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I I. Static condensation of internal DOFs

I II. Partial orthogonalization of basis functions

I III. ILU-PCG
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Weak
u ∈ V a(u, v) = F(v) ∀v ∈ V

hp-FEM

uhp ∈ Vhp a(uhp, vhp) = F(vhp) ∀vhp ∈ Vhp

Vhp = {vhp ∈ V : vhp|K ∈ PpK (K ), K ∈ Thp}

p p p p p p
11 2 3 4 M−1 M

a = x
K1 K2 K3 K4 KM−1 KM

b = xx x x x x x1 2 3 4 MM−1M−20

N = dim Vhp ϕ1, . . . , ϕN basis functions

NK = dim (PpK (K ) ∩ Vhp|K ) ϕK
1 , . . . , ϕK

NK shape functions

ϕi |K = ϕK
ι−1
K (i)

i = 1, 2, . . . ,N
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I AY = F Aij = a(ϕj , ϕi ), Fi = F(ϕi ),

i , j = 1, 2, . . . N

I a(ϕj , ϕi ) =
∑

K∈Thp

aK (ϕj , ϕi ) F(ϕi ) =
∑

K∈Thp

FK (ϕi )

I AK , FK AK
`m = aK (ϕιK (m), ϕιK (`)), FK

` = FK (ϕιK (`))

`,m = 1, 2, . . . NK

Connectivity mapping ιK : {1, 2, . . . ,NK} 7→ {1, 2, . . . ,N}

I Aij =
∑

K∈Thp

AK
ι−1
K (i),ι−1

K (j)
Fi =

∑
K∈Thp

FK
ι−1
K (i)
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I AY = F Aij = a(ϕj , ϕi ), Fi = F(ϕi ),

i , j = 1, 2, . . . N

I a(ϕj , ϕi ) =
∑

K∈Thp

aK (ϕj , ϕi ) F(ϕi ) =
∑

K∈Thp

FK (ϕi )

Example:

a(ϕj , ϕi ) =

∫
Ω
∇ϕj · ∇ϕi dx

aK (ϕj , ϕi ) =

∫
K
∇ϕj · ∇ϕi dx

F(ϕi ) =

∫
Ω

f ϕi dx

FK (ϕi ) =

∫
K

f ϕi dx

I AK , FK AK
`m = aK (ϕιK (m), ϕιK (`)), FK

` = FK (ϕιK (`))

`,m = 1, 2, . . . NK

Connectivity mapping ιK : {1, 2, . . . ,NK} 7→ {1, 2, . . . ,N}

I Aij =
∑

K∈Thp

AK
ι−1
K (i),ι−1

K (j)
Fi =

∑
K∈Thp

FK
ι−1
K (i)
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∑
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aK (ϕj , ϕi ) F(ϕi ) =
∑
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∑
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K∈Thp

FK
ι−1
K (i)
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ϕ1, ϕ2, . . . , ϕM︸ ︷︷ ︸
bubbles

, ϕM+1, . . . , ϕN︸ ︷︷ ︸
non-bubbles

Aij = a(ϕj , ϕi )

A =

(
A BT

B D

)
=



AK1

AK2 BT

AK3

. . .

B D


ϕK

1 , ϕK
2 , . . . , ϕK

MK︸ ︷︷ ︸
bubbles

, ϕK
MK+1, . . . , ϕ

K
NK︸ ︷︷ ︸

non-bubbles

AK
`m = aK (ϕιK (m), ϕιK (`))

AK =

(
AK (BK )T

BK DK

)
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AY = F(
A BT

B D

) (
x
y

)
=

(
F
G

)

x = A−1(F − BTy)

Sy = G̃

S = D − BA−1BT

G̃ = G − BA−1F
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AY = F(
A BT

B D

) (
x
y

)
=

(
F
G

)

x = A−1(F − BTy)

Sy = G̃

S = D − BA−1BT

G̃ = G − BA−1F

AKYK 6= FK

AKxK + (BK )TyK = FK

BKxK + DKyK 6= GK

xK = (AK )−1
(
FK − (BK )TyK

)

SK = DK − BK (AK )−1(BK )T

G̃K = GK − BK (AK )−1FK
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licI. Static condensation of internal DOFs

