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Model problem

Classical formulation

− div(A∇u) + cu = f in Ω

u = 0 on ΓD

αu + (A∇u) · ν = gN on ΓN

Weak formulation:

V = {u ∈ H1(Ω) : u = 0 on ΓD}

u ∈ V : a(u, v) = F (v) ∀v ∈ V

a(u, v) =

∫
Ω
(A∇u) · ∇v dx +

∫
Ω

cuv dx +

∫
ΓN

αuv ds

F (v) =

∫
Ω

fv dx +

∫
ΓN

gNv ds

For y ∈ Ω find Gy ∈ V : a(w ,Gy ) = δy (w) ∀w ∈ V

u(y) = δy (u) = a(u,Gy ) = F (Gy )
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Discretization by hp-FEM

p p p p p p
11 2 3 4 M−1 M

a = x
K1 K2 K3 K4 KM−1 KM

b = xx x x x x x1 2 3 4 MM−1M−20

Vhp = {vhp ∈ V : vhp|Ki
∈ Ppi (Ki )}

uhp ∈ Vhp : a(uhp, vhp) = F (vhp) ∀vhp ∈ Vhp

Discrete Green’s function: for y ∈ Ω

Ghp,y ∈ Vhp : a(whp,Ghp,y ) = δy (whp) ∀whp ∈ Vhp

uhp(y) = δy (uhp) = a(uhp,Ghp,y ) = F (Ghp,y )

uhp(y) =

∫
Ω

f (x)Ghp(x , y) dx +

∫
ΓN

gN(s)Ghp(s, y) ds

Ghp(x , y) = Ghp,y (x)
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Properties of DGF

Lemma
Let {ϕ1, ϕ2, . . . , ϕN} be a basis in Vhp. If Aij = a(ϕj , ϕi ) then

Ghp(x , y) =
N∑

j=1

N∑
k=1

A−1
jk ϕk(x)ϕj(y), where

N∑
j=1

AijA
−1
jk = δik .

Proof.

a(vhp,Ghp,y ) = vhp(y)

Ghp(x , y) =
N∑

i=1

ci (y)ϕi (x)

vhp = ϕj

N∑
i=1

ci (y) a(ϕj , ϕi )︸ ︷︷ ︸
Aij

= ϕj(y)

ck(y) =
N∑

j=1

ϕj(y)A−1
jk
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AijA
−1
jk = δik .

Corollary

If a(·, ·) is symmetric then Ghp(x , y) = Ghp(y , x).

Corollary

Let {l1, l2, · · · , lN} be a basis of Vhp such that a(li , lj) = δij . Then

Ghp(x , z) =
N∑

i=1

li (x)li (z).



Discrete Comparison Principle

Definition
f ≥ 0 and gN ≥ 0 ⇒ uhp ≥ 0

Lemma
Discrete comparison principle ⇔ Ghp(x , y) ≥ 0 in Ω

2
.

Proof.

uhp(y) =

∫
Ω

f (x)Ghp(x , y) dx +

∫
ΓN

gN(s)Ghp(s, y) ds



Troubles with higher-order elements

x0 x1 x2 x3 x0 x1 x2 x3



DCP for mixed BC in 1D

−u′′ = f in Ω = (a, b) a(u, v) =

∫ b

a
u′v ′ dx

u(a) = 0 F (v) =

∫ b

a
fv dx + gNv(b)

−u′(b) = gN gN ∈ R

uhp ∈ Vhp : a(uhp, vhp) = F (vhp) ∀vhp ∈ Vhp

Ghp,y ∈ Vhp : a(whp,Ghp,y ) = δy (whp) ∀whp ∈ Vhp

uhp(y) = F (Ghp,y ) =

∫ b

a
f (x)Ghp(x , y) dx + gNGhp(b, y)



hp-FEM basis in 1D

a = x0 x1 x2
. . . xM−1 xM = b

φ1 φ2 φM−1 φM

h1 h2 hM

−1 1

a = x0 x1 x2 x3 = b

p1 = 1 p2 = 2 p3 = 3

χK2

χK3

ΦM+1,ΦM+2, . . . ,ΦN



Explicit expression of DGF

A =

(
AL 0
0 D

)
, A−1 =

(
(AL)−1 0

0 D−1

)

Ghp(x , y) =
N∑

j=1

N∑
k=1

A−1
jk Φk(x)Φj(y) = GL

hp(x , y)︸ ︷︷ ︸
≥0

+GB
hp(x , y)︸ ︷︷ ︸
6≥0

x0 x1 x2 x3
x0

x1

x2

x3

−1 1
−1
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+GB
hp(x , y)︸ ︷︷ ︸
6≥0

Ki = [xi−1, xi ] Ghp(x , y)|Ki×Ki
7→ Ĝhp(ξ, η)

Ĝhp(ξ, η) = (xi−1 − a)︸ ︷︷ ︸
≥0

+(xi − xi−1)l1(ξ)l1(η)︸ ︷︷ ︸
≥0[

1 +
1

2
l0(ξ)l0(η)

p∑
k=2

κk(ξ)κk(η)

]
︸ ︷︷ ︸

≥9/10



Ĝhp(ξ, η) = (xi−1 − a) + (xi − xi−1)l1(ξ)l1(η)[
1 +

1

2
l0(ξ)l0(η)

p∑
k=2

κk(ξ)κk(η)

]

ξ ∈ K̂ = [−1, 1]

l0(ξ) = (1− ξ)/2

l1(ξ) = (1 + ξ)/2

lj(ξ) =

√
2j − 1

2

∫ ξ

−1
Pj−1(x) dx∫ 1

−1
l ′i (ξ)l

′
j (ξ) dξ = δij

lj(ξ) = l0(ξ)l1(ξ)κj(ξ)

κj(ξ) =

√
2j − 1

2

4

j(1− j)
P ′

j−1(ξ)

∫ 1

−1

(1− ξ2)

4
κi (ξ)κj(ξ) dξ = 0, i 6= j

=
4

j(j − 1)
, i = j

i , j = 2, 3, . . .
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1

2
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Conclusions

I DMP for mixed BC in 1D is valid on arbitrary hp-mesh.

I DMP for Dirichlet BC in 1D is valid if Hrel ≤ 9/10.

I Generalization

−(au′)′ = f , a is piecewise constant.
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