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Preface

This book comprises papers that originated from the invited lectures, survey lec-
tures, short communications, and posters presented at the 16th seminar Programs
and Algorithms of Numerical Mathematics (PANM) held in Dolni Maxov, Czech
Republic, June 3-8, 2012. All the papers have been peer-reviewed.

The seminar was organized by the Institute of Mathematics of the Academy of
Sciences of the Czech Republic. It continued the previous seminars on mathemat-
ical software and numerical methods held (biannually, with only one exception) in
Alsovice, Bratiikov, Janov nad Nisou, Kofenov, Lazné Libverda, Dolni Maxov, and
Prague in the period 1983-2010. The objective of this series of seminars is to pro-
vide a forum for presenting and discussing advanced topics in numerical analysis,
computer implementation of algorithms, new approaches to mathematical modeling,
and single- or multi-processor applications of computational methods.

More than 50 participants from the field took part in the seminar, most of them
from Czech universities and from institutes of the Academy of Sciences of the Czech
Republic but also from Austria and Slovakia. The participation of a significant
number of young scientists, PhD students, and also some undergraduate students is
an established tradition of the PANM seminar and it was observed this year, too.
We do believe that those, who took part in the PANM seminar for the first time,
have found the atmosphere of the seminar friendly and stimulating, and are going to
join the PANM community.

The organizing committee consisted of Jan Chleboun, Petr Piikryl, Karel Segeth,
Jakub Sistek, and Tom4s Vejchodsky. Ms Hana Bilkové kindly helped in preparing
manuscripts for print.

All papers have been reproduced directly from materials submitted by the au-
thors. In addition, an attempt has been made to unify the layout of the papers.

The editors and organizers wish to thank all the participants for their valuable
contributions and, in particular, all the distinguished scientists who took a share in
reviewing the submitted manuscripts.

A few days before the final release of these proceedings, we were hit by the sad
news that our colleague Josef Dalik suddenly passed away. In our minds, he will be
remembered also as a regular participant of PANM seminars. His contributions, not
only in the proceedings you are just reading, will be recalling him to our community.

J. Chleboun, P. Prikryl, K. Segeth, J. Sistek, T. Vejchodsky
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DRIVER’S INFLUENCE ON KINEMATICS OF ARTICULATED BUS
REAR AXLE

Stanislav Barton, Tomas Krumpholc

Mendel University in Brno
Zemédeélska, 613 00 Brno, Czech Republic
barton@mendelu.cz

Abstract

This paper studies kinematic properties of the rear axle of the particle coach as
function of driver’s activity. The main goals are the prediction of the trajectory, the
computation of the vector of velocity of each wheel of the rear axle as a function of the
real velocity vector of the front coach axle and the real curvature of the bus trajectory.
The computer algebra system MAPLE was used for all necessary computations.

1. Introduction

1.1. Classical problem of kinematic

In following computations we should use these main variables: X (t),Y (t) — Gen-
eral coordinates of the moving body, later coordinates of the midpoint of the central
axle of the articulated bus, which is equal to the joint point of the rear — towed axle.
x(t),y(t) — Coordinates of the midpoint of the towed axle. L — Constatnt distance
beween midpoints of the central axle - joint, and rear - towed axle, see Figure 1.

The classical problem of kinematics is the computation of the speed V(t) and
the acceleration vector ff(t) of a body as a function of time when the location of the
body is given by the functions P(t) = [X(¢), Y ()]. The next step is the computation
of the tangential acceleration A;(t), which changes the absolute value of the velocity
and the normal acceleration A,,(¢), which changes the direction of the velocity. And
finally, the function of the center of the osculation circle of the trajectory c (t) and
its radius R(t) are derived. These functions can also be found in [4, 2, 9].

1.2. The influence of the driver

The driver controls the bus using the gas and the brake pedal — he controls the
absolute value of the velocity of the bus |V (¢)|. Furthermore — using the steering
wheel — he controls the radius of the osculating circle R(t), on which the bus is
currently moving. For further calculations it is useful to use the inverse value of
the radius of the osculation circle — the curvature of trajectory k(t) = R(t)"'. By
combining these two controls the bus driver keeps the bus moving smoothly on the
road.



2. Inverse problem

Let us assume that we know the temporal behavior of driver’s operations. Thus
we know the functions of the speed magnitude |V (t)] = v(t) and curvature k(t).
Then the problem is to compute the trajectory of the bus and the related kinematics
variables. For this we need to solve a non-linear system of two ordinary differential
equations of second and first order, they are solved in [1, 5]

VX2 4+Y2 =0(t), M = k(t). (1)
(72"

After some algebraic manipulations the equations (1) are transformed to an ex-
plicit system of two differential equations of order two:

—Y k(t)o(t)? + 28 X
v(t)
Given an initial velocity vy = |V/(0)| and its initial direction defined by the

angle ¢y and the initial position of the bus [ Xy, Y], the solution of (2) can be found
to be (see [4,5])

i Sy X k(t) U(Zt; de) Y' @)

X = / )cos(f)dr+ X, Y = / 7) sin(f)dr + Yo , (3)

where f = ¢o+ [y v(7) k(7) dr. This is an analytic solution, however, even for simple
functions v(t) and k(t) it will not be possible to compute explicit expressions for the
integrals. A considerable advantage of this result is that it allows to numerically
integrate the position for any given time ¢. We have not to be concerned with
accumulation of rounding errors as e.g by integrating the system (2) with some
numerical methods, like Runge-Kutta, see [8].

3. Generalized tractrix as model of the trajectory of the rear axle

Let us assume that the joint of the articulated bus is located in the middle of
second axle and that the trajectory of the joint is given by [X,Y]. The centre of the
rear axle, given by [z,y] - the towed axle - is to be computed. The centres of both
axles have to have a constant distance L and the velocity vector of the center of the
towed axle has to pass the joint, see Figure 1.

From these conditions (see [3]) we obtain the system of differential equations
[X, Y] and [z, y].

AX (AXX +AYY) AV (AXX +AYY) AX =2 — X,

T= T3 U= 73 , where AY —y— Y. (4)

It is a system of two non-linear differential equations of first order, which for
simple functions X and Y is relatively easy to solve.
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But if we introduce for X and Y the expressions of Equations (3), we get a very
complex system of differential equations, for which it is first necessary to solve for X
and Y by the numerical integration. This combination of numerical integration
and solving of differential equations is too complex for the computer algebra system
MAPLE. It is not possible to use successfully direct numerical solution of equations
using the command dsolve together with the parameter numeric.

3.1. Numerical integration of the equation of motion

It is possible to solve the system (3) together with Equations (4) numerically
using Runge-Kuttas method, see [8]. We implemented this in MAPLE as procedure
RK45. This procedure determines the position and velocity of the towed axles centre
at time t + At. The next procedure, named STEP, see (5), defines the magnitude
of time step At using a step size control. For the first iteration a random time step
magnitude is chosen, e.g. At = 1 and the position for this time is calculated. Time ¢
and coordinates z,y are saved in the vector R1. Similarly the position is calculated
in the same procedure, but in two steps with a half time step size At/2 and saved
as a vector R2. If the difference between these vectors is smaller than the required
accuracy, |R1 — R2| < 107°, we add the resulting position, saved in the vector R1 to
vector A. Otherwise we reduce the size of time step by half and repeat the process.
At the end of the iteration procedure the vector A will contain vectors — ordered
triplets containing the time and the towed axles position coordinates of the each
iteration step.

STEP := proc(U) local I, R2; global R1, A, At,t;
l:=U[}; R2:=[RK45(RK45(l, §!), £)]; R1 := [RK45(l, At)];
if sqrt(add(u?,u = R1 — R2)) < 107% then A := [A[], R1];t .=t + At; ()
else At := % end if

end proc

4. Practical application

Let us take as example a passing of a rectangular turn when the bus is breaking.
For this case we consider
4t (Ty — 1)

v(t) = Vo —at, k(t) ™,
f

(6)
where V; is the initial velocity, a is deceleration, T is the period of turn passing
and p is the least diameter of a passed turn.

If we choose the direction in time ¢ = 0 parallel to x axis, therefore ¢y = 0, the
turn will be finished at the moment, when the vector of immediate velocity [X,Y]
will be parallel to y. Therefore it is stated that X = 0. From this condition it is
obvious, that because of Equation (3) we have (details can be found in [6, 7])

2Vo—\4VE —6ar
AL 0 p. (7)

e 2a
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4.1. Numerical integration

1 2

As particular values we take V) = 10ms™, a = 0.5ms =, p = 20m, xg = Om,
Yo = 0m and L = 4m. For these values the time necessary to pass the turn is T =
5.45681s. The initial time is ¢ = O0s and for the initial time step we choose At = T.
Now we create the A list, its first element will be [t, —L, 0], then A := [[0, —4, 0]].
Procedure STEP determines the first step size of the time step as At = 17;—’; =
0.04263 s and then executes 128 integration steps. For specific integration times it is
possible to compute using Equations (3) the position of middle axles centre point.
Due to Figure 2 and the following relationship (8) it is hence possible to calculate
the position of front, middle and rear — towed axle.

(X(1), Y(1)]

L=const.

(X(1).y(D]

[0,0] / X 0,0] X
Figure 1: Deriving the motion equa- Figure 2: Calculation for single wheels
tion of towed axle. of a bus.

Wheel = [ X, Y] + d[cos(a), sin(a)] + 7 [— sin(«), cos(a)], (8)

for d we can take d; — the distance between centrepoints of middle and front axle, or
ds — the distance between middle and rear axles centrepoints. For a we can take 1)
— the directional vector pointing from the middle axle to the front axles midpoints.
This is the directional vector of the velocity [X,Y] or ¢ — the directional vector
pointing from the joint of the middle point of the rear axle, » = wheel spacing of
single axles. Angular sizes ¢ and v could be easily solved using the vector calculation.
The result of the calculation could therefore be a graph on Figure 3., depicting the
trajectories of single wheels, or a graph on Figure 4, which represents the angle of
cranking of the bus joint.

5. Conclusion and discussion

We have developed a method which allows for any velocity function v(t) and
trajectory curvature function k(¢) to compute all important kinematic variables of
the the articulated bus. This concerns not only the wheels but can be applied
for any arbitrary point inside the bus. Just take for that the appropriate sizes of
variables dj, dy, and r matching the Figure 2 and Equation (8). Furthermore, it
is possible to determine the acceleration of any point, including the points which
correspond to points of contact between the wheels and the road. This knowledge

12
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X [m]

Figure 3: Trajectory of separate wheels of the bus.

of acceleration could be used for the determination of the adhesion threshold limits.
This procedure could be also used for the inverse problem. From the moment of the
adhesion loss to breakaway it is possible to experimentally find such a velocity and
trajectory curvature functions, that caused the skid. Therefore it is possible from
the trajectory — a braking track — to estimate the drivers actions, that preceded this
event.

From the knowledge of acceleration inside the bus it is possible to perform the
calculations of general force, affecting the whole bus as well as individual passengers.
Knowledge of this general force is an important factor affecting the stability of the
bus. The force affecting the single passenger is a limiting factor for their safety. The
method mentioned above allows us to simulate the drivers behavior and the impact
on safety of passengers due to their position inside the bus.

Acknowledgments
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Figure 4: Angle of cranking the joint of the bus.
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Abstract

In our contribution, we study different Riesz wavelet bases in Sobolev spaces based
on cubic splines satisfying homogeneous Dirichlet boundary conditions of the second
order. These bases are consequently applied to the numerical solution of the bihar-
monic problem and their quantitative properties are compared.

1. Introduction

Wavelets are an established tool for the numerical solution of operator equations.
One of advantages of wavelet methods consists in the existence of a diagonal precon-
ditioner. This preconditioner is optimal in the sense that the condition number of
the preconditioned stiffness matrix does not depend on the size of the matrix. Fur-
thermore, a well-known compression property of wavelets enables efficient adaptive
solving of operator equations.

In numerical simulations, spline-wavelet bases are of special interest, because they
are known in a closed form, they are relatively smooth and they have a small support
in comparison with other wavelet bases, e.g. orthonormal wavelet bases. For the nu-
merical treatment of operator equations wavelet bases defined on bounded domain
are needed. They are usually derived from wavelet bases on the interval. Recently,
several constructions of cubic spline-wavelet bases on the interval adapted to the
second order homogeneous Dirichlet boundary conditions were proposed [1, 3, 9, 10].
The bases in [4, 10] have local dual basis functions, which is important in some
applications, such as solving nonlinear equations, but for solving partial differential
equations the locality of duals is not necessary. Therefore in a construction in [8], the
locality of duals is not required. The resulting basis has superb quantitative proper-
ties, but wavelets have no vanishing moments. In [5], we also gave up the locality of
duals and we designed a cubic spline-wavelet basis with vanishing wavelet moments
adapted to homogeneous Dirichlet conditions for the biharmonic problem. In this
contribution, we show that our basis have similar excellent quantitative properties as
basis from [8] and due to vanishing moments it can be used also in adaptive wavelet
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methods. In [5], a proof that this basis is a Riesz basis of the space Hj (0,1) for
1.5 < s < 2.5 is presented and properties of the projectors associated with this basis
are derived.

2. Construction of wavelet basis

We consider the domain  C R? and the Sobolev Space HZ (Q) with the standard
HZ (Q)-norm denoted by ”'”Hg(ﬂ) and the HZ (2)-seminorm denoted by |~|H§<Q). Let

J be some index set and let each index A € J take the form A = (j, k), where
|A| ;=7 € Z is a scale or a level. Let

1/2
?(J) = {v T =R i’ < oo}, IVl = (Z MF) G

reJ reJ
A family U := {¢x, A\ € J} is called a wavelet basis of HZ (), if

i) W is a Riesz basis for HZ (Q2), i.e. the closure of the span of W is HZ (Q2) and
there exist constants ¢, C' € (0,00) such that

Z bax

AT

¢ ”b”z2(j) < <C Hsz2(j) , bi={b}es € PJ). (2

HE (%)

i1) The functions are local in the sense that diam () < C271 for all A € 7,
where (2, is the support of ¢, and at a given level j the supports of only
finitely many wavelets overlap at any point = € €.

A wavelet basis is usually formed by two types of functions: scaling functions and
wavelets. We focus on a wavelet basis recently constructed in [5] and we briefly
review the construction. Let ¢ be a cubic B-spline defined on knots [0, 1,2, 3, 4] and
®p be a cubic B-spline defined on knots [0, 0, 1,2, 3]. The graphs of the functions ¢
and ¢, are displayed in Figure 1. For j € N and = € [0, 1] we set

b () = 22w —k), k=2,...29 -2, (3)
¢j,1 (:E) = 2j/2¢b(2j$), ij,gy;l (1') = 2j/2¢b(2j(1 — 1’))

We define a wavelet 1 as

1 1
Y(e) = —50(20) + $(20 — 1) = 59(22 — 2). 4
Then v has two vanishing wavelet moments, i.e.
/ *)(x)dr =0, k=01, (5)



0.8
0.6 ¢
o)
0.4
0.2}
% 1 2 3 4 0% 1 2 3

Figure 1: Scaling functions ¢ and ¢, and wavelets 1) and .

There are several choices for the definition of boundary wavelet. We choose a wavelet
with the shortest possible support and the first wavelet moment vanishing:

Up(x) = Pp(2x) — 0.45¢(2x). (6)

The graphs of the functions ¥ and v, are displayed in Figure 1. The inner wavelets
correspond to the construction of a wavelet basis for the space L? (R) in [7].
For j € N and z € [0, 1] we define

Yin(r) = 22pPr—k+2),k=2,..,2 —1, (7)
Yir(r) = 220(20), b0 (x) = 2920 (20 (1 — ).

We denote
q)] = {¢],k/|¢j,k|]{g(071)7k: 1772] - ]-}a (8)
U, = {@z)j,k/ ikl k=1, .,2]}.
Then the sets
1+s [e%¢]
U, =0, U JT; and U=2a,u( Y, (9)
=2 =2

are a multi-scale wavelet basis and a wavelet basis of the space HZ (0, 1), respectively.
We use u ® v to denote the tensor product of functions v and v, i.e. u® v (1, 25) =
u(x1) v (z2). We set

B = {0 ® 00/ 1600 0yl K1 = 1,2 ~1}
{qu,k®¢jyl/|¢jyk®¢j,l|H§(m,k:1,...,2]'—1,5:1,...2]}
&2 = {vie® bt/ ik ® Gl gy b = 1,2 1= 1,2 —1]

¢j,k & ¢j:l / |wj,/€ ® Qﬁj,l|Hg(Q) ) k’l =1,..., 2]}

17



where Q = [0, 1]>. A wavelet basis and a multi-scale wavelet basis of the space HZ (£2)
are defined as

1+s o0
P =FRUlJ(GIuGiuGE), v =RUulJ(GluGiucd).  (10)
i=2 =2

3. Condition numbers of stiffness matrices

In this section, we compare the condition numbers of the stiffness matrices for
the biharmonic problem in two dimensions for different wavelet bases. We consider
the biharmonic equation

A2u=f on Q=(0,1)*, uw=—=— =0ond. (11)

Let (-,-) denote the standard L?*(Q)—inner product and ¥? be a wavelet basis of
HZ (Q). The variational formulation is Au = f, where A = <A\I’d, A\I’d>, u=ulv
and f = <f, \I/d>. It is known that then cond A < C' < co. Since A is symmetric and
positive definite, we have also

cond A, < C, where Ay = (AU? AUY) (12)

and ¥? is a multiscale wavelet basis with s levels of wavelets. The condition numbers
of the stiffness matrices A are shown in Table 1. A construction by Jia and Zhao
from [8] is denoted as JZ11, a construction from [4] is denoted as CF12, a construction
of multiwavelet basis from [10] is denoted as S09 and a wavelet basis defined in
Section 2 is denoted as new.

S N JZ11 N CF12 N S09 N new
1D
1 15 45.9 17 61.2 30 472.0 7 35
5 255 45.9 257  66.6 510 640.8 127 4.1
9 4095 45.9 4097  66.7 8190 731.4 2047 4.1
2D
1 225  34.0 289 128.1 900 484.4 49 85
2 961 34.9 1089 141.3 3844 583.4 225 14.3
3 3969 35.1 4225 212.0 15876 626.9 961 17.5
4 16129 353 16641 257.6 64516 653.5 3969 18.2
5 65025 35.5 66049 281.2 260100 673.2 16129 18.4
6 261121 35.8 263169 297.2 1044484 689.4 65025 18.6

Table 1: The condition numbers of the stiffness matrices A, of the size N x N
corresponding to multi-scale wavelet bases with s levels of wavelets.
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Figure 2: The convergence history for an adaptive wavelet scheme with various
wavelet bases.

4. Numerical example

We compare the quantitative behaviour of the adaptive wavelet method with
a basis constructed in this paper and a cubic spline-wavelet basis from [4]. In [4] the
comparison with other wavelet bases is already done. We consider the equation (11)
with a solution w given by
v(z) = 22 (1 _ 612%12)2.

u(z,y) =v(z)v(y), (13)

The solution exhibits a sharp gradient near the point [1,1]. We solve the problem
by the method designed in [6] with the approximate multiplication of the stiffness
matrix with a vector proposed in [2]. The convergence history is shown in Figure 2.
In our experiments, the convergence rate, i.e. the slope of the curve, is similar for
both bases. However, they significantly differ in the number of basis functions and
number of iterations needed to resolve the problem with desired accuracy.

5. Conclusion

We have shown that a wavelet basis from [5] has a short support and the condi-
tion number of the corresponding stiffness matrix is smaller than for any other cubic
spline wavelet basis adapted to the second-order homogeneous Dirichlet boundary
conditions known from literature. It was shown in [8] that Galerkin wavelet method
with the wavelet basis from [8] has superb convergence. We have shown that our
basis has similar quantitative properties as basis constructed by Jia and Zhao and
additionally wavelets have some vanishing wavelet moments. Therefore, unlike basis
by Jia and Zhao our basis can be used in adaptive wavelet methods. We implemented
adaptive wavelet method with our basis and we have shown that its convergence is
improved. However, our basis does not have local duals, therefore in some applica-
tions bases from [4, 10] are more appropriate. Furthermore, it should be shown that
our basis is indeed a wavelet basis, i.e. that a Riesz basis property (2) is satisfied.
The proof and other details can be found in [5].
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Abstract

We propose a new numerical scheme based on the finite volumes to simulate the
urethra flow based on hyperbolic balance law. Our approach is based on the Riemann
solver designed for the augmented quasilinear homogeneous formulation. The scheme
has general semidiscrete wave—propagation form and can be extended to arbitrary
high order accuracy. The first goal is to construct the scheme, which is well balanced,
i.e. maintains not only some special steady states but all steady states which can
occur. The second goal is to use this scheme as the component of the complex model
of the urinary tract including chemical reactions and contraction of the bladder.

1. Introduction

The voiding is a very complex process. It consists of the transfer of information
about the state of the bladder filling in to the spinal cord. Next part is the sending
of the action potentials to the smooth muscle cells of the bladder. Even this process
is not simple and includes the spreading of the action potential along the nerve axon
and the transmission of the mediator (Ach - acetylcholine) in the synapse. The action
potential starts the process of the smooth muscle contraction.