AY = F(
A BT

B D

) (
x
y

)
=

(
F
G

)

x = A−1(F − BTy)

Sy = G̃

S = D − BA−1BT

G̃ = G − BA−1F

AKYK 6= FK

AKxK + (BK )TyK = FK

BKxK + DKyK 6= GK

xK = (AK )−1
(
FK − (BK )TyK

)

SK = DK − BK (AK )−1(BK )T

G̃K = GK − BK (AK )−1FK

Sij =
∑

K∈Thp

SK
ι−1
K (M+i),ι−1

K (M+j)
G̃i =

∑
K∈Thp

G̃K
ι−1
K (M+i)

i , j = 1, 2, . . . ,N −M
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1. Build AK and FK .

2. Compute SK = DK − BK (AK )−1(BK )T

and G̃K = GK − BK (AK )−1FK .

3. Assemble S from SK and G̃ from G̃K .

4. Solve Sy = G̃ .

5. Disassemble y to yK , i.e., yK
` = yιK (MK+`), ` = 1, . . . ,NK −MK .

6. Compute xK = (AK )−1
(
FK − (BK )TyK

)
.

7. Concatenate xK into x ∈ RM , i.e., xj = xK
ι−1
K (j)

, j = 1, . . . ,M.
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Original basis:

ϕb
1, ϕ

b
2, . . . , ϕ

b
M︸ ︷︷ ︸

bubbles

, ϕn
M+1, . . . , ϕ

n
N︸ ︷︷ ︸

non-bubbles

A =

(
A BT

B D

)
F =

(
F
G

)

New basis:

ϕ̃b
1, ϕ̃

b
2, . . . , ϕ̃

b
M︸ ︷︷ ︸

bubbles

, ϕ̃n
M+1, . . . , ϕ̃

n
N︸ ︷︷ ︸

non-bubbles

Ã =

(
A 0
0 S

)
F̃ =

(
F

G̃

)
S = D − BA−1BT

G̃ = G − BA−1F

ϕ̃b
i = ϕb

i , i = 1, 2, . . . ,M

ϕ̃n
M+j = ϕn

M+j −
M∑

k=1

Qjkϕb
k , j = 1, 2, . . . ,N −M

Qjk are such that a(ϕ̃n
M+j , ϕ

b
i ) = 0 . . . Q = BA−1
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licII. Partial orthogonalization

Original basis:

ϕb
1, ϕ

b
2, . . . , ϕ

b
M︸ ︷︷ ︸

bubbles

, ϕn
M+1, . . . , ϕ

n
N︸ ︷︷ ︸

non-bubbles

A =

(
A BT

B D

)
F =

(
F
G

)

New basis:

ϕ̃b
1, ϕ̃

b
2, . . . , ϕ̃

b
M︸ ︷︷ ︸

bubbles

, ϕ̃n
M+1, . . . , ϕ̃

n
N︸ ︷︷ ︸

non-bubbles

Ã =

(
A 0
0 S

)
F̃ =

(
F

G̃

)
S = D − BA−1BT

G̃ = G − BA−1F

uhp =
M∑

j=1

x̃j ϕ̃
b
j +

N−M∑
j=1

ỹj ϕ̃
n
M+j =

M∑
j=1

xjϕ
b
j +

N−M∑
j=1

yjϕ
n
M+j

x = x̃− A−1BT ỹ ⇔ x = A−1(F − BTy) Ax̃ = F

y = ỹ S ỹ = G̃
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suppϕn
M+j = supp ϕ̃n

M+j =⇒ Dij = 0 ⇔ Sij = 0

ÃK =

(
AK 0
0 SK

)
assembling−→ Ã =

(
A 0
0 S

)
SK = DK − BK (AK )−1(BK )T
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AY = F

