K )

I σK · nK = gK −
∂uh

∂nK
on ∂K

I gK ≈ ∂u

∂nK
on ∂K
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