The sliding between actin and myosin causing the change of the form (length) of
the muscle cell and its stiffness can be observed as a kind of growth and remodeling.
This approach described e.g. in [7] is used in this model. To be able to describe the
very complex processes in the SMC in the efficient form it is necessary to use the
irreversible thermodynamics. This approach was described in [8].
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2. Bladder contraction

The whole model of the bladder contraction is described in [6]. It consists of the
following parts:

e Model of the time evolution of the C'a** concentration. The C'a®* intracellular
concentration is the main control parameter for the next processes and finally
for the smooth muscle contraction. Its increase depends on the flux Jygonist of
the mediator (in this case acetylcholine) via the nerve synapse.

dc
a = JIPB - JVOCC + JNa/Ca - JSRuptake + JCICR - Jea}trusion + Jleak
+Jstretch

ds

— = J uptake J - Jea

i SRuptak CICR — Jleak

dv

% = ’y(_JNa/K - JCl - 2JVOCC - JNa/Ca - JK - Jstretch) (1)

dw

) = )\Kac ivate

i tivat

dl

E = Jagonist - Jdegrcwh
where the unknown functions represents: ¢ = ¢(t) calcium concentration in
cytoplasm, s = s(t) calcium concentration in ER/SR, v = v(t) membrane
tension, w = w(t) probability of opening channels activated by Ca*'t and

I = I(t) IP3 sensitive reservoirs concentration in cytoplasm. For details and
complete description of the functions and parameters see [4].

e Model of the time evolution of the phosphorylation of the light myosin chain.
The muscle cell contraction is caused by the relative movement of the myosin
and actin filaments. For this it is necessary that the phosphorylation of the
mentioned light myosin chain on the heads of the myosin occurs.

dA
d—tM = ksAn, — (k7 + ke) A,
dA
S = kaM, o+ KaAar — (ka o+ ks)Au,, (2)
dM,
ol kv(1 = App) + (kg — k1) Ang, — (Fy + ko + kg) M,
where the unknown functions represent the following: Ay = Ap(t) con-

nected cross-bridges, Ay, = Ay, (t) connected phosphorylated cross-bridges
and M, = M,(t) unconnected phosphorylated cross-bridges. k¢ = kg(c), the
other terms k; are constant. For details and complete description of the func-
tions and parameters see [3]. Knowing this process also the time evolution of
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the ATP consumption (J.yy) can be determined. The ATP (adenosintriphos-
phate) is the main energy source for the muscle contraction.

dYy
E = _QQY + Lchcb (3)

where Y = Y(¢) represents the ATP concentration, ()¢ is the damping param-
eter and L is the constant.

e Model of the own contraction based on the GRT and the irreversible thermo-
dynamics. The growth and remodelling theory [2] together with the laws of
irreversible thermodynamics with internal variables was applied in [8] to de-
scribe the mechano-chemical coupling of the smooth muscle cell contraction.
The product of the chemical reaction affinity (the ATP hydrolysis) with its
rate plays an important role in the discussed model. Further it can be as-
sumed that the rate of the ATP hydrolysis depends on the ATP consumption.
The corresponding equations in the non-dimensional form are following:

T=k [t —z(x—1)],

y = k:% [m- - %z(x — 1)+ C"} : (4)
Z = sgn(m) - {7’ — %Z(HC - 1)2} )

where z = i, Yy = ﬁ—g, lo is the initial length of the muscle fibre, [, its length
after stimulation when the fibre is unloaded (s. c. resting length), [ the actual
length ( when the contraction is isometric this is the input value), 7 the stress
and k is the fibre stiffness, m and r are constants. The non-dimensional values
are labeled with the single quote mark. The others symbols are the parameters.
The dependence of the single parts of the bladder model is illustrated at the
figure 1.

3. Bladder and voiding model

To model the contraction of the bladder during the voiding process we will use
the very simple model according [5]. The bladder is modelled as a hollow sphere with
the output corresponding to the input into urethra. For the pressure in the bladder
the following formula is introduced in [5]

Vn F

et . = — 5

p=gy T TEG (5)

where Vj;, is the volume of the wall, V' the inner volume, S the inner surface, F' the
force in the muscle cell and 7 stress in the muscle fibre, which can be derived as

_ TagE T [k‘lzy(x — 1)+ 5 (r - 1) - %C’}

k1y+$:—2y

: (6)
This will be putted into the equations for the isotonic contraction.
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Figure 1: Unknown functions and the dependence of the bladder model parts.

4. Urethra flow

We now briefly introduce a problem describing fluid flow through the elastic tube.
In the case of the male urethra, the system based on model in [9] has the following
form
ag+q. = 0,

wr(Erg), - 36, Pm. O

where a = a(z,t) is the unknown cross-section area, ¢ = ¢(z,t) is the unknown
flow rate (we also denote v = v(z,t) as the fluid velocity, v = ), p is the fluid
density, ag = ag(x) is the cross-section of the tube under no pressure, 5 = §(x,t) is
the coefficient describing tube compliance and A(Re) is the Mooney-Darcy friction
factor (A(Re) = 64/Re for laminar flow). Re is the Reynolds number. This model
contains constitutive relation between the pressure and the cross section of the tube

a — Qo

B

b= + Des (8>

where p. is surrounding pressure.
Presented system (7) can be written in the compact matrix form

u; + [f<u7 l')]x = ¢<u7 33'), (9)
with u(z,t) being the vector of conserved quantities, f(u,z) the flux function and

1 (u, z) the source term. This relation represents the balance laws. For the following
consideration, we reformulate this problem to the nonconservative form.
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4.1. Decompositions based on augmented system
The numerical scheme for solving problems (9) can be written in fluctuation form

oU; 1.
a—tJ = _E[A (Uj+1/27U;r+1/2

where A%( i /Q,U;.:l /2) are so called fluctuations. They can be defined by the
sum of waves moving to the right or to the left. In what follows, we use the nota-
tion U;Zrl /2 and Ujjrl /2 for the approximations of limit values at the points x;/s.
The most common choices are based on the minmod function or ENO and WENO
techniques [10].

The our approach is based on the extension of the system (7) by other equations.
The advantage of this step is in the conversion of the nonhomogeneous system to
the homogeneous quasilinear one. The augmented system can be written in the

nonconservative form

)+ AU 0, Uy ) AT (UL 0, UL )], (10)

Jj+1/20 ~j-1/2

a 0 1 0 0 0 a
q Brgo 20 2 g

_4 L a 94 94 _ ag =
o+ o7 —gieor ol el =0
il 0 0 0 0 0 il
B, 0 0 0 0 0 6],

briefly w; + B(w)w, = 0, where ¢ = av? + 2%.

We have five linearly independent eigenvectors. The approximation is chosen
to be able to prove the consistency and provide the stability of the algorithm. In
some special cases this scheme is conservative and we can guarantee the positive
semidefiniteness, but only under the additional assumptions (see [1]).

The fluctuations are then defined by

e 01001 i
A (UJ'H/?’U;FH/?) - Z ”y§)+1/2r§+1/2,
01001 e
p:l,s].;_l/2<0
_ 01001 — (12)
A+(Uj+1/2aU;r+1/2) = ’ Z 7§+1/2r§+1/2’
01001 e
p:l,sj;1/2>0
AU 5, Uhy) = £(UL ) = 80U 5) = (UL 0. U ),
where W(U ., ), U;il /o) is a suitable approximation of the source term and ) /2

are suitable approximations of the eigenvectors of Jacobi matrix f'(u).

4.2. Steady states

It is very important to choose such approximation which conserves steady states,
if these states occur exactly. Steady states mean u; = 0, therefore [f(u)], = ¥(u, z).
The steady state for the augmented system means B(w)w, = 0, therefore w, is
a linear combination of the eigenvectors corresponding to the zero eigenvalues. The
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discrete form of the vector Aw corresponds to the certain approximation of these
eigenvectors. It can be shown that

rA 1 7 r A2 1 .
A P ALN2 pBi+1B8; ATA2
Q 0 0
Al @ | =] axe [A(2) L Aae AR AB, (13)
ag p >\11/\2 I5; PBj+1B5 XIXZ  2pBj+1B;
B
B i 0 ] | 1 |
. n ; . > 4B ~ A2 A2
where for j-th cell A(.) = (.)2j+1 - (), A = %,ﬁ = %7 A= D
72 — |1/.1/. 72 — (YVitVit 1)\2 — _ 172 AB NIN2 — T2 AB
Ve = |VJVJ+1" Vo= ( . 2] ) y AIAT ==V pBj+1B;5° and ATA® = —V= + pBj+185°

We use vectors on the RHS of (13) as consistent approximation of the fourth and
fifth eigenvectors of the matrix B(w). The fluctuations (12) are defined with these
vectors and the approximation of the source term is defined by the third line in (13)
ANN? A2 N A?

SEAARYN <@> + A AB, (14)
p A2 & PBiv1B; M2 2pB110;

where the values (.); and (.);41 should be replaced by their appropriate reconstructed
values (.);", , and (.);

‘I’(UJ’_+1/2’ U;_—l/Q) =

j+1/2°

5. Complex model of the bladder and the urethra

The whole voiding model consists of the detrusor smooth muscle cell model and
the model of the urethra flow. It is described by the system of following ordinary
differential equations:

e 12 equations describing the bladder model and the detrusor contraction during
voiding - the systems (1), (2) and (4).

e 2J equations of urethra flow, where J is the number of finite volumes which
divide the urethra region

The connection between the detrusor model and urethra flow is implemented by the
relation (6) and the constitutive relation (8). The outflow of the bladder is the same
as the flow rate in the first finite volume of the urethra region. So the pressure of
the bladder is dependent on the flow rate in the tube (6). The cross-section in the
first finite volume of the urethra region is then given by the constitutive relation (8).
From the view of urethra flow, the inflow boundary condition consists of the given
cross-section and extrapolation of the flow rate from the urethra region.

6. Numerical experiment including the complex model of lower urinary
tract

Now we present numerical experiment based on the system of differential equa-
tions described detrusor smooth muscle cell model (12 equations) and urethral flow
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Figure 2: Time evolution of the quantities at the bladder neck.

(30 equations). The parameters used in this experiment are the same as in [6]. The
figures 2 illustrate time evolution of the quantities at the bladder neck.

For the simplicity the precious modelling of the synapse is neglected and the
mediator flux Jygonist is chosen - see Fig. 2. The IC units are used although in the
medical paper are used for intravesical pressure cm HoO (1 cm HyO = 0.1 kPa) and
for the outflow ml/s. The concentration is measured in uM where M = mol/l.

7. Conclusion

We presented the complex model of the lower part of the urinary tract. A simple
bladder model and the detrusor contraction model were developed during voiding
together with the detailed model of urethra flow. The urethra flow was described by
the high-resolution positive semidefiniteness method, which preserves general steady
states. For the practical application the identification of the parameters is necessary.
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Abstract

In signal and image processing as well as in numerical solution of differential equa-
tions, wavelets with short support and with vanishing moments are important because
they have good approximation properties and enable fast algorithms. A B-spline of
order m is a spline function that has minimal support among all compactly sup-
ported refinable functions with respect to a given smoothness. And recently, B. Han
and Z. Shen constructed Riesz wavelet bases of Lo(R) with m vanishing moments
based on B-spline of order m. In our contribution, we present an adaptation of their
quadratic spline-wavelets to the interval [0, 1] which preserves vanishing moments.

1. Introduction

Wavelets are a widely accepted tool in signal and image processing as well as in
numerical solution of operator equations. In this area, methods based on wavelets are
successfully used for preconditioning of large systems of linear equations arising from
discretization of elliptic partial differential equations, sparse representations of some
types of operators and adaptive solving of operator equations. The performance of
these methods strongly depends on the choice of a wavelet basis, in particular on its
condition number.

Wavelet bases on a general domain are usually constructed in the following way:
Wavelets on the real line are adapted to the interval and then by tensor product
technique to the n-dimensional cube. Finally by splitting the domain into sub-
domains which are images of (0,1)" under appropriate parametric mappings one can
obtain wavelet bases on a fairly general domain. Thus, the properties of wavelet
basis on the interval are important for the properties of resulting bases on general
domains.

Here, we focus on quadratic spline-wavelets and we construct well-conditioned
interval spline-wavelet bases. From the viewpoint of numerical stability, ideal wavelet
bases are orthogonal ones. However, they are usually avoided mainly due to the lack
of smoothness and their large support. Natural generalization of orthogonal wavelets
are biorthogonal wavelets, but their construction and implementation is relatively
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complicated and wavelets usually have larger support than scaling functions. For
more details see for instance [1]. In recent years, there appeared some interesting
constructions of biorthogonal wavelets with globally supported dual wavelets [5, 7].
This seems not to cause any problem in numerical solution of linear PDEs because
dual functions are not directly used. And recently, B. Han and Z. Shen [6] constructed
a Riesz wavelet bases of Ly(R) with m vanishing moments based on B-spline of
order m. In our contribution, we present an adaptation of quadratic spline-wavelets
proposed in [6] to the interval [0, 1] which preserves vanishing moments and compare
their properties with quadratic spline wavelets constructed in [1].

2. B-splines

We use a scaling basis based on quadratic B-splines employed for example
in [1, 2], because they are well-conditioned and can be easily adapted to the bounded
interval by employing multiple knots at the endpoints. Let NV be the desired order of

. - J —
polynomial exactness of scaling basis, j € Ny and let t/ = (%)i:f\zfv +11 be a Schoen-
berg sequence of knots defined by

t =0, k=-N+1,...,0,

, k .

J . — J
o= o k=1...,2-1
=1, k=2 ... 24+N-1

The corresponding B-splines of order N are then defined by

By (@)= (th oy —t) [th- -ty =2}, ze0,1],
where (z), := max {0,z}. The symbol [ty, ...t n] f(t) is the N-th divided differ-

ence of f which is recursively defined as

[ty tiean] f(T) = Bt B O = - B £ ) it tk 7 then,

le+N — Uk
SNt .
= # if = tiyn,

with [tx] f(¢) = f (tx). Then, we define the set ®; = {¢;r,k=—-N+1,...,27 — 1}
of scaling functions where

G =2"Bly, k=-N+1,..,2-1 j>0.

Thus, there are 2/ — N + 1 inner scaling functions and N — 1 functions at each
boundary. The functions ¢; _ny1 and ¢, are the only functions which do not
vanish at the boundaries. Therefore, scaling bases satisfying homogeneous Dirichlet
boundary conditions are given by

O ={djpk=—-N+2,...,27 -2},
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Inner scaling functions are translations and dilations of one function ¢ correspond-
ing to the primal scaling function constructed by Cohen, Daubechies and Feauveau
in [4]. In the case of a quadratic spline-wavelet basis, there is only one boundary
scaling function at each boundary. Specifically, the quadratic spline function ¢(z) is

defined by
2

5 z €[0,1],

—2?+3zx -3 zell,2),

$2

7—390—}—% x € [2,3],
0 otherwise.

¢(r) =

The left boundary function ¢g(z) is defined by

—%—1—295 x € [0,1],
¢p(r)=q & —20+2 x€][lL,2],
0 otherwise,

and the corresponding right boundary function is symmetrical with respect to the
point 3/2. Above scaling functions satisfy the following refinement equations:

B(r) = §6(22) + 6(2r — 1) + 2(20 — 2) + £6(20 — 3),

4
and
1 3 1
b(x) = 565(2) + S6(2r) + 1620 — 1),
respectively.
3. Wavelets

In many applications, it is important not only to have wavelets with short sup-
port, with vanishing moments but also with a small condition number. Such wavelets
should be as close as possible to some orthonormal wavelets or tight frames, for
a given order of regularity or vanishing moments. However, construction of opti-
mally conditioned wavelet bases is still an open question. To construct a compactly
supported wavelet, one usually starts with a compactly supported refinable func-
tion ¢ with stable shifts. Recall that the shifts of a function ¢ are stable if the
sequence formed by whole-number shifts of the function ¢ is a Riesz sequence. Then
a compactly supported wavelet is obtained by selecting some finite linear combination
of these shifts. For further details on this concept, we refer to [3, §].

While compactly supported refinable functions with stable shifts can be con-
structed relatively easily, the construction of compactly supported wavelets generated
by B-splines is not straightforward. In [6], Riesz wavelet bases of Ly(R) with m van-
ishing moments based on B-spline of order m have been proposed. Their wavelets
are the shortest supported wavelets of regularity m —1/2 with m vanishing moments.
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Figure 1: The quadratic wavelet proposed by B. Han and Z. Shen.

The quadratic spline-wavelet constructed by B. Han and Z. Shen is then given
by

W) =~ 0(2) + 5020 1)~ S0 (20 —2) + 1 6(20—3).

Its graph is depicted in Figure 1. Now, we would like to adapt it to homogeneous
Dirichlet boundary conditions and to keep the number of vanishing moments. First
of all, it is not possible to construct boundary wavelets with the same number of
vanishing moments as inner wavelets have, and with the same length of support as
boundary scaling functions have. They should be supported at least in the interval
[0,5/2]. We construct here a boundary wavelet prescribing three vanishing moments,
the support in the interval [0,5/2], homogeneous Dirichlet boundary conditions and
finally, it should be from the space spanned by {¢p(2x), ¢(2z — k) : k € Ny}. The
arising wavelet is then given by these conditions up to multiplication by a constant
and is determined by

47

Vp(x) = —gqu (22) + T3 6 (20) - 14—3¢(2x— 1)+ 6 (22 —2).

Figure 2: The constructed boundary wavelet.
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4. Properties of constructed basis

In this section, we compare selected properties of wavelets introduced in the
previous section with wavelets proposed in [1]. We will look at the condition number
and the number of nonzero elements for the stiffness matrix corresponding to the
equation u” = f with the Dirichlet boundary conditions u(0) = u(1) = 0. We use
here also the standard wavelet preconditioning consisting in normalizing all basis
function with respect to the arising bilinear form. Further, we solve the above
problem corresponding to the exact solution u = z(1—¢e°*~5%) which exhibits a steep
gradient near the point 1. Results are summarized in Table 1. NZ is the number of
nonzero elements in stiffness matrices, COND represents the condition number of
diagonally preconditioned stiffness matrices. Achieved approximation error was the
same for both bases.

The proposed basis CF

n lu,—ull, NZ COND NZ COND
8 5.9e-02 58 8.9 - -

16 1.6e-02 200 10.1 174 12.2
32 2.6e-03 530 10.6 622 12.6
64 3.1e-04 1268 10.8 1822 12.7
128 3.7e-05 2846 10.9 4510 12.8
256 4.5e-06 6128 10.9 10254 12.9

512 5.6e-07 12842 10.9 22190 12.9
1024 7.0e-08 26444 11.0 46590 12.9
2048 8.8e-09 53846 11.0 95998 12.9
4096 1.1e-09 108885 11.0 195502 129

Table 1: Obtained numerical results.

5. Conclusion

In this contribution, we proposed new wavelets based on quadratic splines. Due
to the shorter support of proposed wavelets, stiffness matrices are sparser than for
any known quadratic basis with compactly supported dual wavelets. Moreover, they
are slightly better conditioned. Our future aim is to prove that the proposed basis is
a Riesz basis and to construct higher order spline-wavelet bases with shorter support
than any biorthogonal bases with compactly supported dual wavelets have.
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Abstract

Different choices of the averaging operator within the BDDC method are compared
on a series of 2D experiments. Subdomains with irregular interface and with jumps
in material coefficients are included into the study. Two new approaches are studied
along three standard choices. No approach is shown to be universally superior to
others, and the resulting recommendation is that an actual method should be chosen
based on properties of the problem.

1. Introduction

In many domain decomposition methods, an important role is played by the
operator of averaging of a discontinuous function at the interface between adjacent
subdomains. Two standard approaches commonly used in literature are: (i) arith-
metic average, based simply on counting number of subdomains at an interface
unknown, and (ii) weighted average, with weights derived from diagonal stiffness
of subdomain Schur complements with respect to the interface. Its simplification
presents approximation of the diagonal of the Schur complement by the diagonal of
the original matrix, also known as the stiffness scaling [3]. The applicability of the
so called p-scaling (see e.g. [3] or [4] for theoretical analysis) is limited to the case of
material coefficients constant on each subdomain, which is not preserved in our ex-
amples. It also relies on knowledge of coefficients often not available in the solver. In
the case of homogeneous material, it simplifies to arithmetic average. Consequently,
it is not analyzed separately in this study.

In this paper, we study performance of these standard choices on a series of two-
dimensional numerical experiments with the Poisson equation. These were selected
to test the performance on regular and irregular subdomains, and in presence of
jumps in material coefficients with different alignment with respect to interface. The
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Balancing Domain Decomposition by Constrains (BDDC) method [2] is used for
this study. In addition to the standard approaches, two new methods are included —
averaging based on a unit jump on the interface described in [1], and a new approach
based on a unit load applied on boundary of a subdomain. These approaches are
shown to be competitive or even preferable in certain situations.

2. Reduction of the problem to the interface

Consider a boundary value problem with a self-adjoint operator defined on do-
main 0 C R? or R3. If we discretize the problem by means of the standard finite
element method (FEM), we arrive at the solution of a system of linear equations in
the matrix form

Ku="f, (1)

where K is a large, sparse, symmetric positive definite (SPD) matrix and f is a vector
of the right-hand side.

Let us decompose domain €2 into N non-overlapping subdomains €2;, 7 =1,..., V.
Unknowns common to at least two subdomains are called interface unknowns and
the union of all interface unknowns form the interface. Remaining unknowns belong
to subdomain interiors.

The first step used in many domain decomposition methods including BDDC is
the reduction of the problem to the interface. Without loss of generality, suppose that
unknowns are ordered so that interior unknowns form the first part and the interface
unknowns form the second part of the solution vector, i.e. u = [ u, u }T, where
u, stands for all interior unknowns and u for unknowns at the interface. System (1)
can now be formally rewritten to the block form

Koo Kor U, _ fO
B ]-LE] &
The hat symbol (7) is used to denote global interface quantities. If we suppose the
interior unknowns are ordered subdomain after subdomain, then the submatrix K,
is block diagonal with each diagonal block corresponding to one subdomain.

After eliminating all the interior unknowns from (2), we arrive at the Schur
complement problem for the interface unknowns

Si=g, (3)

where S = K,, — K, K 'K, is the Schur complement of (2) with respect to inter-
face and g = [ KmKO_OlfO is sometimes called condensed right-hand side. Interior
unknowns u, are determined by interface unknowns u via the system of equations
K,,u, = f, — K, u, which represents N independent subdomain problems with
Dirichlet boundary condition prescribed on the interface and can be solved in par-
allel. The main objective represents the solution of problem (3), which is solved by
the preconditioned conjugate gradient method (PCG).
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3. Primal DD methods and BDDC

Primal DD methods can be viewed as preconditioners for problem (3), when it is
solved by the PCG method. In every iteration of the PCG method, a preconditioned
residual Mt is computed, where T is the residual. The action of M is realized by one
step of the DD method.