L̂−1AÛ−1︸ ︷︷ ︸
Â

ÛY︸︷︷︸
Ŷ

= L̂−1F︸ ︷︷ ︸
F̂

preconditioning−→
ÂŶ = F̂

ÛY = Ŷ

A = LU L =

(
LA 0
LB LD

)
U =

(
UA UB

0 UD

)
A ≈ L̂Û L̂ =

(
LA 0

LB L̂D

)
Û =

(
UA UB

0 ÛD

)
S ≈ L̂DÛD

(
A BT

B D

)
M steps−→

(
LA\UA UB

LB S

)
N−M steps−→

(
LA\UA UB

LB L̂D\ÛD

)
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AY = F

L̂−1AÛ−1︸ ︷︷ ︸
Â

ÛY︸︷︷︸
Ŷ

= L̂−1F︸ ︷︷ ︸
F̂

preconditioning−→
ÂŶ = F̂

ÛY = Ŷ

A = LU L =

(
LA 0
LB LD

)
U =

(
UA UB

0 UD

)
A ≈ L̂Û L̂ =

(
LA 0

LB L̂D

)
Û =

(
UA UB

0 ÛD

)
S ≈ L̂DÛD

Â = L̂−1AÛ−1 =

(
I 0

0 L̂−1
D SÛ−1

D

)



IN
ST
IT
U
TE

of
M
ATH

EMATICS

A
ca
d
em

y
o
f
Sc
ie
n
ce
s

C
ze
ch

R
ep
u
b
licConditioning

I cond(S) ≤ cond(A) [Mandel 1990]

I nnz(S) = nnz(D) ≤ nnz(A)

I S is independent from bubble basis functions
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−∆u = f in Ω = (−1, 1)2

u = 0 on ∂Ω

u = cos(xπ/2) cos(yπ/2) f = uπ2/2
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ref. memory solve CPU time [s] rel. err.
step N N −M [×103] stat. c. ILU-CG Niter [%]

0 50 16 2.7 0.004 0.005 3 1.2
1 225 89 11.0 0.012 0.017 5 5.4×10−2
2 953 409 43.9 0.049 0.130 7 3.4×10−3
3 3921 1745 175.7 0.389 1.665 11 2.1×10−4
4 15905 7201 703.0 4.697 26.10 21 1.3×10−5
5 64065 29249 2 811.9 71.10 415.5 40 8.2×10−7

p1 = 4

p2 = 5

p3 = 6

p4 = 7
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memory solve CPU time [s] rel. err.
p N N −M [×103] stat. c. ILU-CG Niter [%]

1 113 113 2.3 — 0.007 8 1.0×10+1
2 481 481 9.2 — 0.049 10 5.1×10−1
3 1105 849 25.6 0.102 0.105 12 1.7×10−2
4 1985 1217 57.6 0.171 0.350 13 4.1×10−4
5 3121 1585 112.9 0.302 0.987 14 7.7×10−6
6 4513 1953 200.7 0.504 2.333 14 1.3×10−7
7 6161 2321 331.8 0.808 4.933 15 1.7×10−9
8 8065 2689 518.4 1.218 9.582 16 2.3×10−11
9 10225 3057 774.4 1.773 17.407 16 1.1×10−11
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memory solve CPU time [s] rel. err.
p N N −M [×103] stat. c. ILU-CG Niter [%]

1 28561 28561 518 — 16.9 82 6.9×10−1
2 28561 28561 518 — 28.1 83 9.3×10−3
3 28561 22161 640 26.7 44.4 53 1.3×10−4
4 28561 17761 810 21.2 59.8 41 2.1×10−6
5 28561 14737 1 016 17.6 74.7 34 3.2×10−8
6 28561 12561 1 254 15.0 89.4 29 5.3×10−10
7 28085 11221 1 498 12.8 101.2 26 8.9×10−12
8 28561 9661 1 823 11.7 118.5 24 4.2×10−12
9 27145 9663 2 045 9.6 121.4 22 1.3×10−11
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memory solve CPU time [s] rel. err.
p N N −M [×103] stat. c. ILU-CG Niter [%]

1 28561 28561 518 — 15.0 65 6.9×10−1
2 28561 28561 518 — 26.8 62 9.3×10−3
3 23113 17929 518 17.8 28.5 40 1.8×10−4
4 18241 11329 518 8.8 23.9 28 5.1×10−6
5 14281 7345 510 4.5 18.5 22 1.8×10−7
6 12013 5253 530 2.8 15.6 19 7.1×10−9
7 9661 3661 518 1.7 12.0 17 3.6×10−10
8 8065 2689 518 1.2 9.6 16 2.3×10−11
9 7813 2325 593 1.1 10.3 15 1.2×10−11
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