The main idea of the primal DD substructuring methods of Neumann-Neumann
type can be expressed as splitting the given residual of the PCG method to sub-
domains, solving subdomain problems and projecting the result back to the global
domain. The primal preconditioner can be written as

M =EST'ET, (4)

where operator E7 represents splitting of the residual to subdomains, S~! stands for
solution of subdomain problems, and E represents projection of subdomain solutions
back to the global problem by some averaging [5]. In the case some subdomains are
‘floating’, i.e. do not touch a part of boundary with Dirichlet boundary conditions,
S is only positive semidefinite, and a generalized inverse ST may be needed in (4).
The condition number x of the preconditioned operator M S is bounded by

k< [|RE[g, ()

where operator R splits the global interface into subdomains and the energetic norm
on the right-hand side is defined by the scalar product as |[u|5 = (Su,u). The
relationship (5) was proved in [5] assuming that ER = I, which means that if the
problem is split into subdomains and then projected back to the whole domain, the
original problem is obtained.

If we used independent subdomain problems only (no continuity conditions across
the interface), the operator S would be expressed by a block diagonal matrix S with
diagonal blocks representing local Schur complements on subdomains. Relationship
between global and local problems can be expressed in matrix form as S = RTSR.

The main idea of the BDDC method ([2]) is to introduce a global coarse problem
in order to achieve better preconditioning and to fix ‘floating subdomains’ by making
their local Schur complements invertible. The matrix S is then positive definite, but it
is not block diagonal any more, R now represents splitting of the global interface into
subdomains (outside of the coarse unknowns), and ET distributes residual among
neighbouring subdomains only in those interface unknowns which are not coarse.
Thus in BDDC, only part of the global residual is split into subdomains; residual at
the coarse unknowns is left undivided — it is processed by the global coarse problem.

4. Choice of the averaging operator E

Three standard choices of the averaging operator E recommended already in [2]
are (i) the arithmetic average, or weighted average with weights at interface nodes
given (ii) by the ratio of the corresponding diagonal entries of the local and global
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Schur complement, or (iii) by the ratio of the corresponding diagonal entries of the
local and global system matrix K. These choices are denoted here as aa (arithmetic
average), ds (diagonal of Schur complement) and dk (diagonal of K), respectively.
Method dk can be regarded as an approximation of method ds, if Schur complements
are not computed explicitly.

We try to improve convergence of the BDDC method by choosing some more
efficient weights. One of the proposed methods is to choose operator E so that it
approximately minimizes the energy norm of the projection RE from estimate (5) for
some suitable test vectors representing jumps across the interface. The method, de-
scribed in more detail in [1], is denoted here as uj (unit jumps). Here we numerically
test just one choice of the test vectors: for every common face of two subdomains,
one (local) test vector consisting of ones in the nodes belonging to the face and zeros
elsewhere was chosen, corresponding to unit jump. Such choice results in the same
weight for every node at the whole face. This, in a sense, makes this method similar
to arithmetic average, where also just one weight is used for every node at the face
(equal to 0.5).

The second proposed method, denoted as ul (unit loads), tries to exploit infor-
mation of different values of local solution at corresponding interface nodes caused
by constant (unit) load at the local interface.

Computation of the weights at interface nodes

For the sake of clarity, formulas are presented for the 2D case, where an interface
node is either coarse (so there is no division into subdomains), or it belongs to
a face (i.e. to exactly two adjacent subdomains). We also assume one degree of
freedom per node, so that numbering of nodes and degrees of freedom coincide. It is
straightforward to generalize these methods for 3D cases and more degrees of freedom
at a node.

Notation for interface nodes:
j — number of the node in numbering with regard to interface
it — global number of the j-th node on interface

m

wj" — weight at the j-th node at the interface corresponding to the m-th subdomain

Formulas for individual methods:

aa : wit = %

ds : wit = %

dk - wit = Z—%

uj : wit = d(:ngmdd

ul : wit = #ﬁ‘&(])
where:
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s;; — diagonal entry of the global Schur complement S

spp — corresponding diagonal entry of the local Schur complement for the m-th sub-
domain; p is a local number (at the interface of the m-th subdomain) of the j-th

node at the (global) interface
k; — diagonal entry of the (global) system matrix K

kyq — corresponding diagonal entry of the local matrix for the m-th subdomain; g is
a local number (at the m-th subdomain) of the i-th node (in global numbering)

d — test vector equal to ones at the face which the j-th node belongs to and zeros
otherwise (representing jump at that face)
S™ — local Schur complement for the m-th subdomain

v, v" — vectors of solution of the local (subdomain) Schur complement problems

with zero values at coarse nodes and the right-hand side equal to one at every inter-
face node that is not coarse, at the m-th and n-th subdomain respectively, where
the n-th and m-th subdomain have common face which the j-th node belongs to.

5. Numerical results

The 2D problem of stationary heat conduction (Poisson equation) on a rectangu-
lar domain was used for testing. It was discretized by 59 x 59 bilinear finite elements
of the same size and shape.

We compared two different divisions into subdomains: rectangular subdomains
(Figure 1 left), as the usual choice for rectangular domain, and irregular subdomains
(Figure 1 right), typical for domains with irregular shape or when some tool for
automatic division into subdomains is used. For the coarse space, just the cross-
points were used. Both homogeneous and nonhomogeneous materials were tested.
The nonhomogenity was given by a 1:100 jump in conductivity. Nine different space
arrangement of the jump was used, denoted as problems pl—p9 and depicted in
Figure 2 (white color represents the conductivity of 1 and black color represents the
conductivity of 100).

Five different methods of weights for averaging between the subdomains in the
BDDC method were compared, three standard ones (aa, ds and dk) and two new
(ug, ul), all described in Section 4.

Number of PCG iterations for different methods are summarised for rectangular
subdomains in Table 1 and for irregular ones in Table 2. The problem p0 represents
problem with constant conductivity on the whole domain, the problems p7-p9 are
problems with different locations of jumps in conductivity depicted in Figure 2. As
a convergence criterion, norm of the residual less than 107% was used.

Condition numbers of the preconditioned systems are presented in Tables 3 and 4,
where the row k0 is added with the condition number of Schur complement system
without preconditioning. Condition numbers were estimated using ratio of the largest
and the smallest eigenvalue computed by Matlab function eig.

39



p0 pl p2 p3 pd4d pdb p6 p7 p8 pY
aa | 14 45 14 48 22 22 43 42 46 42
uj |14 6 14 60 21 23 49 37 49 29

ds |14 6 14 28 23 22 30 26 59 16
dk |14 6 14 28 22 22 31 25 59 16
ul |14 6 15 39 23 23 38 35 60 16

Table 1: Number of iterations of PCG, rectangular subdomains.

p0 pl p2 p3 p4d p5 p6 p7 p8 p9
aa | 13 51 46 65 35 52 538 54 68 83
uj | 14 42 41 77 49 72 55 43 70 14
ds |19 23 28 37 37 55 30 33 50 16
dk |20 23 29 37 37 57 32 34 56 16
ul |15 21 24 54 46 64 47 34 64 15

Table 2: Number of iterations of PCG, irregular subdomains.

pO pl p2 p3 p4d pd> p6 p7 p8 p9
kO | 5e2 1e3 3e3 2e3 4ded 2ed 2e4 3ed 4e3 3e3
aa | 3.71 255 3.65 83 20 33 H9 61 69 83
uj [3.72 1.15 322 73 18 30 80 50 39 19
ds | 3.71 1.15 3.61 104 20 33 50 51 153 7
dk|3.71 1.15 3.65 105 20 33 53 55 160 7
ul [ 3.94 1.15 383 46 21 33 55 58 40 8

Table 3: Condition number of the preconditioned system, rectangular subdomains.

pO pl p2 p3 pd pd> p6 p7 p8 pIY
kO | 6e2 4e3 3e3 2e3 5ed 3ed 3ed 4ded 6e3  4e3
aa | 3.26 73 62 72 50 57 82 82 77 136
uj | 3.31 91 49 166 147 157 90 131 116 4
ds | 8.23 22 148 79 106 172 128 123 94
dk | 879 22 161 80 114 188 141 132 113
ul {349 19 34 71 109 98 99 135 82

-~ ~J O

Table 4: Condition number of the preconditioned system, irregular subdomains.
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Figure 1: Division into rectangular (left) and irregular (right) subdomains.
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Figure 2: Different nonhomogeneous material properties for problems p1-p9 (the first
row pl, p2, p3, the second row p4, p5, p6, the last row p7, p8, p9).
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Figure 3: Comparison of the first 150 eigenvalues of M S for methods dk (‘o’, dotted
line), and ul (‘x’, solid line), problem p3, regular subdomains.
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Figure 4: Comparison of the first 150 eigenvalues of M S for methods dk (‘o’, dotted
line), and ul (‘x’, solid line), problem p3, irregular subdomains.
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6. Conclusions

Our numerical results lead to several observations:

e Arithmetic average (method aa) is surprisingly robust even if jumps in coeffi-
cients of the equation occur, as long as the jumps do not exactly coincide with
the interface (for instance see problem p2, where the jumps are shifted only
one row of elements from the interface).

e Weights computed as the ratio of the corresponding diagonal entries of local
and global Schur complements can be very successfully approximated using the
original system matrix K instead of the Schur complements.

e For irregular shape of interface without jumps in coefficients (problem p0),
using either ds or dk method instead of arithmetic averages (aa) can lead to
worse convergence.

e Method ul seems to give promising results: it is usually better than arithmetic
average, often it is comparable or better than ds or dk, and it does not seem
to have difficulties with irregular shape of interface. However in some cases it
leads to worse convergence than all of the standard methods.

e Both proposed methods, uj and ul, lead very often to lower condition number of
the preconditioned system than all standard methods, aa, ds and dk. However,
they often give worse convergence results. The reason for this seems to be
the distribution of eigenvalues, as illustrated for problem p8 with rectangular
and irregular subdomains in Figures 3 and 4, respectively. For both cases, the
first 150 eigenvalues for methods dk (circles) and ul (crosslines) are compared.
For the first few largest eigenvalues, the values for the dk method are larger
than the values for the ul method, which leads to larger condition number (the
smallest eigenvalue is allways equal to one). However, following values for the
dk method quickly drop down and cluster around 1, and they are much lower
than the values for the ul method. As is well known, clustering of eigenvalues
is another important aspect influencing the rate of convergence of PCG.

For equation without jumps in coefficients, the method of choice seems to be the
arithmetic averaging. It can lead to very good convergence even if there are jumps
in coefficients, except the case where jumps exactly coincide with the interface or
some part of it.

If there are jumps in coefficients, the best choice is usually choosing weights as
the ratio of corresponding diagonal entries of local and global Schur complements
(method ds). As these numbers typically are not in hand, a very good substitute is
using diagonal entries of local and global original system matrices (method dk).

Interesting results are obtained by the method ul, which deserves further investi-
gation. Method uj does not lead to better convergence than the standard methods.

43



Acknowledgements

This work was supported by Ministry of Education, Youth and Sports of the

Czech Republic under research project LH11004, by the Czech Science Foundation
under project 106/08/0403, and by the Academy of Sciences of the Czech Republic
through RVO: 67985840.

References

1]

Certikové, M., Burda, P., Novotny, J., and Sistek, J.: Some remarks on averaging
in the BDDC method. In: T. Vejchodsky, J. Chleboun, P. Ptikryl, K. Segeth,
J. Sistek (Eds.), Proceedings of Programs and Algorithms of Numerical Mathe-
matics 15, pp. 28-34. IM ASCR, Prague, 2010.

Dohrmann, C.R.: A preconditioner for substructuring based on constrained
energy minimization. SIAM J. Sci. Comput. 25 (2003), 246-258.

Klawonn, A., Rheinbach, O., and Widlund, O.B.: An analysis of a FETI-DP
algorithm on irregular subdomains in the plane. SIAM J. Numer. Anal. 46
(2008), 2484-2504.

Mandel, J. and Brezina, M.: Balancing domain decomposition for problems with
large jumps in coefficients. Math. Comp. 65 (1996), 1387-1401.

Mandel, J. and Sousedik, B.: BDDC and FETI-DP under minimalist assump-
tions. Computing 81 (2007), 269-280.

44



Programs and Algorithms of Numerical Matematics 16
J. Chleboun, K. Segeth, J. Sistek, T. Vejchodsky (Eds.)
Institute of Mathematics AS CR, Prague 2013

ON THE OPTIMAL SETTING OF THE hp-VERSION OF THE
FINITE ELEMENT METHOD

Jan Chleboun

Faculty of Civil Engineering, Czech Technical University
Thakurova 7, 166 29 Prague 6, Czech Republic
chleboun@mat.fsv.cvut.cz

Abstract

The goal of this contribution is to find the optimal finite element space for solving
a particular boundary value problem in one spatial dimension. In other words, the
optimal use of available degrees of freedom is sought after. This is done through
optimizing both the mesh and the polynomial degree of the basis functions. The
resulting combinatorial optimization problem is solved in parallel by a Matlab program
running on a cluster of multi-core personal computers.

1. Introduction

A finite element mesh is among principal factors that affect the performance of
the h-version of the finite element method (FEM). An appropriately defined mesh
or, to be more correct, a sequence of appropriately defined meshes can accelerate
the convergence of the method. Since the FEM projects the exact solution to the
mesh-dependent finite element space, the distance between the exact solution and
the finite element (FE) space determines the error, that is, the distance between the
exact solution and its FE approximation. Various techniques have been proposed to
adaptively modify FE meshes and, consequently, FE spaces in order to minimize the
error [2, 3, 10].

In the h-version of the FEM, however, the polynomials forming the basis of the
FE space either remain unchanged during the mesh modification process or only
limited increase/decrease of the polynomial degree is allowed. Typically, piecewise
linear and quadratic or even cubic functions are considered.

In the hp-version of the FEM, both mesh and polynomial degree modifications
are supported and low as well as higher order polynomials can be found together
in FE spaces, see [5, 6, 8, 11, 12]. Nevertheless, this freedom has its dark side.
Unlike the h-version of the FEM, where the FE space improvement is mediated
solely by adaptive mesh optimization, the mesh as well as the polynomial degree can
be adaptively changed in the hAp-FEM and it is difficult to determine which of the
two approaches is more efficient or how to combine them to get best results. We
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refer to [1, 7, 9, 13] for various algorithms and analyses focusing on one-dimensional
boundary value problems (BVPs).

This contribution presents computational results of the optimization of FE spaces
that have a fixed dimension. The goal of the optimization is to minimize the dif-
ference between a FE solution and the exact solution of a BVP. The difference is
measured in the H'-norm. The results can (a) serve as benchmarks for the perfor-
mance of adaptive algorithms, and (b) help to evaluate the efficiency of polynomial
degree optimization and mesh optimization.

2. Optimization problem

Let u(x) = 1/(1.25 — x) and let f, a, and b be inferred to comply with the
following BVP on the interval [—1, 1]

—u"+u=f, (1)
u(—=1)=a, u'(1)=0. (2)

Omitting the knowledge of u, we solve (1)-(2) by the FEM: Find ur, , € V7" such
that

1 1
/1 (W, o075 + Uz V) A = /1 Jvzpdz + bug, p(1) — avy, ,(=1)  (3)

holds for any vy, , € V7P, The finite element space V7»* is defined on the mesh 7T,
determined by points —1 =z < 2y < --- <z, = 1. If C([—1, 1]) denotes the space
of continuous functions on [—1,1] and Py, ([xx—1, z%]) is the space of polynomials on
[x_1,x1] of degree dj, or less, we have

VTwp — {vfrh,p e C([-1,1]) : UTh,p|[ | € Py ([wp-1, 1)), B=1,... ,m}.

Th—1:Tk

The basis functions of V7»? are defined via the Lobatto shape functions (LSFs;
see [12]) with their polynomial degree limited to at most 10. Let us note that each
LSF of order two and higher is a bubble function because its support comprises only
one mesh subinterval.

Various FE spaces can be designed with the same dimension N. To this end, we
introduce p = (dy, . .., dp,), m-tuples that describe the polynomial degree distribution
over the mesh intervals. By counting the LSFs inclusive of piecewise linear basis
functions, we arrive at N =dy +---+ d,, + 1.

Next, let Py be the set of all polynomial degree distributions that correspond to
N-dimensional FE spaces. As an example, take N =5 and

Ps={(1,1,1,1),(2,1,1),(1,2,1),(1,1,2),(2,2),(3,1),(1,3),(4)},

where (1,1,1,1) represents a FE space with five piecewise linear functions and three
unspecified mesh nodes between —1 and 1 (inner nodes), whereas (4) represents the
unique FE space formed by quartic polynomials on [—1, 1].
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Each p € Py determines a family M, of meshes 7} that, if combined with the
polynomial degree distribution p, lead to FE spaces with the dimension N.
As already indicated, we are interested in the minimization of

O(p, Th) = v — ur, pllH1(<1,1)

where ur, , € V7»? solves (3). More precisely, if a fixed dimension N is given, we
search for p° € Py and T, such that

0 . . .
(", 7)) = min_min @(p, 7). (4)

Problem (4) was solved in the MATLAB® environment. To avoid mesh degen-
eration, a minimum distance of mesh nodes was bounded from below by a small
positive constant.

The position of mesh nodes was optimized by the MATLAB® Optimization
Toolbox™ fmincon function designed to search for local minima. Since the goal of
the inner minimization in (4) is to find a global minimum, multiple runs of fmincon
were performed on an initial uniform mesh as well as on a number of initial random
meshes.

The computational complexity of problem (4) is rapidly increasing with N. In-
deed, |Py/|, the cardinality of Py, is equal to 2V 72 if N = 3,4,...,11. For N > 11,
the constraint put on the maximum polynomial degree inhibits the exponential
growth of |Py|, but not strongly. It is |Py4| = 4088, for instance.

The inner minimizations are mutually independent for different p € Py and were
solved in parallel on a cluster of personal computers with (up to) 200 cores.

3. Results

Let N = 14. Figure 1 (left) shows the values ®(p, 75) where T}, are uniform (non-
optimized) meshes. The numbers on the horizontal axis correspond to the position
of a particular p in the sequence of all p € P14. The dependence of p on its ordinal
number cannot be given by a simple formula. Let us only say that, very roughly, the
higher the ordinal number, the higher the polynomial degrees in p.

We observe that ®(p,T;,) is rather sensitive to p because the values span from
0.0062 (minimum, p = (3,10)) to 2.895 (maximum, p = (6,6,1) or p = (10,2, 1), for
example).

The right part of Figure 1 depicts the histogram of ®(p,7,) on uniform meshes.

Figure 2 is an analogy to Figure 1; it presents the same type of results for op-
timized meshes. The dependence on p is clearly visible. The S-shaped patterns
correspond to the structure of the ordering of Py4. In each pattern, ®(p,7,) de-
creases if the higher order polynomials move towards the right-end of the mesh.
The first pattern from the left begins with p = (1,1,...,1) giving the maximum
O(p, Tn) = 0.298 and ends with p = (1,2,2,...,2) and ®(p,7,) = 0.075; ordinal
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Figure 1: N = 14, uniform meshes. Values ®(p, 75,) (left) and the histogram (right).
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Figure 2: N = 14, optimal meshes. Values ®(p, 7,) (left) and the histogram (right).

number 377. The next pattern begins with p = (3,1,1,...,1) and ®(p, 7,) = 0.253;
ordinal number 378.

By comparing the cluster of minimum and near-to-minimum values in Figure 1
and Figure 2, we also infer that though the exact solution « is not a polynomial, it
is sufficiently well approximated by a few higher order polynomials. The minimum
value of ®(p,T;,) attained on the optimized meshes is equal to 0.0042 if p = (5,8).
This is not a significant improvement over the uniform meshes.

Although the sensitivity to p is strong in the optimal mesh results, we should
not overlook the decrease in . Even for the worst-case p, the error is one order
lower if the mesh is optimal. This is not the only evidence that mesh optimization
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Figure 3: Convergence of the minimum values of ® if (a) p is optimal and 7, is
uniform; (b) both p and 7, are optimal. The horizontal axis shows N and the
vertical axis shows @, the error.

pays off. Let us compare the histograms. Among uniform meshes, only 146 degree
distributions guarantee the error less than 0.1; see the first bar in Figure 1 (right).
For the optimized meshes, we obtain more than 3300 such degree distributions.

Figure 3 shows the rate of convergence of both optimal p-FEM and optimal
hp-FEM. If evaluated through the minimum values of ®, the difference between the
two methods applied to (3) is small. However, one should take into account that
there are only a few optimal and almost optimal p distributions on uniform meshes,
but significantly more p-7, couples can guarantee good performance if the mesh is
optimized; consider 0 < ®(p,7,) < 0.05 and compare Figure 1 and Figure 2. As
a consequence, although we strive to optimize both the mesh and p in the hp-FEM,
it seems to be advisable to pay somewhat more attention to the former than to the
latter. This conclusion agrees with that of [4] where a more detailed analysis of
a different BVP is presented.
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Abstract
Integro-differential equations with time-varying delay can provide us with realistic
models of many real world phenomena. Delayed Lotka-Volterra predator-prey systems
arise in ecology. We investigate the numerical solution of a system of two integro-
differential equations with time-varying delay and the given initial function. We will
present an approach based on g-step methods using quadrature formulas.

1. Introduction

Integro-differential equations (IEs) are one of the most important mathematical
tools used in modelling problems of many real world phenomena. Here, we consider
the Lotka-Volterra like predator-prey model [1]. This system of two IEs is frequently
used to describe the dynamics of biological systems in which two species interact.
One is the population of predators of the size x;(t) and the other is that of preys of
the size z5(t)

2 (1) = [c— b (t) — / " ol + s))ds] 1 (t)

—T

Th(t) = l—c + koxy (t) — /O ag(zy(t + s))ds] To(t)

where 2 (t) and 2 (¢) represent the growth of the two populations with time, ¢, k;, o;
are parameters representing the interaction of the two species.

Also, one of the models for human immunodeficiency virus (HIV) in a homoge-
neously mixed single-gender group with distributed waiting times can be described
using 1Es, see [3].

So elaboration of numerical methods for IEs is a very important problem. Pre-
sently, various specific numerical methods are constructed for solving specific TEs.
Most investigations are devoted to numerical methods for systems with discrete de-
lays, see e.g. [2].

The approach described in this article has been applied to numerical solution of
integro-differential equations with time-varying delay (IDETVD) .
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2. Equations with time-varying delay

Delay differential equations (DDEs) represent the principal form of mathematical
models occuring in Ecology. In DDEs, also called functional differential equations or
time-delay systems, dependent variables are simultaneously evaluated at more than

one value of the independent variable.
The considered DDE Cauchy problem is

¥ = flt,x(t+m), -, x{t+7)), t>to,
x(t) = V), t<t,

f is a function with the independent variable ¢ representing time, dependent vari-
able z(t) is a phase vector and z(t + 7;), 7; €< —r;,0 >, j =1,2,--- k are the
functions characterizing the influence of the pre-history of the phase vector on the
dynamics of the system. A class of DDE with constant delay 7;,7 = 1,2,--- ,k is
called DDEs with discrete delay. Supposed that delay 7; = 7;(t) we speak about
differential equations with time-varying delay.

Let us consider some of them. The delay logistic equation

() = r(t)z(t) (1 - @) . T(t) <t

describes a delay population model and is known as Hutchinson’s equation [2]. One
can see that it is insufficient to know the initial value only to define the phase
vector z(t). It is also necessary to know an inital function (initial pre-history) V().
Hence the DDEs are generalizations of the ODEs such that the velocity z'(t) of
a process depends also on the pre-history z(7(t)), 7(t) < t.

Delay can also be distributed as in the equation

2t = f (t,x(t),/TO alt s o(t+ s))ds) |

()
So, the Volterra integro-differential equations

Z(t)=f (t,x(t),/otﬂ(t, s,x(s))ds)

represent a special class of DDEs with distributed delays.
The purpose of this article is to derive a numerical method for the approximate
solution of delay differential systems with time-varying delay of the form

()= f (t,x(t),x(ﬁ(t)), /Ti) x(t, s, z(t + s))ds) .

In [3], Kim and Pimenov proposed an exact solution to a system of IDETVD

zi(t) = —sin(t)x1 () + 21 (t — %) — /t/2 sin(t + )z (t + s)ds — e® (1)
xh(t) = — cos(t)xo(t) + z2(t — %) — /t/2 cos(t + )z (t + s)ds — ) (2)
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corresponding to an inital function

cos(s)

s <0.

(§
esin(s) )

The solution (z(t), x(t))?,t € [0,00) of (1), (2) has the form
cos(t)

r(t) = e ,
To(t) = el

Then by considering the maximum absolute errors in the solution at grid points
for different choices of step size, we can conclude how further presented approaches
produce accurate results in comparison with those exact ones.

3. A numerical approach

The most popular numerical approaches for solving Cauchy problem of ODEs are
called finite difference methods. Approximate values are obtained for the solution
at a set of grid points {t, : n = 1,2,--- N} and the approximate value at each
point ¢,.1 is obtained by using some of values obtained in previous steps. The best
known methods are Euler’s methods (explicit, implicit), trapezoidal method, Milne’s
methods, Adams methods.

Most integrals cannot be evaluated explicitly and with many others it is often
faster to integrate them numerically rather than evaluating them exactly. Formulas
using such interpolation with evenly spaced grid points are the composite trapezoidal
rule and the composite Simpson’s rule. These Newton-Cotes formulas can be used
to construct a composite method with mentioned methods.

The simplest way how to solve our problem is the combination of the explicit
Euler’s method with the trapezoidal rule, outlined in the following procedure solving
the problem (1) on an equidistant mesh ¢, — t, = h, where we abbreviate x(t)
by x(t).

First, the trapezoidal rule is defined by applying

0
_ Sin(tn)l'(tn) + l’(tn/Q) — / Sin(tn -+ S)l’(tn + S)ds _ ecos(tn)

—tn)2

(tny1) = x(t,) + g

0
— sin(ty41)z(tnsr) + 2(tng1/2) — / Sin(tpgq + 5)@(tnyr + 5)ds — e<tnr)

*tn+1/2

to successive subintervals [t,, t,1], where
h=2H, t,=2kH, t, =2(k+1)H, k=0,1,2,....
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Hence,

x(2(k+1)H) =x(2kH) + H|—sin(2kH)x(2kH) + x(kH)

0

"/ sin(2kH + s)z(2kH + s)ds — ¢ —sin(2(k + 1) H)x(2(k + 1) H)

—kH
0

+z((k+1)H) — / sin(2(k + 1)H + s)z(2(k + 1)H + s)ds — ocos(2(k+1)H)
—(k+1)H

0 —kH 0
/ A= / At / A
—(k+1)H —(k+1)H —kH

I(k) = /0 sin(2kH + s)x(2kH + s)ds

—kH

Since

and letting

I(k+1)= /ikH)H sin(2(k + 1)H + s)x(2(k + 1)H + s)ds

we have

2(2(k + 1) H) = 2(2kH) + H [~ sin(2kH)x(2kH) + x(kH) — I(k) — e
—sin(2(k + 1) H)2(2(k + DH) + 2((k + 1) H) — I(k + 1) — e«=CEDH]

Now, we shall confine our discussion to evaluating (k) and I(k + 1) approximately.
For a sufficiently small mesh size H the composite trapezoidal rule gives a good
approximation to the integrals

I(k) = Z g [sin((k +p)H)x((k+p)H) +sin((k+p+ 1)H)z((k+p+ 1)H)}

Ih+1) = g fsin((k +p + D H)e((k + p + 1)H)

+sin((k+p+2)H)z((k+p+2)H)]

However, it is possible to obtain finite sums which give better approximations by the

same amount of computation. One sees, immediately, that z(¢,,1) can be computed

when ¢, is the even multiple of H. If ¢, 1 is the odd multiple of H then we apply

explicit Euler method to the model equation on an equidistant mesh ¢,,, — ¢, = h.
Then, the explicit Euler method is defined by applying

0
T(tni1) = x(tn)+h | —sin(t,)x(t,) + z(t,/2) — / sin(t,, + s)a(t, + s)ds — e
—tn)2
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to successive subintervals [t,,,t,+1], where h = H, t, =2kH, t,;1 = (2k+ 1)H,
k=0,1,2,---. This yields

x((2k+1)H) =x(2kH) + H | —sin(2kH)x(2kH) + x(kH)

0
_ / sin(2kH + s)x(2kH + s)ds — cos(2kH)
—kH

It can be seen that this formula contains the integral I (k).

Also,

2((2k + 1)H) = 2(2kH) + H [—sin(2kH)x(2kH) + x(kH) — I (k) — "] |

4. Numerical experiments

In order to test the viability of the proposed composite methods and to demon-
strate its convergence computationally we have considered several tests with some
steps, to assess the convergence property and efficiency of methods mentioned in
Section 3.

We divide the time interval ¢ € [0,6.3] into N subintervals in order to obtain the
approximate values for the solution at the grid points ¢,,. Here we are only interested
in showing the errors of the solution at some grid points. The idea was to calculate
the numerical solution by Milne-Simpson’s method of 5-th order with the Simpson’s
rule on an equidistant mesh ¢, ,; — ¢, = h = 0.003. Table 1 contains the errors in
this numerical solution in selected gridpoints.

Numerical and exact results are illustrated in Figure 1 in the time varying plane
and in Figure 2 in the phase plane also.

Figure 1: Graph of x;(t) and z2(t) versus time.
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Figure 2: Graph of x1(t) versus xo(t).

t x1(t) error of xq(f) xo(t) error of xy(t)
2.110.6035988 | 0.0052716 | 2.3707579 | 0.0185469
4.210.6124669 | 0.0043827 | 0.4182918 | 0.0038792
6.3 | 2.7178976 | 0.0118452 1.0169558 | 0.0298354

Table 1: Errors in the numerical solution.

The solid lines indicate the graphs of exact solution (z(t),z2(t))T with
21(0) = e, x2(0) = 1, t € [0,6.3]. Our program begins with the second order
trapezoidal formula and the explicit Euler’s formula, the accuracy then increases as
extra starting values become available.
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Abstract

A method for the second-order approximation of the values of partial derivatives
of an arbitrary smooth function u = u(x1,x2) in the vertices of a conformal and
nonobtuse regular triangulation 75 consisting of triangles and convex quadrilaterals
is described and its accuracy is illustrated numerically. The method assumes that
the interpolant Il (u) in the finite element space of the linear triangular and bilinear
quadrilateral finite elements from 7}, is known only.

1. Introduction

The problem to find second-order approximations of the first partial derivatives of
smooth functions u in the vertices of triangulations by means of the interpolant I, (u)
only is actual since its formulation in [6] in the year 1967. Besides the widely ac-
knowledged method [7] there exist successful methods like [5] and [3]. In this paper,
we generalize the method of averaging from [2] to nonobtuse regular triangulations
consisting of triangles as well as convex quadrilaterals in general. Numerical ex-
periments indicate the second-order accuracy of this procedure. These high-order
approximations of the partial derivatives have many applications. See [1] for some
of them.

We denote [a, as] the Cartesian coordinates of a point a and |ab| the length of the
segment ab. For arbitrary points a', ..., a™, operations ,,+“ and ,,—“ mean addition
and subtraction modulo m on the set {1,...,m}.

2. Bilinear quadrilateral finite elements

Besides the linear triangular finite elements, we work with the following bilinear
quadrilateral ones.

Definition 1. A reference bilinear finite element consists of
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Figure 1: The reference square.

a) the reference square K = a'a2a3a* from Fig. 1,
b) the local space Q) = {a + b€ + cn + dén|a,b, c,d € R} and of

c) the parameters p(a'), ..., p(a*) related to every function p € Q). The parameters
determine the function p uniquely.

Definition 2. A bilinear quadrilateral finite element consists of

a) an image K = ala?a®a’ of K by the injective bilinear mapping

T z
IRLTUR Zan[ ] )
with the Lagrange base functions

Mg m = (1- 1 -n)/d,  NEn) =1+ —n)/4
N e = (1461 +n)/, N Em) = (-1 +n)/4

in the space QY related to the nodes ', . . ., a* consecutively. Then Fg (a')=a’
for i = 1,...,4 obviously and F is an injection if and only if K is a convex
quadmlateml i.e. the inner angle Za* ta‘a’™ of K isless than wfori =1,...,4

due to [4], Section 3.3,
b) the local space Qg) ={q|q=Go Fg' for some ¢ € Q} and of

c) the parameters q(a'), ..., q(a*) related to every ¢ € @g). The parameters
determine the function ¢ uniquely.

Lemma 1. The functions 1, x1, x5 belong to QK for every convex quadrilateral K
Proof. If K = a'a?a3a* is a convex quadrilateral then QK) ={qlqo Fx € QW}
is a direct consequence of Definition 2. This and
loFy = 1eQW
rioFx = N'(&map+ ...+ NYE n)aj € QW
moFx = NY&may+...+ N € n)as e QY

give us the statement.
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Definition 3. If K is a triangle and convex quadrilateral then we denote by Ik (u)
the linear and bilinear interpolant of a function v € C(K) in the vertices of K,
respectively.

Lemma 2. Let us consider a bilinear quadrilateral finite element K = a'a?a®a?,
l = 1,2 and a linear triangular finite element T; = a’~la’ai*'. Then the graph of
I7, (u) is the tangent plane to that of i (u) at the point a’, so that

8HK (U)
&cl

_ 8HTJ, (U)

(af) Gl Vue ()

forjg=1,...,4.

Proof. As the functions from Qg) are linear on every side of K, [k (u) is linear
on the segments a’~'a/ and a’a’*!. Hence the segments pi—1pi and pipit! for p! =
[a}, ab, u(a®)], i = j—1,7,7+1, are subsets of graph(Ilx(u)). These segments belong
to a unique plane. This one is the tangent plane of graph(Ilx(u)) at o/ and it
contains graph(Ilz, (u)) as well. Lemma 2 follows immediately.

3. Nonobtuse regular triangulations

The symbols PM) and P? are reserved for the spaces of real linear and quadratic
polynomials in two variables and {2 for a non-empty bounded connected polygonal
domain in the plane. We say that K is an element when K is a triangle or a convex
quadrilateral, denote | K| the area of K, hx the diameter of K and px the maximal
diameter of the circles inside of K.

A system Tj, of elements is said to be a triangulation of Q when Uger K = Q,
any two different elements have disjoint interiors and any side of an element is either
a side of another element or a subset of the boundary 0f2. Let us consider a vertezr a
of (an element from) a triangulation 7. We call b a neighbour of a (in 7,) when the
segment ab is a side of an element from 7, and denote N}, (a) the set of neighbours
of a in T,. We say that a is an inner and boundary vertex when a € ) and a € 0f2,
respectively.

Definition 4. A system T of triangulations of €2 is said to be

a) a family when for every ¢ > 0 there exists 7, € T satisfying hx < € for all
KeT,.

b) shape-regular when there is o > 0 such that ox /hx > o for all elements K of
any triangulation from T.

We work with a shape-regular family T of triangulations of {2 such that all inner

angles of the triangles from any triangulation in T are less than or equal to the right
angle. We call these triangulations nonobtuse reqular.

29



4. The method of averaging

It is well-known that Ou/0x;(a) = Ollk(u)/0x(a) + O(hk) for a vertex a of
an element K from a nonobtuse regular triangulation, function v € C?*(K) and
for I = 1,2. We construct a weight vector such that the corresponding weighted
average of the values of Ollk(u)/Ox; in various vertices of the elements K with
vertex a approximates du/0x;(a) with an error of the second order. A special case
of this construction has been analysed in [2] for the nonobtuse regular triangulations
consisting of triangles only.

Calculating the approximations of du/0x;(a), we use local Cartesian coordinates
with origin a.

Defrinition 5. Let 7, be a nonobtuse regular triangulation. We say that r =
(b, ...,b") is a ring around

a) an inner vertex a of 7, when
al) {b',...,0"} 2 NMu(a) and

V' ¢ Niy(a) = K = abi=1bibit! € T and £ tab™t > 7/2,

a2) Zbab', ..., Zb" tab™ have the same orientation and
a3) Zb'ab' + - + Zb" tab™ = 27,
b) a boundary vertex a of 7, when there is an inner vertex ¢’ such that
bl) (b%,...,00 "L a, o ... b") is a ring around & with n > 5 or
b2) abitbibi-1 € Ty, and (b, ..., 01, ", ..., b") is a ring around b/.

We say that the triangles U; = b%ab',... U, = b lab® are related to r and set
H(a) = MaXji<i<n |ab’|

x Xz
a) bé 2 b) Bo 2
bt . |l
BT o SPRE .
a ]

Figure 2: A ring around a) an inner vertex a and b) a boundary one.

In Fig. 2, the thick lines denote the quadrilaterals from the given triangulation
and the dotted lines indicate triangles Uy, ..., Us in the case a) and Uy, ..., Uz in b).
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Definition 6. Let [ = 1,2, 7 = (b',...,b") be a ring around a vertex a of a nonobtuse

regular triangulation and let v € C'(Q2). Then we set

oIl (u) Oll,, (u)

B = n . 2
ful(a) = £ g, o &)
Here II;(u), ..., 1, (u) are the linear interpolants of w in the vertices of the triangles
Ui, ..., U, related to r and the weight vector f = [fi,..., fa]" is the minimal 2-norm

vector such that B;[u](a) is consistent, i.e. Bj[u](a) = Ou/dz;(a) for all u € P?. Due
to [2], f is the minimal 2-norm solution of the equations M(r)f = d with

1
2y1—23yn adyo—a3yr Ty Yn—Thyn—1 0
_ Dy Do Dy, _
M(T) T | yanilzn—z1)  miye(@i—z2) . Yn—1Yn(@n—1-Tn) | d= 01’
D1 Do D,
Yny1(yn—y1)  y1y2W1—y2) . Yn—1Yn(Yn-1-yn) 0
D1 Do Dy

[z;,y;] = 0" and D; = D(a, b1 b)) fori =1,...,n.

Definition 5 is in agreement with Lemma 2 and with the following statement:
Lemma 3. The system of equations M(r)f = d related to the ring r = (b',...,b")
around a vertex a is

a) unsolvable if a is a boundary vertez and

b) solvable if and only if the vertices b',a, b as well as b*,a,b* are situated on
one straight-line if a is an inner vertex.

We omit the proof of Lemma 3.

Example. For a = [0,0], we approximate the partial derivative du/dz(a) =

—0.5403023 of u(z1,x9) = sin(1l 4 2x1 + x2) /(22 — 2) by Bi[u](a). In Table 1, we use
the ring from Fig. 2 a) with H(a) = 1.3453624/2' fori = 1,...,8.

i H(a) Biy[u](a) Ou/0xi(a) — Bi[u)(a)
1 6.72681e-1 -0.460947 -7.93549 e-2
2 3.36341e-1 -0.519906 -2.03960 e-2
3 1.68170e-1 -0.535183 -5.11974 e-3
4 8.40852e-2 -0.539023 -1.27939 e-3
5 4.20426e-2 -0.539983 -3.19584 e-4
6 2.10213e-2 -0.540222 -7.98508 e-5
7 1.05106e-2 -0.540282 -1.99563 e-5
8 5.25532e-3 -0.540297 -4.98822 e-6
Table 1
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i H(a) Bilu|(a) Ou/0xi(a) — Bylul(a)
1 1.15244 -0. -0.104569 e-1

2 5.76222e-1 -0.577975 3.76723 e-2

3 2.8811le-1 -0.556928 1.66261 e-2

4 1.44055e-1 -0.545228 4.92589 e-3

o 7.20277e-2 -0.541620 1.31737e-3

6 3.60138e-2 -0.540642 3.39385e-4

7 1.80069e-2 -0.540388 8.60568 e-5

8 9.00346e-3 -0.540324 2.16627 e-5

Table 2

In Table 2, we use the ring from Fig. 2 b) with H(a) = 2.3048861/2" for i =
1,....,8.

This example indicates the second order of error of the approximations B;[u](a)
both for the inner and the boundary vertices a, but an analysis of the accuracy of
this averaging operator is necessary.
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Abstract

The computation of polynomial greatest common divisor (GCD) ranks among basic
algebraic problems with many applications, for example, in image processing and
control theory. The problem of the GCD computing of two exact polynomials is well
defined and can be solved symbolically, for example, by the oldest and commonly
used Euclid’s algorithm. However, this is an ill-posed problem, particularly when
some unknown noise is applied to the polynomial coefficients. Hence, new methods
for the GCD computation have been extensively studied in recent years.

The aim is to overcome the ill-posed sensitivity of the GCD computation in the pres-
ence of noise. We show that this can be successively done through a TLS formulation
of the solved problem, [1, 5, 7].

1. Approximate greatest common divisor

Suppose a pair of two polynomials f and g of degrees m and n,

f(x) = Zaixm_i (apay, #0) and g(z) = Z bz (bob, #0) (1)
i=0 Jj=0

with a non-trivial GCD h of degree d is given, 1 < d < n < m. Vectors of polynomial
coefficients are denoted by bold lower-case Latin letters, e.g. f = [ag,ay, ..., an]"
represents the vector of coefficients of f. Similarly, g, u, v and h will denote the
vectors of coefficients of involved polynomials g, u, v and h.
Then there exist polynomials v and v of degrees m — d and n — d, respectively,
so that
uh=f and vh=g. (2)

Equations in (2) can be rewritten to the matrix-vector notation as

u

I B 3)
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where

Qo b()
ai Qo bl bo
ai . bl
Sd(f7 g) = Am . ag bn . bO c R(m+nfd+1)><(m+n72d+2)
i am, by |

n—djl—rlcol. m—d?—lcol.

is, except the case d = 1, rectangular m +n —d+ 1 by m +n — 2d + 2 matrix called
the dth Sylvester subresultant matrix. The coefficients {a;} of f occupy the first
n —d+ 1 columns and the coefficients {b;} of g occupy the last m — d + 1 columns.
Hence, Sy(f, g) is the block matrix consisting of the two Cauchy matrices, Sy(f,g) =
[Cr_as1(f), Crgr1(g)]- The Sylvester matrix is then the matrix S(f, g) = Si(f, 9)
= [Co(f), Cin(g)] € RO FmxCmtn),

The most important relations between the GCD and the Sylvester matrices are
summarised in the following theorem.?

Theorem 1. Suppose that f and g are polynomials of degrees m and n, m > n, and
h = GCD(f,qg). Then

i) rank(S(f,g9)) =m+n—d <= degh =d,
it) rank(Sq(f,g)) =m+n—2d+1 <= degh =d,

iii) the coefficient vector h is a solution of the linear system
o)~ e
h = . 4
EEILS @
Moreover, if degh = d, then

w) rank(S;(f,g)) <m+n—-27+2, j=1,...,d,

v) rank(S;(f,9)) =m+n—-2j+2, j=d+1,... n. O

Hence, if degh = d, then S; = Sy(f,g) is rank deficient by 1 since S; has
m +n — 2d + 2 columns and rank m + n — 2d + 1 by recalling the property i) from
the theorem. Therefore,

Sy {_Vu} =0=dscR: {V} = 8 Viin(S4),

where vy, (Sg) is the right singular vector associated with oy, (Sg) = 0.

!The subscripts n —d+1 and m —d + 1 in C,,_q.1(f) and C,,_4+1(g) represent the number of
columns filled with the coefficients of f and g, respectively.
2A proof is outlined in the second authors’ paper of these proceedings.
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The coefficients of h can be now easily computed. For this purpose we have
to calculate the smallest singular pair {oyin, Vimin} of every matrix in the sequence
Sy Sp_1,...,S; until the first rank deficient matrix is found.®> Once, the rank de-
ficient matrix Sy is revealed, v and u can be extracted from the singular vector
Vimin(Sq). The coefficients of h are then computed from (4).

The smallest singular value and its corresponding right singular vector of Sy can
be computed by the Gauss-Newton method, [4], i.e. by the iteration process

QTXZT i TxiTxi -7
Xit1 = Xj — S, S,
(]

for 7 sufficiently large.* Then

} and C¢+1=”dej+1”2

||Xj+1||2

X; — Viin(Sq) and  §; —— opmin(Sa)-
71— 00 71— 00

The GCD solver in [4, 6] is based on this iteration process. However, note that
in real computations some threshold ¢ must be applied to (; to reveal the rank
deficiency. Assuming that the level of noise is not known, the solver in [4, 6] cannot
be used, since the numerical rank cannot be computed reliably, [1, 5].

Whether the level of imposed noise is known or not, vy, (Sg), u and v are com-
puted approximately and so the coefficients of h are not calculated exactly. Hence,
an approximate greatest common divisor (AGCD) is only computed.

2. Impact of noise

Numerically, Sy is considered to be rank deficient whenever oy, (Sq) < 6 for
a prescribed threshold 6. If rounding errors are only assumed, then 6 = £[|.S,||2 with
a machine precision ¢ is usually used, [2] p. 261. However, if some additional noise of
unknown level is considered, then computations with all similar choices of 8 usually
fail. In this case a different approach has to be developed.

Dependence of the GCD computation on noise can be seen from the following
example. Consider two polynomials f and g of degree 32,

8 16
@) =TT [(@ = re)® + i T (& = ra0i)® + 1367
=1 =9
16 (5)
g(@) = || [(@ = ra)® +riB7]
i=1
where a; = cos (%) , B; = sin (%) i =1,...,n,7p = 0.5 and 7, = 1.5. These

polynomials have the exact GCD of degree 16. So the rank of the Sylvester matrix
S(f,g) is 48 by recalling Theorem 1 7).

3Note that if Sy is the first rank deficient matrix and d < n < m, then every S; in Sy, ..., Sqt1
has full column rank using Theorem 1 v).
4The symbol (-)" denotes the Moore-Penrose inverse of (-).
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Figure 1: Singular values of the Sylvester matrix S(f,g) for f and g perturbed
componentwisely by the noise of the SNR = 108.

The numerical rank of S(f, g) is well defined and can be revealed by using Gauss-
Newton iteration for the choice 8 = £[|S(f, g)|l2 & 107! in case when only rounding
errors are considered.

Suppose now, that a noise of the signal-to-noise ratio SNR = 10® is component-
wisely imposed to the coefficients of f and g. Figure 1 shows the singular values of
the Sylvester matrix of perturbed polynomials. For the choice § = 107! the numer-
ical rank is 61 that is incorrect. The correct numerical rank 48 can be revealed with
§ = 10~*. The question, however, is how to estimate this 6 only from the involved
data.

3. TLS formulation, methods for AGCD

For the exact polynomials the system of equations (3) can be transformed to the
system

AdX = Cq, (6)

where cq is the first column of Sy and Ay is formed from the remaining m+n —2d+1
columns of Sy, Sy = [ca, Adl.

While the system (6) possesses exactly one solution x for the exact polynomials,
it does not possess any solution for the inexact polynomials, since the perturbed
polynomials are coprime with probability almost one, i.e. cq ¢ Range(A,) for the
inexact polynomials. However, if the polynomials f and g are coprime, we can
demand to compute the minimal corrections of their coefficients, i.e. polynomials ¢ f
and d¢g so that f + 6 f and g + d¢g have a non-trivial GCD with the highest possible
degree. Then, AGCD(f,g) = GCD(f +df, g+ dg).

Let us denote the Sylvester matrix of 6 f and dg by 0S4 = 0S4(0f,0g), 654 =
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[hq, E,], and let z = [6f7, 6g”]” be the vector of the coefficients of 0 f and dg. Then
0f and dg can be computed so that

(Ad + Ed)X =Cq + hd

has exactly one solution x and ||z||2 is minimal. Hence, the problem, that is finally
solved, is the structured TLS problem:

min ||z
Z,X

subject to (Ay + Eq)x = cq + hg (7)

and [hg, E,] is of the same structure as [cq, Ag].

Two methods for solving (7) are presented in [3]. These methods are modified and
customised for the AGCD computation in [1, 5].

Methods for the AGCD computation are not discussed in this paper, however
note, that Sylvester matrices are badly conditioned, for example, if considered poly-
nomials have coefficients that differ by several orders in magnitude. It is therefore
necessary to apply some preprocessing operations on polynomials before a method
is used. Particularly, these operations include

- normalisation of the coefficients by the geometric mean that preserves the prop-
agation of noise,

- variable substitution x = yw for minimising the ratio of the maximum to the
minimum coefficient of both polynomials f and g,

- considering a parameter « in S(f,ag) for weighting the coefficients of one
polynomial with respect to the coefficients of the second polynomial,

- column pivoting, i.e. a column of S, for which the residual ||Azy — cql|2 is
minimal replaces cq in (6).

There are several possible ways how to compute « and ~, for example, they can be
computed as values that minimise the ratio

max {max;—o__m |a;7"""|, max;—g__, |abjy""|}

min {mini:Ow’m ‘a’iﬁym_i‘, mianO,..”n ‘&bjﬁyn_j|} .

More information on the preprocessing operations is provided in [5].

Finally, Figure 2 shows the singular values of S(f,g) + dS(0f,dg) for the poly-
nomials f and g in (5) perturbed componentwisely by the noise of the SNR = 108.
The polynomials §f and dg are obtained by solving (7). We can see that the nu-
merical rank is now perfectly defined and so further computation of the GCD by the
procedure discussed in Section 1 can be processed.
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Figure 2: Singular values of S(f,g)+ dS(df,dg) where f and g in (5) are perturbed
componentwisely by the noise of the SNR = 10%, and §f and dg are obtained by
solving (7).
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Abstract

We present here some details of our implementation of Wavelet-Galerkin method
for Poisson equation in C language parallelized by POSIX threads library and show
its performance in dimensions d € {3,4,5}.

1. Introduction

Due to storage requirements and computational complexity, the approximate
solution of PDEs computed by standard numerical methods is usually limited to
problems with up to three or fourth dimensions. However in mathematical model-
ing, there is a lot of problems which involve more than three or four dimensions.
For example, the pricing of financial derivatives, problems in quantum mechan-
ics and particle physics. Here, the dimension grows with the number of consid-
ered derivatives, electrons or nuclei. An important issue for numerical methods for
higher-dimensional PDEs is that typical domains are usually hypercubes. And it
is well-known, that the curse of dimensionality can be broken on tensor product
domain (0, 1)¢ by using sparse grids [1] or by wavelets [5].

To use wavelets efficiently to solve PDEs, it is necessary to have very efficient
matrix-vector multiplication for vectors and matrices in wavelet coordinates and to
have at one’s disposal suitable wavelet bases. Wavelets should have short supports
and vanishing moments, be smooth and known in closed form, and a corresponding
wavelet basis should be well-conditioned.

In [5], authors were able to solve Poisson equation up to 10 dimensions by applying
an adaptive wavelet scheme with orthonormal continuous piecewise linear multi-
wavelets proposed in [6]. They exploited the fact that the corresponding stiffness
matrices are in tensor product wavelet coordinates well-conditioned independently
on the dimension. Their approximations converged in energy norm with the same
rate as the best N-term approximations independent of d with the cost of producing
these approximations proportional to their length up to a constant factor growing
potentially with the dimension, but only linearly.
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We try to improve results obtained in [5] by applying higher order wavelet ba-
sis. In recent years, several promising constructions of wavelets were proposed. We
mention, for example, a construction of spline-wavelet bases on the interval proposed
in [2]. Their bases are compactly supported and generate multiresolution analyses
on the unit interval with the desired numbers of vanishing wavelet moments for pri-
mal and dual wavelets. Moreover, the condition number of interval spline-wavelet
bases is close to the condition number of the spline wavelet bases on the real line for
bases up to order 4. In our contribution, we use recently proposed wavelets based
on quadratic splines [3] which have shorter supports and are better conditioned. Tt
is a modification of basis proposed in [4] with an improved condition number. Some
preliminary results were already presented in [7]. There, a sequential algorithm was
used to solve Poisson equation for d € {2, 3}.

2. Problem formulation

We solve Dirichlet problem

d
0*u
-y = Q= (0,1)
u=20 r € 0f2

by Galerkin method. Basis functions are wavelets based on quadratic splines pro-
posed in [3] extended to higher dimensions by tensor product. Stiffness matri-
ces are computed exactly. Used quadratic splines have points of discontinuity at
2%, 2%, cee 2;—;1 where L denotes the number of decomposition levels. Right-hand
side integrals are calculated by adaptive Simpson rule. We split integration to hy-
percubes of size (27%)? which enables efficient parallelization. We solve the arising
system of linear algebraic equations originated from discretization by the conjugate
gradient method with standard wavelet preconditioning consisting in normalizing all
basis functions with respect to a bilinear form corresponding to stiffness matrix. It
practically means that the stiffness matrix is multiplied from both sides by a diago-
nal matrix which has at its diagonal square root of diagonal elements of the original
stiffness matrix.

We aim at an efficient implementation of adaptive wavelet methods for higher
dimensional problems. For this purpose it is necessary to implement an efficient
storage of sparse vectors and sparse matrices in wavelet coordinates and their efficient
multiplication. We have so far implemented an efficient algorithm for matrix-vector
multiplication in the case d = 1 and because stiffness matrices for Poisson equation
in higher dimensions are computed from the stiffness matrices for Poisson equation
in one dimension and from matrices of scalar products of basis functions in one
dimension, we apply it here also for d € {3,4,5}. Here, we present a non-adaptive
implementation. It means that we choose a number of levels L and a dimension d
which leads to 279 basis functions.
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3. Implementation and parallelization

In next subsections, we shortly describe some implementation details — a compu-
tation of right-hand side integrals and a multiplication of vector by stiffness matrix.

3.1. Computation of right-hand side integrals
Right-hand side integrals are in the form

Vi (z1) . iy (xq) f(21 ... 2g) dag .. . dag, (1)

(0,1)4

where functions ¢;; are piecewise quadratic. Therefore we can split hypercube (0, 1)4
to hypercubes of size (27£)? and compute integrals

/:plf...:Eildf(xl...xd)dxl...dxd (2)

at each small hypercube for iy,...,i15 € {0,1,2}. Consequently, we compute (1) as
a linear combination of integrals (2). To calculate (2) we use Fubini’s theorem and
a recursion. Let us denote x; = 2% We designed an implementation of Simpson rule
for a computation of iterated integrals I = fxx:“ F(z)dz described below in 1.-5.
Main goal of our design is to omit evaluation of the same value of function F' twice
because it is again an integral and its evaluation is computationally expensive.

1. Compute recursively F'(x;) and F(z;41) and evaluate
Iy = == (F(z:) + F(zi41)) -
2. Set j =0.
3. Compute recursively F'(; ;) with
Sk =T+ oo for k=1,2,3,...,2/

and evaluate '
27

I'= % ZF(fzk)
k=1
4. If |I; = I'| > ¢, set j = j+ 1, compute [; = %(Ij_l + I") and go to step 3.
5. Compute I ~ 5(I; +21').

As mentioned above, we compute right-hand side integrals separately on hyper-
cubes (271). These integrals can be computed independently which enables simple
parallelization. Our implementation is in C language and for parallelization we use
a POSIX threads library. Every thread takes an index of a hypercube from a global
variable in a loop, then increases the index and computes integrals. Taking and
increasing global variable is a critical section. Therefore we use mutex (mutual
exclusion) to synchronize threads there.
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3.2. Multiplication of vector by stiffness matrix

We have implemented a very efficient algorithm of matrix multiplication in case
d = 1. Tt stores stiffness matrix with entries

dyj = / )t () da 3)

in a constant space with respect to number of levels L and run in a linear time with
respect to a matrix order. You can find a description of this algorithm in [8]. We
use a tensor product of 1D bases as a multi-dimensional basis

wh,---,id(xla cee 7xd> = wil (.%'1) o ‘¢id(xd)

and entries of the corresponding stiffness matrix

. .y .,
azlv"'vzdﬂlv"'vzd

= V@Dil,---,idei’l,...,i&~ (4)

[0,1]¢

We derive how to express the matrix a through matrices d and g

-/ (e (o) d

Note that used spline-wavelet basis is not orthonormal and so g is not identity matrix.
We put d = 3 for the sake of simplicity. Matrix (4) is then given by

Qij it j' K = Vi (1) (w2) Pk (23) 5 (1)1 (02) e (3) +

[0,1]3
+i (1) (22) U (23) i (1) (22)Pr (23) +
i (1) (22) g (w3) i (1) (22) P (203)

and can be expressed as

and multiplication of right-hand side r with a as

> (divgij g + Giardijegrw + GiarGigrdin) Tijons (5)
/[:/7]'/7]{:/

To compute (5) we use the following algorithm

0 o 1 o . .
1. Compute Tijrky = > Giwrrirje and Tijtky = > s digTy e as a one-dimensional
multiplication for all j, &'

2.7 ZJk’ Z g]J/TU’k”
z]k’ Z g]J/TZ]/k‘/’
ZJk’ Z d]] i’k
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> réjk =D gk’“méjku
rléjk =D o Gk T i1t
Tijk = Zk’ dkk’rijk/'

_ 1 2 3

Then, we have 8 matrix-vector multiplication in steps 1.-3. In each step, all multi-
plications are independent and are computed in parallel. In the case d = 4, we have
13 multiplications in 4 groups and for d = 5, we have 19 multiplications in 5 groups.

4. Numerical experiments

We run our code for Poisson equation in dimensions d € {3, 4,5} with the solution

w(wy, o, .., xg) = (L—a1)(1—x2) ... (1 —zy4) (1 — e(_lomlm“'md)) :

In Table 1, d denotes dimension, L denotes the decomposition level of wavelet basis,
N is the matrix size, RHS16 (m) and RHS8 (m), respectively denotes time of
computation of right-hand side integrals in minutes in 16 and 8 threads, respectively,
#CG denotes the number of iterations of the conjugate gradient method and C'G(m)
denotes time of computation of the conjugate gradient method in minutes. We used
for our computation a processor with frequency 2.3 GHz and with 16 cores.

d|L| N |RHS16(m) | RHS8(m) | #CG | CG (m) | Ly norm of error
3] 8]2% 10 21 | 177 100 | 1.6 - 1071
31 9]2% 136 260 | 199 920 | 1.1-10712
41 5]2% 9 18] 161 51591077
41 6]2% 49 92 | 203 120 | 4.5-10°10
51 4]2% 250 480 | 128 3115-1078
50 5]2% 520 -1 176 200 [ 1.5-107°

Table 1: Results of numerical experiments.

5. Conclusion

We have presented here some details of our implementation of Wavelet-Galerkin
method for Poisson equation in dimension d € {3,4,5} in C language parallelized
by POSIX threads library. Parallelization of evaluation of right-hand side integrals
is efficient — enables concurrent evaluation by as many threads as the number of
available computational cores. The ratio of total CPU time and real time is in
the case of 16 threads around 15.8. This is not the case for the conjugate gradient
method and our future goal is to improve it. Another goal is to design and implement
appropriate data structures for adaptive methods.
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Abstract

The presented contribution maps the possibilities of exploitation of the massive
parallel computational hardware (namely GPU) for solution of the initial value prob-
lems of ordinary differential equations. Two cases are discussed: parallel solution of
a single ODE and parallel execution of scalar ODE solvers. Whereas the advantages
of the special architecture in the case of a single ODE are problematic, repeated so-
lution of a single ODE for different data can profit from the parallel architecture.
However, special algorithms have to be used even in the latter case to avoid code di-
vergence between individual computational threads. The topic is illustrated on several
examples.

1. Introduction

The modern Graphical Processor Unit (GPU) serves as a powerful graphics engine
thanks to its highly parallel programmable processor. As a parallel device it features
peak arithmetic and memory bandwidth that substantially outpaces its CPU coun-
terpart. Contemporary graphics processors thus operate as co-processors within the
host computer.

There are several peculiarities in the GPU architecture from the point of view
of a regular PC user, namely rather complicated memory access and parallel archi-
tecture of the graphics multiprocessor. Whereas a high level programming interface
can unify the memory access up to certain limit, parallel algorithms for GPUs have
to be treated in a special way, see e.g. [6].

Graphics processors are built as multithreaded SIMD (single instruction, multiple
data) devices. It means that each instruction of the code is preformed on a set of data
at once. Any exception in data treatment (like data dependent branches) results in
splitting of the program flow and leads to a significant degradation of performance.

2. Parallel solution of an ordinary differential equation

Solution of an ordinary differential equation is a sequential problem in its nature.
There are only several parallelisable points in a general procedure of an ODE solver,
usually regarding evaluation of the integrated functions.
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In his exhaustive review paper [2] Burrage follows the classification of the seminal
Gear’s work [4]. He divides the techniques into two different categories: parallelism
across the method and parallelism across the system. The first group comprises
methods which exploit concurrent function evaluations within one ore more steps.
The second group includes methods based on waveform relaxation. These methods
decouple the original system into a set of small and independent subsystems which
can then be solved in parallel.

According to literature survey, both categories are still being developed, but not
in conjunction with GPU computation. The high cost of communication between
CPU and GPU and demand of synchronous operation on the whole set of data
make this computational environment specific. To achieve improvement if a GPU is
used, any of the methods mentioned above ought to request thousands of function
evaluation for each step. On the other hand, if the dimension of the coupled ODE
system is large, a single RHS evaluation can exploit GPU accelerated matrix/vector
multiplication, matrix inverse evaluation etc.

Only a few papers dealing with ODEs and GPU are availalabe up to now. They
mostly reflect problems originating from biomechanics or chemistry, see e.g. [10] or
are dealing with evolutionary differential equations. Only three projects can be found
on internet which aim at implementation ODE solvers to the GPU hardware:

CULSODA [3] is an adaptation of the highly sophisticated algorithm LSODA
(adaptive steplength, automatic stiff/non-stiff method switching etc, see [5]) for
NVIDIA’s CUDA compiler. It does not contain any parallel code in itself. The
procedure can be used to perform a parameter study of a single ODE system. As it
will be shown in the next section, usability of the CULSODA code is rather limited.
It seems that the project has been abandoned since 2009.

ODEINT_V2 [1] is a general C++ library for numerical solution of ODE. With
most integration methods it offers exploitation of CUDA capable hardware. The
authors claim that the GPU is worth to employ in the following applications: pa-
rameter studies, large systems like ensembles of lattices, discretizations of PDEs, etc.

CUDA-sim [9, 10] is a Python package providing CUDA GPU-accelerated bio-
chemical network simulation. The package offers ODE solver based on CULSODA
implementation and stochastic differential equation solver according to the Euler-
Maruyama algorithm. It’s usage is limited to the case when a large number of
independent ODEs are to be solved en bloc.

It seems that none of the sophisticated methods mentioned in [2] or newer papers
is implemented in the available libraries. On the other hand, there are certain tasks
which are based on solution of a large number of independent ODEs or systems.
Even if the beautiful theory of parallel ODE solvers cannot be employed in this
cases, existing cheap GPUs could significantly speed up the computation in such
a situation as it will be shown in the next section.
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3. Example

Two tasks routinely performed by engineers are good candidates for a parallel
processing example: computation of response spectra and resonance curve.

Response spectra p(w) of recorded time history is a plot of the peak or steady-
state response of a series of oscillators of varying natural frequency w? that are
forced into motion by the recorded signal a(t), cf. (1). The natural frequency of
the oscillators is taken as the independent variable, coefficient of damping [ is pre-
defined as a parameter, see e.g. [8]. Resonance curve R(w) is a similar plot of the
peak or steady-state response of a structure described by a system of differential
equations f(t), that is forced into motion by a harmonic function ag sin(wt). In this
case the independent variable is the frequency w of the harmonic input motion (2) .

p(w) = max [y(t)],  where § + 28y + w’y = —i (1)
R(w) = max [y(t)|,  where f(y,5,4,...,1) = aosin(wi) (2)

The both problems are similar and lead to solution of a large number of independent
initial value problems. In this case, the parallel computation is an obvious choice.
Evaluation of the resonance spectra will be illustrated using the following exam-
ple. The equation (3) describes movement of the mathematical pendulum with an
external excitation in the suspension point (see the detailed derivation in [7]):

o st (€@ 4 ) 128 4l (4 5t @+ ) = i (a)

dt2

(3)

(4 stan(@+ )+ 28+ (CHoi@+ ) =0 @

dt2(
where £, are components of the projection of the pendulum’s bob to the (zy)
plane, r is the length of the pendulum, wg = g/r is the natural frequency of the
corresponding linear pendulum and g is the gravitational acceleration. The viscous
damping is denoted as S, 5; in respective directions. As the harmonic excitation
a(t) = agsin(wt) acts in the £ direction only, the basic type of motion takes course in
the vertical (xz) plane if the time history starts under homogeneous initial conditions.
With the increasing amplitude of the excitation a(t), the in-plane movement can lose
its stability and movement in the transversal direction ¢ can occur.

If the resonance curve is to be computed, it is necessary to perform numerical
solution of the system (3) for a large number of excitation frequencies w. Two numer-
ical methods enter into comparison: the CULSODA solver and in-house implemented
simple backward Euler solver.

Table 1 shows the timings for CULSODA solver and various numbers of ODE
solution threads. Two experiments are shown: the real case, when each thread solves
ODE for its own excitation frequency, and the unrealistic one when all threads do
exactly the same work (the frequency w is the same for all the threads). The first
case shows the devastative effect of the thread divergence on the overall performance
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# values 1024 8192 16384 32768 1024 8192 16384 32768

thread divergence (w =1, ..., 10) no thread divergence (w = 1)
GPU (sec) 19.2 40.7 70.7  127.3 04 09 1.7 3.4
CPU (sec) 0.54 4.21 8.54 16.4 04 28 6.0 11.1

Table 1: Timing of the resonance curve enumeration using CULSODA in single prec.

CPU: 2x Intel Xeon X5560 (16 threads), GPU: NVIDIA Quadro 4000 (256 cores).

# values 64 1024 8192 16384 32768
GPU (sec) 1.75 1.93 2907 584 11.06
CPU (sec) 0.74 8.89 7249 14321 295.1

Table 2: Timing of the resonance curve enumeration using simple backward Euler
method with constant step length. CPU: 2x Intel Xeon X5560 (16 threads, single
precision), GPU: NVIDIA Quadro 4000 (256 cores, single precision).

of the GPU. The second case shows the theoretical potential of the GPU. Starting
from certain problem size (1000 threads in this example) GPU is processing faster
than CPU. The thread divergence in the first case is caused by two reasons: (a) the
equation significantly changes its properties for growing w and (b) the LSODA code
changes its course accordingly.

The adaptivity of the LSODA algorithm is a great disadvantage when used in the
GPU code. To eliminate the thread divergence a simple backward Euler ODE solver
has been implemented. To avoid any unnecessary jumps and conditions, the linear
equation solver procedure used in the Newton method has been hard-coded for a pre-
determined dimension using the Crammer rule. Number of iterations of the Newton
method has been fixed. The method exhibits reasonable accuracy for a sufficiently
small step. Table 2 lists the corresponding timings for the backward Euler solver.
There is no doubt about the winner in this case: starting with 256 computational
threads the GPU becomes significantly faster.

The both results are not intended to compare the individual methods. In a scalar
case the LSODE algorithm is faster. In order to keep the accuracy reasonable the
backward Euler code uses much smaller step size than the LSODE solver. Moreover,
whereas the LSODE requires about 2 function evaluation for each step and one
Jacobian for (about) 10 steps, the backward Euler evaluates f(y,t) and the Jacobian
in each step and for each iteration of the Newton method.

The response spectrum is usually computed using the Newmark method. The
Newmark method is an explicit second order method whose recurrence is tailored for
the second order equation of motion, see (1). It is especially convenient in the (usual)
case when some measured record enters the computation as a set of regularly sampled
discrete values. It supposes a fixed length of the integration step. Figure 1 shows
timing of the implementation for different numbers of frequencies. As the simple
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Figure 1: Timing of response spectra enumeration (El Centro earthquake record,
31000 samples, At = 0.001) using the Newmark recurrence formula. The CPU tim-
ing for single and double precision does not differ.

CPU 1: 2x Intel Xeon X5560 (16 threads), GPU 1: NVIDIA Quadro 4000
(256 cores). CPU 2: Intel i7 950 (8 threads), GPU 2 : NVIDIA GT430 (64 cores)

Newmark recurrence does not contain any branches, thread divergence cannot occur
in this case.

The speed difference between single and double precision arithmetic is shown
in Figure 1. The performance penalty for double precision is 1/2 for the advanced
NVIDIA Quadro 4000 GPU and 1/8 for the entry level GT430. The ratios correspond
well to the architectures of the both cards (one double precision floating point unit
is common for 2 cores in the high end NVIDIA GPUs or for 8 cores in GT430).
However, even the slower card can compete well with the dual Xeon workstation for
well chosen problems.

4. Conclusions

The great progress of the computer technology enables the scientific community
to solve fairly complex problems. Current GPUs are cheap devices with power of
a supercomputer. This demands the scientists to adopt higher level of knowledge of
programming techniques.

We have shown two examples of GPU utilization for numerical solution of ini-
tial value problems. Three numerical methods were presented: i) The adaptive
solver LSODA provided to be the least advantageous for GPU. ii) As an alter-
native, the backward Euler method is reasonably accurate and stable and can be
programmed in a manner which meet requirements of a fast GPU code. iii) Simple
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recurrence formula, simple arithmetic, no special functions, no jumps or branches and
no inter-thread communications make the Newmark procedure an ideal candidate for
employment of GPU.

It seems that the advanced methods for solution of a single large ODE system are
not very convenient when used for machines with SIMD architecture. However, the
presented examples exhibited possibility of fruitful utilization GPUs in practice. It
has been shown that in certain cases even an entry-level GPU can work faster than
a high-end CPU.
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Abstract

In this contribution, we will use the Mazwell-Cartesian spherical harmonics (intro-
duced in [1, 2]) to derive a system of partial differential equations governing transport
of neutrons within an interacting medium. This system forms an alternative to the
well known P approximation, which is based on the expansion into tesseral spherical
harmonics ([3, p. 197]). In comparison with this latter set of equations, the Maxwell-
Cartesian system posesses a much more regular structure, which may be used for
various simplifications that could be advantageous from computational point of view.

1. Introduction

Consider the monoenergetic, steady-state neutron transport problem with fixed
volumetric sources! in a domain V' C R3 filled with isotropic medium interacting
with the neutrons. Solution of this problem describes the stationary distribution
of neutrons within V' together with their motion directions and is called angular
neutron flur density (or shortly angular flur). In standard notation, the angular
flux is expressed by function ¥(r, ) where r = [z,y, 2|7 € V and components of the
direction vector are given in spherical coordinates as

Q. sin ¥ cos ¢
Q=1 Q, | = | sindsing | =Q,p), Vel0,nr], ¢e€l02m).
Q, cos U

Angular neutron flux is therefore a function defined in a five-dimensional domain
V xSy (S3 denoting the unit 2-sphere). Numerical methods that can be used to de-
termine the solution of practically significant neutron transport problems are usually
constructed by first semi-discretizing the governing equation with respect to the an-
gular variable €2, yielding a system of PDE’s in space, and using standard numerical
methods like the finite volume or finite element methods to solve this system.

!The extension to energy- or time-dependent problems would be straightforward.
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In this paper, we will be interested only in the angular semi-discretization of the
neutron transport equation. One of the most popular method to accomplish this task
is the method of spherical harmonics. In this method, the angular flux is expanded
into a series of tesseral spherical harmonics ([3, p. 197]) which form a complete
orthonormal basis of the space L?(S3) of functions square-integrable with respect
to . By considering only spherical harmonics of degrees n < N 2 and performing
the Galerkin projection (with respect to €2) of the neutron transport equation onto
the subspace spanned by those functions, a system of first-order hyperbolic PDE’s
in space, conventionally referred to as the Py system, is obtained®. However, the
resulting system is quite complicated, strongly coupled through differential terms
and lacks the invariance with respect to change of coordinate axes.

We therefore propose to use a different set of expansion functions to perform the
angular semi-discretization. In [7], the author arrived at a “far more symmetric and
compact” ([7, p. 1455]) form of the angularly semi-discretized system of equations
governing the distribution of plasma by using an expansion of the solution in terms
of special spherical harmonic tensors rather than the usual sets of tesseral spherical
harmonics. Although the derivation and properties of the spherical harmonic ten-
sors were not described in much detail in the paper, they are actually equal (up to
a normalization) to the Mazwell-Cartesian spherical harmonic tensors, rigorously de-
veloped in [1]. Use of these tensors have so far proven to be advantageous in solving
various electro-magnetics and quantum-mechanical problems ([1, 2]). Nevertheless,
they have not been used for neutron transport problems until very recently ([5]).

In section 2, we will introduce the neutron transport equation and basic nota-
tion. Section 3 provides a brief review of the Maxwell-Cartesian spherical harmonic
tensors, leaving the details to the original papers [1, 2]. The alternative to the
Py system is derived in section 4; the derivation is different from that of [5] and,
in our opinion, provides more insight into the structure of the equations. How this
insight can be used to obtain in a new way some known (but not yet completely
understood) approximations used in neutron transport methods is suggested in the
conclusion.

2. Mathematical model

The equation governing transport of neutrons, also known as the linear Boltz-
mann’s transport equation (shortly BTE), reads (in standard notation, as e.g. in
[11, Sec. 9.7]):

Q. Vw(l', Q) +0t(1")1/1(1'a Q) _/

. [as(r, Q-Q)+ % (r, ) dQ = q(r, ),

T

1)
where r € V, Q € S5. The o functions are called macroscopic cross-sections for
a particular interaction, distinguished by the subscripts (¢ for the total probability

2Note that there are 2n + 1 tesseral harmonics of given degree n > 0.
3Detailed description is given in many classical books on nuclear reactor physics, like [11, 4].
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of collision of any type with nuclei at r, s for scattering from direction €2’ to £ upon
the collision and finally f for the collision which results in fissioning the target nucleus
and releasing an average number of v neutrons in the process). We will assume that
all the macroscopic cross-sections are given bounded measurable functions and look
for a non-negative ¢» € L*(V x Sy) * given the volumetric distribution of neutron
sources ¢ € L*(V x S;). Boundary conditions will not be considered here — we may
remark, however, that the developments in this work make the incorporation of the
well-known Marshak approzimation of the boundary conditions (e.g., [11, p. 340])
straightforward.

3. Maxwell-Cartesian spherical harmonics

A general linear combination of tesseral harmonics of given degree n is called sur-
face spherical harmonic of degree n. As shown in [1], a surface spherical harmonic of
degree n can also be uniquely represented by a totally symmetric traceless Cartesian
tensor of rank n ° . Moreover, that paper presents a systematic way of obtaining
a TST tensor of any rank n whose components are surface spherical harmonics of
degree n in Cartesian frame of reference as defined by Maxwell in [8, p. 160]. Specif-
ically, Maxwell’s spherical harmonics based on Cartesian axes can be obtained (up
to a normalization constant) as components of P (Q) = 2,Q" where 2, is the
so-called detracer operator which projects a general totally symmetric tensor of rank
n into the space of TST tensors of rank n (definition and various properties of this
operator are given in [1, Sec. 5]; we use here the “projection version” of the operator,
as discussed in the note in [1, p. 4311]).

We note that projection of P along, say, z-axis (or any other because of the sym-
metry) yields (up to a normalization factor) the Legendre polynomials P, (cf. Tab. 1):

§ . . N n!
PO(Q) - el = P ()50, - - G3a, = Pay) 5(2) = (2n — DIl

z aj...an

Bu(€2:) = CoPa(S2:)
(2)

4We denote by L?(V x S;) the space of square-integrable functions with respect to the measure
dp(V x S3) =drdQ = daedydz sindddde.

SWe will indicate a Cartesian tensor of rank n by superscribed (n) and index its 3" components by
a sequence of n Greek letters in subscript (each attaining value 1, 2, or 3, corresponding to Cartesian
axes x, y, z, respectively); for vectors (rank-1 tensors), we will keep using conventional bold-face
letters. Einstein’s summation convention will be used whenever same indices appear in a tensor
expression written in component notation. When a tensor is invariant under any permutation of
its indices, it is called totally symmetric; contraction of two tensors of same rank is a number
A B .— AE,??”%BSZ)WM, contraction of a tensor P in first index pair is defined as POEZ)A,SM%
and called trace in that index pair. Totally symmetric tensor whose trace in any index pair vanishes
is called totally symmetric traceless (abbr. TST). The tensor product C"+™) = A @ B(™) has

components CSILHZ) 1B = Agﬁ)% Bgln) 5,, and the m-th power of a rank-n tensor is defined as

AN @AM @ ... AM (m-times). Finally, we will consider the differential operator V as a vector

[%, %, g—Z]T, but keep writing VA™ for V @ A,
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(e, =10,0,1]7, &;; is the Kronecker delta); also, the well-known formulas for Legendre
polynomials could be extended within the tensorial framework to obtain explicit
formulas for P ([3, Chap. VI]). This feature of Maxwell-Cartesian tensors makes
the resulting angular discretization a natural multidimensional extension of the 1D
Py system (which is actually based on a Legendre expansion of angular flux), having
an analogous form as the latter.

n Y™(Q) o P (£2) C,P,(52.)
0 1 1 1

1 Qu, Qy, Q, Qy, Q. Q.

2 —2-024202, 00, Q-1 0,0, 00, 02-1

Table 1: Tesseral and Maxwell-Cartesian sph. harmonics and Legendre polynomials.

4. The MCP y approximation

Using the results of [3, Art. 114], the expansion of angular neutron flux in terms
of surface spherical harmonics could be written as

o) =S 22 [ e e ) e (3)

4
n=0 S2

As shown in [1, Sec. 7, Corollary II], Maxwell-Cartesian tensors appear in the fol-
lowing form of “addition theorem” for Legendre polynomials P,:

P™(Q) - P™(Q) = C,P,(Q - ) (4)

(C), defined in (2)). Combining the two results, we obtain

Zw ) PO(Q), (5)

where we defined

2n+1
47C,,

Y™(r) := Y(r, QP™(0Q)dQ. (6)

To find the relations that must be satisfied by the angular expansion moments
™ (r) in order for (5) (or equivalently (3)) to be the solution of the BTE, we

insert the expansion (5) into (1) (with source term represented in terms of angular
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expansion moments analogously to (6)). Applying eq. (4) to the generalized Fourier-
series expansion of the scattering term in terms of the Legendre polynomials, we
obtain:

—2n+ 1
S, Q- Q) (r, Q) dQY = " Po(Q - Q)(r, ) Y
[ or 2 @ =3 o) [ R v )

m
n=0

_ Zasn ¢(n P(” ().

Because of the orthogonality of P of different ranks ([1, Sec. 8.7]), the fission part
will have the following form:

(e 9]

v)or(r) o aqy — S Yo e
f S v anan Z L) [ BU@) a2 = vwo o),

(7)
where ¢ = ¥ is the scalar flur. Therefore, by inserting (5) into (1) and using these
results we obtain

Z Q- VY 4+ o)™ — g™ — 5 0vopd — q(")} PM(Q) =0 (8)
n=0

where each term in the square brackets is dependent only on r (omitted for brevity).

Because of the linear dependence among certain functions in each P (Q) (owing
to the requirement of vanishing trace), we cannot deduce from (8) that for each n,
all components of the tensor in brackets must vanish. The angular discretization is
further hampered by the advection term which still contains the angular variable €2.
However, using the detracer exchange theorem ([2, Sec. 5.2]) and total symmetry
of 9™ (by definition (6)), we note that the expansion (5) is actually equivalent to

a power series in {2
= ") (9)
n=0

Using this fact to simplify the advection term (2 - V)y™ - Q" we may rewrite
equation (8) as

STV 4 0™ — g™ — Gugvosd — ] - Q" =0 (10)
n=0

with the term with n < 0 discarded.

Equation (10) expresses a vanishing linear combination of monomials restricted
to the unit sphere. Even though the monomials of all degrees are completely linearly
independent, once restricted to the unit sphere there exist nontrivial linear combina-
tions, such as Q2 +Q§ +0Q%—1 = 0. Hence we still cannot deduce that the expression
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in square brackets in (10) must be a zero tensor. However, in view of the theorem
in [1, Sec. 4.2], it is possible to eliminate these nontrivial linear combinations by
requiring the coefficients of the combination to form TST tensors for each n. Since
™ and ¢ are TST by definition, we only have to symmetrize and detrace the ad-
vection terms. We need to be careful, however, not to change the original equation.
This can be done by a clever rearranging of the terms in the sum. After using the
definition of the detracer operator, symmetrization by

R _ 1
[A(")] =A™ with components A" = Z AL

sym Q..o E at...om
m(aq...am)

(where the sum is over all permutations of the tensor indices) and regrouping the
sum by ", we arrive at the final equation (with X, := o)™ — g™ — dnoVo )

S (1) _ n—1 _y(n=1) ntlo ) m _ . an _
Z{[w LA o gV T+ S — g =0,
(11)

which implies that each component of the TST coefficient tensor of rank n in curly
brackets must vanish.

n=0 Sym

5. Conclusion and outlook

By truncating the expansion (9) (or (5)) at n = N for some N > 0, we obtain
from eq. (11) an alternative set to the ordinary Py equations which could be called
an MCPy approzimation (because its solution represents the expansion of angular
flux into Maxwell-Cartesian surface spherical harmonics of degrees up to N). The
symmetric and traceless structure of the MCP y equations could be used to provide
new perspectives on some other widely used approximations or to create new ones.
For instance, by projecting each tensor along any chosen axis, we obtain one dimen-
sional equations equivalent with the 1D Py equations (after suitable normalization
of z/;i"’). This indicates the possibility to investigate the original ad-hoc derivation
of the popular SPy approximation (by formal extension of the 1D Py equations
into 3D, [6]) in the current tensorial framework. Similarly, a different normalization
of 1™ leads to the system derived in [5]. However, the derivation in [5] is par-
tially formal and does not take into account all the important properties of spherical
harmonic tensors (in particular their tracelessness and linear dependence for given
degree).

There is also an interesting link to an old article of Selengut ([10]) in which the
full multidimensional P3 solution is obtained by solving a set of two coupled diffusion
equations® with special interface conditions in presence of multiple heterogeneous re-
gions. Selengut’s derivation of the set is however quite puzzling (see also commentary

Smuch like in the SP3 approximation, but apparently without restrictions on dimensionality or
cross-sections other than the usual isotropic scattering and volumetric source assumptions
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in [9, Sec. 5.2]) and his equations have never been either analyzed or at least numer-
ically tested. On the other hand, we have been able to derive Selengut’s equation
for scalar flux (even with anisotropic scattering) by combining the MCP3 equations
into an equation for 1/ and adding a compatibility condition of vanishing trace of

¢(2)

. Further work in this direction is currently under way.
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Abstract

This paper describes model combining elasticity and plasticity coupled to isotropic
damage. However, the the conventional theory fails after the loss of ellipticity of the
governing differential equation. From the numerical point of view, loss of ellipticity is
manifested by the pathological dependence of the results on the size and orientation
of the finite elements. To avoid this undesired behavior, the model is regularized by
an implicit gradient formulation. Finally, the constitutive model is extended to the
large-strain regime. The large strain model is based on the additive decomposition of
the logarithmic strain and preserves the structure of the small-strain theory.

1. Introduction

In this proceedings we will explore an extension of the small strain models com-
bining elasticty and plasticity with isotropic damage, to the large strain regime.
The extension to the large strain regime is based on the additive decomposition of
the logarithmic strain into elastic and plastic part. The main acctractivness of this
approach is in the modular framework consisting from three steps:

1. Definition of the elastic and plastic part of the logarithmic strain.

2. Computation of the generalized stress tensor, energy conjugated to the logarith-
mic strain and appropriate generalized stiffness via an algorithm that preserves
structure of the small strain theory.

3. Transformation of the generalized tensors to the second Piola Kirchhoff stress
and appropriate stiffness.
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2. Constitutive model

In this section a model combining elasto-plasticity coupled with isotropic dam-
age is described. The main feature of plasticity models is irreversibility of plastic
strain while irreversible processes related to damage lead to degradation of stiffness.
The basic equations include an additive decomposition of total strain into elastic
(reversible) part and plastic (irreversible) part,

€ij = 5% + 6%, (1)
the stress strain law,

0ij = (1 —w (k) di; = (1 — w (k) Dijrch, (2)
loading-unloading conditions in Kuhn-Tucker form,

f(&l-j, KJ) S 0 /\ Z 0 Af(&ij, li) = 0, (3)

evolution laws for plastic strain,

gl_] 85'1]’ ( )
and for cumulated plastic strain,
TN )

the law governing the evolution of the damage variable,
w(k) = we(l —e ™), (6)

and the hardening law,
oy(k)=140oy(l —e ). (7)

In the equations above, ;; is the effective stress tensor, Dy, is the elastic stiffness
tensor, f is the yield function, A is the plastic multiplier, w is the damage variable,
k is the cumulated plastic strain, oy is the yield stress and s, a, oy and w. are
positive material parameters, to be identified from experiments. Superior dot marks
the derivative with respect to time. To describe specific material, suitable yield
function needs to be introduced.

2.1. Regularization

Standard damage-plasticity models with softening may lead to localization of
inelastic strain into narrow process zones. For traditional models formulated within
the classical framework of continuum mechanics, such zones have an arbitrarily small
thickness, and failure can occur at extremely low energy dissipation, which is not
realistic. The mathematical model becomes ill-posed due to the loss of ellipticity of
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the governing differential equation and results obtained numerically are not objective
with respect to the discretization. A general way to overcome pathological sensitivity
of the numerical results to the finite element mesh is to adopt nonlocal continuum
formulations. We focus our attention to the implicit gradient formulation, which
requires only C continuous finite element approximation. The nonlocal cumulated
plastic strain is computed from a Helmholtz-type differential equation

kE— IV =k (8)
with homogeneous Neumann boundary condition

OR

I 0. 9)
In (8), [ is the length scale parameter and V is the Laplace operator. Note that
for present formulations, the nonlocal cumulated plastic strain affects only damage
evolution while the yield condition remains local.

However, it can be shown that the implicit gradient formulation does not provide
full regularization of the present model, thus the so-called over-nonlocal formulation
has to be introduced. In this formulation, the damage variable is computed from
over-nonlocal cumulated plastic strain, which is obtained as a combination of local
cumulated plastic strain £ and nonlocal cumulated plastic strain .

k=(1—-n)k+nk (10)

Full regularization can be achieved only if the parameter n is greater than 1.

3. Large-strain material models

Two sources of nonlinearities exist in the modeling of material. The first one is the
material nonlinearity. A suitable material model at small strain has been presented
in previous chapters. The second source of nonlinearity is related to the geometry.
At first, we introduce strain measures. Next, extension of the constitutive model
into the large-strain range based on the additive decomposition of the logarithmic
strain is presented.

3.1. Generalized strain measures

A family of strain measures derived from the right Cauchy-Green deformation
tensor was introduced by Seth and Hill [5, 6]. These generalized strain measures are

defined as

1
EM = _—(C" -1 0 11
SO, m# (1)
1
EM™ = SnC, m=0 (12)
where I is the second-order unit tensor. In the special cases when m = 0 and

m = 0.5 we obtain the so-called Hencky (logarithmic) and Biot tensor, while for
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m = 1 we obtain the right Green-Lagrange strain tensor. Recall that the Cauchy-
Green deformation tensor is defined as

C=F'F (13)
where F is deformation gradient. The spectral decomposition of C is
3
C=> AN®N* (14)
a=1

where )\, are the eigenvalues of the right Cauchy-Green deformation tensor and N“
are the corresponding eigenvectors. Equations (11) and (12) can be rewritten as

1 3
E(M™ — o (Z(Agﬂ—nN“@Na), m#0 (15)
a=1
1
EM™ :§Zln/\Na®N“ m =0 (16)

For a hyperelastic material, the generalized stress tensors work-conjugate to the
Seth-Hill strain measures and the corresponding generalized stiffness tensors can be
derived from the Helmholtz free-energy density function ¢) and expressed as

my _ OV
0?1
(m) _ %
 OEM R (18)

Application of the chain rule leads to the transformation formulas between gener-
alized stress tensor and tangent moduli and Lagrangean objects: the second Piola-

Kirchhoff stress
o

S=2-5= =8m . pim (19)

and the stiffness tensor
D =P"™ . D™ . pim 4 g0 . 1, (20)

The transformation formulas exploit projection tensors

(m)
P =2 agc (21)
O*E™
dCOC (22)
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To differentiate the generalized strain measure with respect to the Cauchy-Green
deformation tensor, we exploit the following formulas, which are valid if the eigen-
values are mutually different. The result for multiple eigenvalues is obtained by the
rule of 'Hospital, see [2] for more details.

O\
oC

= N“® N* (23)

- Z Nb (N* @ N+ N* @ N*) (24)
b;éa
Using equations (23) and (24) leads to the expression for the fourth-order projection
tensor

zgj 23: PN @N* QN @ N® +Z Z Pasar (N ® N") ® (N* @ N*+ N’ @ N*)
a=1b=1

a=1 b#a
(25)
The components of this tensor are
Paabb = )\Zniléab (26>
A=\
Popay = —2—-L— 27
P om(Ne — Ny) (27)

where d,; is the Kronecker delta. The term S . 1, is not described here; its detailed
derivation can be found in [3] or [4].

3.2. Large-strain plasticity based on the logarithmic strain

The main attractiveness of the large-strain plasticity theory based on the loga-
rithmic strain is in the modular framework consisting of three steps. In the first step,
a logarithmic strain measure is computed from equation (12). In the second step,
this strain measure enters a constitutive law, which may have an identical struc-
ture as in the small-strain theory. In the third step, the generalized stress tensor
is transformed into the second Piola-Kirchhoff stress using expression (19) and the
appropriate stiffness tensor is obtained merely by replacing the generalized stiffness
tensor in equation (20) by the generalized algorithmic elasto-plastic stiffness tensor.
We can define the elastic part of the logarithmic strain as

E© = EO — E© (28)

with E® = 1InC, E;O) = iInG,. G, is a Lagrangian object often called plastic
metric. However, free energy function defined in terms of the logarithmic strain
is not polyconvex. Polyconvexity of the free-energy function is a very important
mathematical condition, which guarantee existence of the solution, see [11] for more
details. Nevertheless, the model is suitable for description of materials for which the
yield limit is reached at small strains.
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Abstract

This paper is devoted to barrier options and the main objective is to develop
a sufficiently robust, accurate and efficient method for computation of their values
driven according to the well-known Black-Scholes equation. The main idea is based
on the discontinuous Galerkin method together with a spatial adaptive approach.
This combination seems to be a promising technique for the solving of such problems
with discontinuous solutions as well as for consequent optimization of the number
of degrees of freedom and computational cost. The appended numerical experiment
illustrates the potency of the proposed numerical scheme.

1. Introduction

During the last decade, financial models have acquired increasing popularity in
option pricing. The valuation of different types of option contracts is very important
in modern financial theory and practice — especially exotic options such as discrete
barrier options. Most of the analytical formulas for these options is limited by strong
assumptions, which led to the application of numerical methods instead.

Therefore, the main goal of this paper is to develop an efficient, robust and
accurate numerical method for the barrier option pricing problem, which arises
from the concept of the discontinuous Galerkin (DG) approach for the space semi-
discretization, for more details see [5], and the backward Euler scheme for the dis-
cretization of the resulting ODE systems. In order to increase the efficiency of the
proposed method additionally, this approach is equipped with an h-adaptivity tech-
nique based on regularity and residual indicators, cf. [1, 2]. The resulting numerical
scheme is applied to a standard problem of discrete double barrier option pricing.

2. Barrier option pricing model

In what follows, we consider the double time-independent discrete barrier knock-
out option, i.e. option that expires worthless if one of the two barriers has been hit
at a monitoring date, see e.g. [1] and [6]. We denote by x the price of an underlying
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asset (e.g. stock) and by ¢ the time to expiry of the option and let M := {0 = t}! <
tM < ... <tM < tM = T} be the set of monitoring dates and B_ be the lower
barrier and B, the upper barrier active only at discrete instances ¢t/ € M.

Let Q=(0, Spnaz), 0 < B_ < By < Spaz, be a bounded open interval and 7" stands
for maturity. The price u : Qr = Q x (0,7) — IR of the discrete barrier option
satisfies the Black-Scholes partial differential equation with initial and boundary
conditions:

D et = o2 o) — re e, t) + rule ) =0 mQr, ()
5 U@ 50 ¢ 5 5ul, raeo—u(z, ru(z,t) = T
u(0,t) =0 and u(Smaz,t) =0, (2)

max(z — K,0) - xip_,B,), (call)

x € Q, 3
max(K —z,0) - x(p_,B.], (put) @)

u(z,0) = {
where ¢ > 0 and r > 0 are constant model parameters denoting the volatility of
stock price and the risk-free interest rate, respectively.

From the mathematical point of view the problem (1)—(3) represents a convection-
diffusion-reaction equation equipped with a set of two homogeneous Dirichlet bounda-
ry conditions (2) prescribed at the endpoints of interval (0, S,,q,) and with the initial
condition (3), where symbol K stands for the strike price and x(s_ p,) denotes the
characteristic function of the barrier interval.

Moreover the discrete monitoring of the contract introduces an updating of the
solution u(z,t) at the monitoring dates tM € M:

u(:p,th) = al_i>%1+ u(:p,th —e)- X[B_,B.]- (4)

3. Discontinuous Galerkin discretization

Let T, (h > 0) be a family of partitions of the closure Q = [0, S.] of the do-
main ) into N closed mutually disjoint subintervals I}, = [z)_1, x;] with length hy :=
x — xx—1. Then we set T, = {I, 1 < k < N} with spatial step h := max;<p<n hg
and call interval I}, an element. We additionally assume that the following conditions
are satisfied:

3C, > 1: hy < Cyhy Y Iy, Iy € Ty, sharing a node (local quasi-uniformity) (5)
Jky, ko € IN such that zp, = B_ and xp, = By  (barrier consistency) (6)

The DG method can handle different polynomial degrees over elements. There-
fore, we assign a positive integer p, as a local polynomial degree to each I € Tj.
Then we set the vector p = {pg, Ix € Tp}. Over the triangulation 7;, we define the
finite dimensional space of discontinuous piecewise polynomial functions:

Shp = Shp(Q7771) = {U§U|Ik < Ppk(lk) VI € 771}’ (7)

where P, (I;;) denotes the space of all polynomials of degree < p; on Iy, I € Tp.
Consequently, the approximate solution of the continuous problem (1)—(4) is sought
in the space Shp.
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Let us denote v(z) = lim, o, v(z), £ ¢). Then we define the jump and average

of v at inner points z, of Q by [v(zy)]|=v(z; ) —v(z}) and (v(zy)) =13 (v(x,;) + v(x,}f)),
respectively. We also extend the definition of jump and mean value for endpoints

of Q, ie. [u(zo)] = —v(zq), (v(xo)) = v(27), [v(zn)] = v(zy) and (v(zy)) = v(zy).
Firstly, we recall the space semi-discrete DG scheme presented in [4] and [5]. To
this end we introduce the following bilinear forms:

af (u,v) = i /MJr1 lg2x2 du(z,t) V'(z)dz = <%g2xz M> [v(z)]

i e 2 Ox P Ox

L0 Z < o222 o ( xk)> (@, 1)), (8)

Z /m’““a e ule, ) (@) do +3 H(ulo ), u(e ) ), O

k=0
JP (u,v) Zwk u(zg, t)] [v(zg)]- (10)

The crucial item of the DG formulation is the treatment of the linear convection
and diffusion terms. For the convection form b; we treat its terms with the aid of
a numerical flur H, see [3]. The diffusion form @ includes stabilization terms which
are added to the formulation of the problem in order to guarantee the stability of the
numerical scheme. According to the value of parameter O, we speak of symmetric
(© = —1), incomplete (© = 0) or nonsymmetric (© = 1) variants. Furthermore, in
order to replace the inter-element discontinuities, the semi-discrete scheme is com-
pleted with the penalty J; weighted by the penalty parameter function wy defined
in the spirit of [4]. Let us note that the right-hand side term vanishes due to the
prescribed homogeneous Dirichlet boundary conditions in (2).
In order to simplify the notation we define the bilinear form:

By (u,v) := af (u,v) + by (u,v) + aJ? (u,v) + (2r — o%)(u,v), a >0, (11)
where (-, -) denotes inner product and the forms a(, ), b, (-, ) and J(, -) are given
by (8), (9) and (10), respectively. The value of multiplicative constant « before the
penalty form J' depends on the properties of diffusion term, see [4]. Finally, we end
up with the following DG formulation for the semi-discrete solution up(t) € Spp:

d
dt (uh(t>7vh> + Bf(?(uh(t)avh> =0 v/Uh S Shpa Vit e (07T>7 (12>

which represents an ODE system and due to bilinearity of form (11) we can easily
discretize (12) by the implicit Euler method. Let 0 = ¢y < t; < ... < t, =T be
a partition of [0, 7] with time steps 7, = ¢4 — t;, [ = 0,1,...,7r — 1. We define

the approzimate solution of problem (1)—(4) as functions u} ~ uh(tl) € 0,7,
[ =0,...,r—1, satisfying the following numerical scheme:

(ufl Uh) + TlBh ( L+ Uh) = (u%,vh) Vvh S Shp, (13)

Uthrl = Uthrl * X[B—,B4] W ti+1 € M, (14)
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where uf) is Spp-approximation of u”. The discrete problem (13) is equivalent to
a system of linear algebraic equations at each time level ¢4 € [0, T].

4. Mesh adaptation

In this section, we introduce an h-adaptive DG technique for the solution of
problem (1)—(4). Since we deal with nonstationary problems, it is suitable to use
adaptive mesh refinement during the computation in order to improve the numerical
solution and to optimize the number of degrees of freedom and computational cost,
consequently.

We start from a uniform coarse grid 7y 5, := 7T;, and construct at each time instance
t; € [0,T] a new mesh 7;, depending on the previous grid 7;_; , through the following
h-adaptation operations: cutting (C) one element [ into Iy, and I, and gluing (G)
two elements I, and Iy, together into I;. The described adaptation process has to
comply with restrictions on a minimal admissible size of mesh step h,,;,, a maximal
admissible size of mesh step A4, @ maximal number of elements N,,,, and keeping
of local quasi-uniformity (5) and barrier consistency (6), respectively.

The main idea of the proposed h-adaptive strategy is based on

e mesh refinement in domains with irregular solution (low regularity) or with
high value of residual estimate,

e mesh coarsening in domains with solution of high regularity and low value of
residual estimate.

The estimation of the regularity of the solution is essential for mesh refinement. The
presented approach is based on a measure of inter-element jumps arising from the
shock capturing techniques in hyperbolic problems, for a survey see [2].

We have employed the following element-wise regularity indicator:

i=k—1

g;k(uh) = % ( Z [uh(xl)]z) s k= 1, .. .N, (15)

which recognizes the subdomains of € where the solution is smooth (g;, ~ 0) from
the areas with discontinuities or with a very steep gradient (g, > 1).

The second key ingredient of the mesh refinement is the residual estimator which
is chosen proportionally to the strong formulation of the local residue from [1] as
8uh 1 2 282uh 8uh

= 50°% 92 —rx%—i—ruh, I, €Ty, (16)

Then the local and global residual estimators of the approximate solution u; are

ri, (up) ==

defined by resy, (un) := |71, ||r2r,) and resq(un) := \/Xr,e7, rest, , respectively.
Our interest is to find a solution w, € Sh, such that resg(up) < TOL, where
TOL > 0 is a given tolerance. In order to satisfy this condition we prescribe the
following stopping criterion for the h-adaptivity: res; < T—]?[L,V I, € Ty, which
guarantees the uniform distribution of the global residue.
The whole h-adaptation DG algorithm can be schematically written as
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1. let TOL > 0, 0 < hpmin < hppae and N, be given,

2. let B_, By +— Ton and Sy, be set up, let u® +— uf) be given,

3. repeat time loop (until ¢, >T') (I=1,...,r)

(a) solve problem (13)—(14) on T;_15 = u!,,

(b) evaluate indicators gy, (u}), resy, (ul), VIx € Ti_1 = resg(ul),

(c) if resg(ul) > TOL = h-refinement,

(C) h-refine elements with res;, > T—]?,L,

(G) h-derefine elements with res;, < §T2E A gy, (u},) =~ 0,

(e) construct new mesh 7, — T;_1 , and space Spp, go to (a),

(d) if resg(ul) < TT?L = h-coarsening,

(G) h-derefine elements with res;, < 5TTOL A gr, (uh) =~ 0,
() construct new mesh 7, — T;_1;, and space Spp, go to (a),

where 5 > 1 and § € (0,1) are user-defined parameters, in our computations they
are typically chosen as § = 3.0 and § = 0.1.

5. Numerical example

The presented numerical example represents the case of a discrete double barrier
call option with the expiration date 7" = 1—82 (e.g. 8 months) and the strike price
K = 6.0. The prescribed barriers are B_. = 4.0, B, = 8.0 and computational
domain was set as 2 = [0, 9]. The Black-Scholes model parameters were the risk-free
interest rate r = 1.0y ! and volatility 02 = 0.01y~!. The initial uniform mesh with
spatial step h = 0.25 was adaptively refined according to h-adaptation parameters
Romin = 1073 and hyep = 0.5. The time step is 7 = 1—$0 and we consider monthly
monitoring. We carried out computations by piecewise quadratic approximations,
set © = 0 and used the restarted GMRES for the solving of linear systems (13).

Table 1 illustrates the development of the global residue and the number of ele-
ments during the computation in comparison with an adapted and uniform mesh.
One can easily observe that for approximately the same values of the global residue,
it is sufficient to use less elements in the adapted case than for the uniform one.
Figure 1 shows the corresponding isolines of option price and global residue in space-

time plot with well-resolved monthly monitoring.

6. Conclusion

We have dealt with the numerical solution of the discrete barrier option pricing
models, represented by the linear convection-diffusion-reaction equation. We have
presented DG approach together with simple h-adaptivity technique. Presented nu-
merical example illustrated the potency of the resulting scheme.

Acknowledgements
This work was supported by the ESF Project No. CZ.1.07/2.3.00/09.0155.

98



time (bimonthly) | resq (adapted) #7Ty" | resg (uniform)  #7,
0.000000 19.960869 36 10.888578 120
0.166667 1.498133 178 1.459563 120
0.333333 0.615153 58 0.476494 120
0.500000 0.572154 44 0.475957 120
0.666667 0.119596 58 0.124287 120

Table 1: Comparison of h-adaptive and uniform approach w.r.t. resqg; 7" denotes
input meshes after monitoring without the updated h-refinement or h-coarsening.
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Figure 1: The isolines of price u (left) and corresponding global residue resq (right).
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Abstract

We present the method for determination of phycobilisomes diffusivity (diffusion
coefficient D) on thylakoid membrane from fluorescence recovery after photobleaching
(FRAP) experiments. This was usually done by analytical models consisting mainly
of a simple curve fitting procedure. However, analytical models need some unrealistic
conditions to be supposed. Our method, based on finite difference approximation
of the process governed by the Fickian diffusion equation and on the minimization
of an objective function representing the disparity between the measured and simu-
lated time-varying fluorescent particles concentration profiles, naturally accounts for
experimentally measured time-varying Dirichlet boundary conditions and can include
a reaction term as well. The result we get is the overall (time averaged) diffusion
coefficient D and the sequence of diffusivities D; based on two successive fluorescence
profiles in j-th time interval. Due to the ill-posedness of our inverse problem, regu-
larization algorithms are implemented. On the synthetic example, we illustrate the
behaviour of solution depending on regularization parameter for different signal to
noise ratio.

1. Introduction

Fluorescence Recovery After Photobleaching (FRAP) measuring technique is
widely used since 1970s to study the organization and dynamics of many photo-
synthetic pigment-protein complexes in the photosynthetic membrane [16]. Later
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on, FRAP has been extended to the investigation of protein dynamics within the
living cells [14]. Using fluorescence confocal microscopy we get the spatio-temporal
FRAP images, and consequently the mobility of photosynthetic complexes in a na-
tive intact membrane, i.e. the diffusivity or diffusion coefficient D,! is reconstructed
using either a closed form model or simulation based model [9, 6]. The FRAP images
are in general very noisy, with small signal to noise ratio (SNR), which requires an
adequate technique assuring the reliable results.?

Our study describes the development of a method aiming to determine the phyco-
bilisomes diffusivity on thylakoid membrane from FRAP experiments. As we know,
this is usually done by experimental curve fitting to the analytical (closed form)
models, see e.g. [1, 10, 7, 15]. However, the closed form models need some unre-
alistic assumptions. For example, C. W. Moulineaux et al. [10] have exploited the
rotational symmetry of the cells by bleaching a plane across the short axis of the cell
and reaching one-dimensional bleaching profiles along the long axis. Moreover, it was
supposed that: (i) x € R, i.e. the infinite domain, (ii) the initial bleaching profile is
Gaussian, and (iii) the recovery is complete for t — 00.> The calculation of diffusion
coefficient D then resides in the weighted linear regression. The error analysis for
this method, i.e. how the noise corrupts the result, we treat in paper [13].

As the analytical approach has several limitation (e.g. restriction to the specific
cell geometry, bleach profile must be gaussian-like, full recovery is required, etc.),
we model the FRAP process by the Fickian diffusion equation with realistic initial
and boundary conditions instead. The estimation of diffusivity is further formulated
as a single parameter optimization problem consisting in the minimization of an
objective function representing the disparity between the experimental and simulated
time-varying concentration profiles.

The paper is organized as follows. The model of the process (i.e. reaction-
diffusion system) and the real data form we deal with are introduced in the second
section. In the third section we define the optimization problem, describe a regular-
ization method and its implementation. The results of the numerical simulations are
contained in the fourth section, while in the fifth section the paper is concluded.

1. F. Sbalzarini in [14] distinguishes between the molecular diffusion constant and the apparent
diffusion constant; while the former is directly measured by single-molecule techniques, the latter is
determined by coarse-grained methods such as FRAP, averaging over a certain observation volume.

2Let us mention that the fluorescence confocal microscope allows the selection of a thin cross-
section of the sample by rejecting the information coming from the out-of-focus planes. However,
the small energy level emitted by the fluorophore and the amplification performed by the photon
detector introduces a measurement noise.

3Having y(z,tp) = Y0,0 €XP %22, where rq is the half-width of the bleach at time t5 = 0, the

solution y(z,t) of diffusion equation % = D% and the maximum depth at time ¢, i.e. y(0,¢)
Yo0,070

2 . . .
exp 7_0;_?_9:8 pr Y(0,t) = m. The calculation of diffusion

Yo,0
y(0,t)

are as follows: y(x,t) = \/yoi:;m
T0

coefficient D then resides in the weighted linear regression: a plot of ( )2 against time should

give a straight line with the tangent %.
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2. Problem formulation

2.1. Reaction-diffusion system

FRAP (Fluorescence Recovery After Photobleaching) technique is based on appli-
cation of short, intense laser irradiation to a small target region of the cell that causes
irreversible loss in fluorescence in this area without any damage in intracellular struc-
tures. After the “bleach” (or “bleaching”), the observed recovery in fluorescence in
the “bleached area” reflects diffusion of fluorescence compounds from the area out-
side the bleach. For an arbitrary geometry of bleach spot and assuming (i) local
homogeneity, i.e. assuring that the concentration profile of fluorescent particles is
smooth, (ii) isotropy, i.e. diffusion coefficient is space-invariant, (iii) an unrestricted
supply of unbleached particles outside of the target region, i.e. assuring the com-
plete recovery,? the unbleached particle concentration C' as a function of spatial
coordinate 7 and time ¢ is modeled with the following diffusion-reaction equation on
two-dimensional domain €2:

aC
=7 =V (DVC) = R(0). (1)

where D is the fluorescent particle diffusivity within the domain € and R(C) is
a reaction term.
The initial condition and time varying Dirichlet boundary conditions are:

Co = f(7to) inQ, C(t)=g(Ft)in dQ x [to, T). (2)

The reaction term R(C) is often viewed as negligible under assumptions that diffusion
of fluorescence compounds (proteins) is not restricted (e.g. by some binding to the
medium) and that photobleaching of these molecules during recovery is negligible.
In occasions where the binding reaction takes place, we can not reduce our process
to the one component diffusion equation, but the dynamics of binding reaction and
eventually the diffusion of bound complexes have to be modelled, see e.g. [15].
Consequently, if R(C) is neglected, Eq. (1) becomes the Fickian diffusion equation.
In contrast, under continual photobleaching during image acquisition, this reaction
term could be described as a first order reaction: R(C) = —kg C', where kg is a rate
constant describing bleaching during scanning [6].

It is of utmost importance to identify the relation between concentration of parti-
cles C' and fluorescent signal ¢. Although Eq. (1) and objective function J, cf. (10),
works with concentrations, in fact we measure the fluorescence intensity level and
not directly C. If the relation C' = krp¢, where kr is a constant, holds, than we
can work with the measured signal without necessity of any recalculation. On the
contrary, if kg is space or time dependent, then we should design an experiment and
estimate this dependence.

4The recovery is not always complete. It is usually modelled by introducing some correction
term. More consistent method resides in the special time dependent Neumann boundary condition
in form of a saturation curve.
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Before bleaching, some number of so-called pre-bleach measurements are per-
formed. Notice that the pre-bleach profile C),. represents a steady state constant
concentration profile which has to be gradually recovered for ¢ — oco. Thereafter,
based on the pre-bleach data ¢,,.(e.g. its average value), we reach the coefficient kp
gm Consequently, in order to have experimental values C', repre-
senting the concentration profiles after bleaching, we have to divide the post-bleach

fluorescence signal by its pre-bleach value, as it is explained in the following.

as follows: krp =

2.2. One-dimensional one component diffusion equation

For a linear bleach spot perpendicular to a longer axis (let this axis be denoted
as ) and assuming local homogeneity and isotropy, the recovery of unbleached par-
ticle concentration as a function of spatial coordinate r and time ¢ is modeled with
a linear, diffusion-reaction equation

oC 0*C

— —D— = .

T 5z — 1C) (3)
If we adopt the form of reaction term according to R(C') = —kg C and introduce

the dimensionless spatial coordinate z, the dimensionless diffusion coefficient p, the
dimensionless time 7 and the dimensionless concentration y by
r D DO C

= — = = = 4
= op=gn TED V=g @

where L is the length of our specimen in direction perpendicular to bleach spot,
Dy is a constant with some characteristic value (unit: m?s™!), and Cpre is a pre-
bleach concentration of C', we finally obtain the following form of dimensionless
diffusion-reaction equation on one-dimensional domain, i.e. for x € [0, 1]

8y @ . _k’sLQ (5>
or Por2~ "Dy V-

The initial condition and time varying Dirichlet boundary conditions are:
y(fL',To) = f(.’L'), T e [07 1]7 (6>

y(O’T) = 90(7)’ y(177) = 91(7_)7 T 2 Tp. (7)

2.3. Experimentally measured data

Based on FRAP experiments, we have a 2D dataset in form of a table with
experimental values ye,,(7;,t;) (already normalized), where (N 4 1) rows correspond
to the number of spatial points where the values are measured, and (m* + M + 1)
columns correspond to the number of discrete time points, i.e. time instant when
the data were measured:

yexp(ri,tj),i:O...N,j:—m*...M. (8)
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This can be read by columns as the concentration profiles (along r axis) in m*+ M +1
discrete time points, where m* corresponds to the number of columns with pre-bleach
data containing the information about the steady state and optical distortion, and
M + 1 columns of post-bleach data contain the information about the transport of
unbleached particles (due to the diffusion process) through the boundary of bleach
spot (our computational domain €2).

The row data are further re-scaled in order to be in the following form:

Yeap(Tiy T5), 1=0...n, j=—m"...m, 9)

where space interval between first and last measurement points we take into account
is chosen as [a,b]. Thus, L = b — a is the length of space interval in physical units,
i.e. [m], chosen by the person performing the measurment. The re-scaled dimen-
sionless space interval is again x € [0, 1] and the re-scaled distance between two
space measurements is h = % Time interval between two measurements is 7" in [s],
re-scaled dimensionless time interval is 7, = TLIQO. For the further calculation, the
number of post-bleach measurements can be also reduced, i.e. let m < M. Recall
that 79 corresponds to the first post-bleach measurement, and xq = 0, x,, = 1. Con-
sequently, Yesp(xi, 70), ¢ = 0...n, represent the initial condition and ye,,(0, 7;) and
Yeap(1,7j), j = 0...m, the left and right Dirichlet boundary conditions, respectively.

Recall that due to the measurement noise both the respective j — profiles
Yeap(Ti,7j), © = 0...n, and the initial and boundary conditions cannot be sim-
ply approximated by a smooth function. The forthcoming task is to analyze the
measurement noise from real data and to treat it correctly, i.e. to use it for the
setting of the regularization parameter, see the following section 3.

Figure 1: Left: Experimental data from FRAP experiments with red algae Por-
phyridium cruentum describing the phycobilisomes mobility on thylakoid mem-
brane [7]. Right: Synthetic data used for numerical experiments. The y-axis rep-
resents the dimensionless concentration and x-axis the spatial coordinate, both in
arbitrary units.
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3. Inverse problem and its regularization
3.1. Determination of diffusivity as a parameter estimation problem

The problem of autofluorescence compound (e.g. phycobilisomes) diffusivity de-
termination based on time series of FRAP experimental data will be further for-
mulated as a parameter estimation problem. We construct an objective function J
representing the disparity between the experimental and simulated time-varying con-
centration profiles, and then within a suitable method we look for such a value p
minimizing J. The usual form of an objective function is the sum of squared differ-
ences between the experimentally measured and numerically simulated time-varying
concentration profiles:

- Z Z yezp Z, T] ysim(xia Tj)]Q s (10)

7=01=0

where yg;m (;, 7;) are simulated values resulting from the solution of PDE (5) with the
initial and boundary conditions (6)-(7) for the known parameter p, which is now the
independent variable, i.e. Ysim = Ysim(p) . For the sake of clarity we further neglect
the other parameter concerning the reaction term, i.e. we neglect the influence of
bleaching during scanning, i.e. we put ksi = 0.

Taking into account the biological reality residing in possible time dependence of
phycobilisomes diffusivity, we further consider two cases:

1. First, we can take both sums for ¢ and j in (10) together. In this case, the
scalar p* is a result of a minimization problem p* = arg min, J(p) .

2. Secondly, we can consider each j-th time instant separately. In this case, the
m solutions pJ, ..., p;, with values .Ji, ..., J,, correspond to each minimization
problem for fixed j in sum (10), i.e. p;* = argmin,, J;(p;), where J;(p;) =
S o [Yeap(Tiy T5) — ysim(xi,Tj,pj)]Q, and we have a “dynamics” of diffusivity
p evolution.

Our problem is ill-posed in the sense that the solution, i.e. the diffusion coef-
ficients D; = p; Dy, j = 1,...,m, does not depend continuously on the data and
may be very sensitive to noise. This led us to the necessity of some stabilizing pro-
cedure® and the formulation of another cost function by adding the regularization
term a||p — pregl|® to (10), see [3, 5, 17]. Here o > 0 is a regularization parameter
and p,4 is an expected regularized value. Doing this, we use an apriori information
about the solution, in other words we assume that p = p(z,7) is almost constant
with respect to x and 7 and regularization term moves the minimum of functional
J(p) = X5, Ji(py), i.e. the solutions pj, ..., p;, towards a constant. In case a — 00

5The “naive approach” consisting in the hope that the typical oscillation of p;* can be suppressed
by removing the noise from data, e.g. by smoothing using the Fourier transformation, was treated
in [12] and further abandoned by the authors.
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we obtain pj = preg, j = 1,...,m. Note that taking a = 0, the regularization term
vanishes, i.e. the functional (10) is the special case of a more general functional, see
the next section.

3.2. Three types of optimization problem

Define the cost functions
n

Jj(pj,Oé> = [yexp(xiaTj) _ysim(xiaTjapj)]2+Oé (pj _preg)Qa j = 17"'7m7 (11>
1=0
J(pla"'apmaa):ij(pjaa)' (12>

7j=1

Three types of a one-dimensional optimization problem are considered:
1. Scalar p is a solution when taking both sums for + and j in together:
p*=arg H}}ngé Weap(:i, 7)) = Ysim (@i, 75, P)]” (13)
2. Each j™ time instant separately without regularization (o = 0):
P} = argmin Y e, 75) ~ Y 75,2, (1)
3. Each j time instant separately using so-called Tikhonov regularization:

p;(oz) = arg min {zn: [ye:vp(xia Tj) - ysim(xia Tjapj)]Q +a (pj - preg>2} (15>

PjsPreg i—0

We use a basic optimization method leading to values p*, p}, pj(a) that minimize
respective cost functional. Values p}, pj(a) are approximations of diffusion coeffi-
cients. We briefly describe a basic optimization method without loss of generality
for the case of solving problem (13).

Basic optimization method is an iteration process starting from an initial point p(®)
and generating a sequence of iterates p, p®, ... leading to a value p* such that

P Z 0 4 50 g0
where
e dV¥ is a direction vector determined on the basis of values
p9, JV), V), J"(p9), 0< <1,
e o) > 0 is a step-length determined on the basis of behavior of the function .J
in the neighborhood of p®.

There exist several methods for determination of direction vector and step-length
selection (line-search or trust-region method) described e.g. in [11]. The trust-
region method, implemented in the system for universal functional optimization [§],
was used in our numerical test described in the next section.
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3.3. Implementation

In this subsection we describe how we implemented both the direct problem, i.e.
solution of problem (5)-(7), and the parameter estimation problem, i.e. minimization
of a respective functional J.

In order to compute a function value Jj(pg-l
iteration, we need to know both

),oz) in (12) for a given py) in the
lth

e the experimental values ye,p,(z;,7;), t=0...1n, j=0...m,

e the simulated values ygm, (2, Tj,p§1)), 1=0...n, j=0...m.

It means that in each ['" iteration we need to solve the problem (we use the notation

Ysim =Y, py) = p for simplicity)

Oy 0%y

2 _ =2 = 16
ar Pogz” (16)

with the initial and boundary conditions defined by the experimental data
y(l', 7—07p) = yexp(xa 7—0) for =« € [0’ 1]’ (17)
y(07 T, p) = yea:p(oa 7—)7 y(1> T, p) = yel‘p(lﬂ 7—) for T Z 70- (18)

Problem (16)-(18) for simulated data y(z;,7;,p;) was solved numerically using
two following finite difference schemes [2] for uniformly distributed nodes with the
space steplength Ah and the variable time steplength Ar7:

e The explicit scheme of order A1 + Ah?:
Yij = BYic1j-1+ (1= 2B8)yij-1+ BYir151

e The Crank-Nicholson implicit (CN) scheme of order A% + Ah?:

5 &} B B
_§yi71,j + (14 B)yi,; — §yi+1,j = 5%71,]'71 + (1= B)yij—1+ §yi+1,jfl

Here B = %p and v;; = y(z;,7j,p;) are the computed values in nodes that
enter the function J as values ygm(x;, 75, pj). Recall that for the explicit scheme the
condition # < 1/2 must hold.

Concerning the steplengths used in the numerical schemes, we set the space
steplength to be Ah = 1/n (smaller splitting Ah = 1/(ksn) with ks € N can
also be considered). The time steplength At is variable but should be ideally of the
same order as Ah? (or Ah in the CN scheme) and in the explicit scheme has to fulfill

the relation A1 < AQ—ZQ. In order to get from the (j — 1)-th time instant to the j-th,

we need to perform k; = [ Lr";g(ﬂ substeps of the above chosen scheme, where x;, € N
is the smallest integer that is not less than LTQZOT .
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4. Numerical simulation results

We have performed numerical experiments with the synthetic data corrupted by
the 10% Gaussian noise with n = 51, m = 19 and consider each j-th time instant
separately, i.e. j is fixed in sum (12). We report the results using the CN scheme
(they are in fact independent of the used scheme) and illustrate the difficulties caused
by the ill-posedness of our problem.

In Figure 2 we can see big jumps in computed approximated values pj, j=1,...,m
when using no regularization (o = 0). In contrast, regularization technique (a > 0)
seems to cope with ill-posedness quite well. The solutions pj(«),...,p:, («) become
smoother and tend to the estimated regularized value p,., for larger a (larger weight
of the regularization term). The regularized value corresponds to the exact solution
1/m =~ 0.3183.

1,6

P; —— o |l0ha = 0
14 +— P

= == 3lpha=0.1
1,2

=== aglpha=1

0,8

[

e — PP alpha = 10 I
[

[

0,6

0,4
M‘“‘"k coosgrsssss o Vilo. Neveeeoeflossse N4/ ....

0,2 v,
v jth time instant

0 T T T T T T T T T T T T T T T T T T 1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19

Figure 2: Dimensionless diffusivities pj = 7Z: Values pj(a), ..., pie(a).

When using this approach, the variance of solutions pj(«) tends to zero for
a — 00, i.e. pi(a) = preg Vj = 1,...,m, but the function values J(p*, ), see (12),
become larger (however there is a supremum). This fact is demonstrated in Fig-
ure 3, where we have used relative deviation from the average value (coefficient of
variation®) as a solution norm:

cla) = JZ[P ) —opj(a)]*. (19)

m Qp]

A proper choice of the regularization parameter o balances the above types of the
curves. One of the possible criteria how to choose a proper « which is in some sense

6The coefficient of variation (c,) is defined as the ratio of the standard deviation to the mean
Cy = %, which is the inverse of the signal-to-noise ratio.
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Figure 4: The L-curve — values J(p*, ), see (12), against values ¢,(«), see (19).

optimal is called the L-curve. We plot the value of objective function J against the
value ¢,(«). The L-curve-optimal parameter a* usually corresponds to the point with
maximal curvature. In Figure 4, we plot the L-curve resulting from our numerical
tests for the 10% Gaussian noise, i.e. for ¢, = 0.1. We see that for our “FRAP
problem” and a particular noise level, there is not a sharp corner. Furthermore,
the question of optimal value of a* may also depend on what the user expects or
prefers, if rather small function value J(p*, &) or more constant solutions pj, ..., p:
i.e. small value ¢,(a), see e.g. [4].
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5. Conclusions

The purpose of this paper was to present the real problem residing in the estima-
tion of diffusivity of phycobilisomes on thylakoid membrane based on spatio-temporal
FRAP images. While the state-of-the-art methods in FRAP measurement of photo-
synthetic complexes mobility are usually based on the curve fitting to an analytical
(closed form) models, which need some unrealistic conditions to be supposed, our
method is based on finite difference approximation of diffusion process and on the
minimization of an objective function evaluating both the disparity between the ex-
perimental and simulated time-varying concentration profiles and the smoothness of
the time evolution of diffusivity. This approach naturally takes into account the time-
dependent Dirichlet boundary conditions and can include also a reaction term (e.g.
modeling the low level bleaching during scanning) and the time varying fluorescence
signal as well.

Our program CA-FRAP /.0 is actually under testing, however, for the previously
known diffusion coefficient and the synthetic data corrupted by the Gaussian noise
it computes satisfactory results. Afterward, we determined the diffusivities for the
real data of FRAP measurements (with the red algae Porphyridium cruentum). The
range of result 107 m?s™! (1073 um?s™!) is in agreement with reference values.
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Abstract

This work deals with the numerical solution of generalized Newtonian and
Oldroyd-B fluids flow. The governing system of equations is based on the system
of balance laws for mass and momentum for incompressible laminar viscous and vis-
coelastic fluids. Two different definition of the stress tensor are considered. For
viscous case Newtonian model is used. For the viscoelastic case Oldroyd-B model is
tested. Both presented models can be generalized. In this case the viscosity is defined
as a shear rate dependent viscosity function u(4). One of the most frequently used
shear-thinning models is a cross model. Numerical solution of the described models
is based on cell-centered finite volume method using explicit Runge Kutta time inte-
gration. The numerical results of generalized Newtonian and generalized Oldroyd-B
fluids flow obtained by this method are presented and compared.

1. Mathematical model

In order to simulate the fluids flow in the channel the system of balance laws of
mass and momentum for incompressible fluids are considered, [1], [4]:

divu =0 (1)

ou

P ot

where P is the pressure, p is the constant density, w is the velocity vector,
u=(u,v,w)’ . The symbol T represents the stress tensor.

+p(u.V)u=—VP+div T (2)

1.1. Stress tensor
In this work the different definition of the stress tensor are used.
In the case of viscous fluids the used model corresponding to Newtonian fluid is

Newtonian model:
T=2uD (3)
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where g is dynamic viscosity and tensor D is symmetric part of the velocity gradient
defined by the relation D = 1(Vu + V).
If viscoelastic fluids are considered Mazwell model as the simplest viscoelastic

oT
T+ A\— =2uD 4
A =2 (4)
where A\; has dimension of time and denotes the relaxation time. The symbol %
represents upper convected derivative (see (8))
By combination of these two models the behaviour of mixture of viscous and
viscoelastic fluids can be described. Such a model is called Oldroyd-B model and it

has the form

model is used:

5T 5D
T+ A= =2 <D+AQE) (5)

the parameters A, Ay are relaxation and retardation time.
The stress tensor T can be decomposed to the Newtonian part T, and viscoelastic
part T, (T=T,+ T.) and

T
L R A R ) (©
where
A s
2 = = fis + He. (7)

M s e

The upper convected derivative 2 is defined (for general tensor M) by the relation

(see [2]) )
oM oM

where D is symmetric part of the velocity gradient
1 1 AT Uy +Vp Uy + Wy
D= Q(Vu +Vul) = 5| W +u, 2u, v, +w, 9)

Wy + U, Wy + v, 2w,
and W is antisymmetric part of the velocity gradient

1 1 0 Uy — Vp Uy — Wy
W = i(Vu —Vu') = g | Ve 0 v, —wy, | . (10)

Wy — Uy Wy — Uy 0

The governing system (1), (2) of equations is completed by the equation for the
viscoelastic part of the stress tensor

0T,
ot

2 1
+ (u.V)T, = A“CD ~ T+ (WT, — T.W) (DT, + T.D). (1)
1 1
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Both models could be generalized. In this case the viscosity p is no more constant,
but is defined by viscosity function according to the cross model (for more details
see [11])

Ho — Hoo

p(Y) = poo + o (12)
(1+ (A9)")
where
1
Y =24/ St D> (13)
po=16-10"'Pa-s fioo = 3.6 - 1073Pa - s
a=1.23,0=0.64 A = 8.2s.

2. Numerical solution

In this work the steady state solution is considered. In this case an artificial
compressibility method can be applied. It means that the continuity equation is
completed by the time derivative of the pressure in the form (for more details see
e.g. [3], [8]): s

D .
—— +divu =0, e R™. 14
ﬁQ ot ﬁ ( )

The system of equations (including the modified continuity equation) could be
rewritten in the conservative form.

~ ~ 1
RaWo Fy 4 Gy + HE= FY + Gy HI 45, Ry =ding(5,1,0-,1) - (19)

where W is the vector of unknowns, F¢,G¢, H¢ are inviscid fluxes, F", G", H' are
viscous fluxes, and the source term S.

The following special parameters settings related to four specific models will be
used in our numerical simulation:

Newtonian w(%) = ps = const. T.=0
Generalized Newtonian w(%) T.=0
Oldroyd-B w(%) = ps = const. T.
Generalized Oldroyd-B w(%) T.

The (15) is discretized in space by the cell-centered finite volume method (see [7])
and the arising system of ODEs is integrated in time by the explicit multistage
Runge—Kutta scheme (see [8], [10], [11]).

2.1. Boundary conditions

The flow is modelled in a bounded computational domain where a boundary is
divided into three mutually disjoint parts: a solid wall, an outlet and an inlet. At the
inlet Dirichlet boundary condition for velocity vector is used and for a pressure and
the stress tensor Neumann boundary condition is used. At the outlet the pressure
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value is given and for the velocity vector and the stress tensor Neumann boundary
condition is used. The homogeneous Dirichlet boundary condition for the velocity
vector is used on the wall. For the pressure and stress tensor Neumann boundary
condition is considered.

3. Numerical results

This section deals with the comparison of the numerical results of Newtonian
and Oldroyd-B fluids. Numerical tests are performed in an idealized stenosed vessel.
The stenosed vessel is assumed to be three-dimensional with circular cross-section.
Figure 3 shows the shape of the tested domain. The computational domain is dis-
cretized using a structured, wall fitted mesh with hexahedral cells and uniform axial
cell spacing. The similar numerical results can be found in [1], [2].
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(a) Newtonian

(b) Generalized Newtonian

Figure 1: Structure of the computational domain.

The following model parameters are:

fe =4.0-107*Pa - s fs =3.6-103Pa- s
A1 = 0.06s Ay = 0.054s
Uy = 0.0615m - s~ ¢ Lo =2R = 0.0062m
flo = [t = fs + fe p = 1050kg - m™?

Note that the fluid motion can be characterized by parameters: Reynolds number
and Weissenberg number. Weissenberg number is proportional to the relaxation time
of the fluid. These special data corresponds to Reynolds and Weissenberg numbers:

UoL MU
= P00 100, We=222—06 (16)
Ho Lo

Re

In Figure 2 the comparison of the axial velocity isolines is presented. To empha-
size the flow separation behind the stenosis the regions of reversal flow (with respect
to axial direction) are marked with white color.

Pressure and velocity distribution along the axis for both tested fluids models is
shown in Figure 3. By simple observation one can conclude that the main effect of
the Oldroyd-B fluids behavior is visible mainly in the recirculation zone.
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(¢) Oldroyd-B (d) Generalized Oldroyd-B

Figure 2: Axial velocity isolines for generalized Oldroyd-B fluids.
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Figure 3: Pressure and axial velocity distribution along the central axis of the chan-

nel.

4. Conclusions

Newtonian and Oldroyd-B models with their generalized modification have been
considered for numerical simulation of fluids flow in the idealized axisymmetric steno-
sis. The cell-centered finite volume solver for incompressible laminar viscous and
viscoelastic fluids flow has been described. For time integration the explicit Runge—
Kutta method was considered. The numerical results obtained by this method are
presented. The differences between these tested fluids are given mainly in the separa-
tion region. These results clearly show that for shear-thinning flows the recirculation
zone becomes shorter. This could be explained by the specific choice of the charac-
teristic viscosity pio, for the reference Newtonian and (non-generalized) Oldroyd-B

solution.
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Abstract

This contribution contains a description and comparison of two methods applied to exposure
optimization applied to moulding process in the automotive industry.

1. Introduction

Consider an aluminium shape weighting approximately 300 kg. This shape should
be uniformly warmed to 270°C' by approximately 100 heating lamps of the same power.
Every lamp is defined by the coordinates of its endpoints A, B and the lighting direction u
(9 parameters). All the lamps have the same length d. The shape surface is defined by
using approximately 10000 plane elements. Every plane element is represented by the
coordinates of its center 7" and its outer normal v (6 parameters). The initial coordinates
of the lamps are given. To obtain a uniform exposure of the surface to the heat radiation,
we optimize the lamp coordinates.

2. Formulation of a constrained optimization problem

2.1. Equations for the exposure of a plane element by a lamp

Let 27 = (2,27 21) be the center of a plane element, V¥ = (2,25 25) be its
outer normal, z = (2¢', 28, 24), 2P = (28 28 28) be the endpoints of the lamp and
2% = (27,25, 23) be the lighting direction of the lamp. We also denote v = —a, u = 2

and use the following constraints

Y@=1 Y i@l -aly=0, Y @ -a)?=d (1)

=1 =1 =1

where d is the length of the lamp. The first constraint ensures the unit length of vector z°,

the second its orthogonality to the axis of the lamp, and the third stabilizes the length of
the lamp.
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The lamp is a linear body of the length d, consisting of p lighting elements of lengths
dr = d/p, 1 <k < p. The connecting line between the center of the lighting element and
the center of the plane element is expressed as

2k -1

T A B
= — (1 =X\ - A A
W =T ( k)«T kT, k %

, (2)

where 1 < k& < p. The exposure I of the selected plane element by the particular lamp is
given by the formula

p
1 B
I = I .= 13 —\/1—a? d 3
; ky Lk ( ay + 5 ozk) [we]? s (3)
where
T T
oy = L iy, By = Tk o7 10,
[l wr]] vl [l
and
a=u/llull, v=v/|v|, Wy =mw/|wk|

(the expression for [, has been obtained by measurements). Analytical expressions for the
derivatives of the exposure I with respect to the elements of vectors 4, 2%, 2° (elements
of the vectors z7, V' are constants, since the heated surface is fixed) have the form

ol = O, - ol

T N N1

Oxt oz Z( 2 Ow;y,’
k=1 k=1

ol = O, =0l

_ = _— = — )\

OxB — Jxf ; " Owin

o on o

oz oz~ ou;’
k=1 k=1

1 d
Vol — <3_§ oy, 2) |5kkv o

Jwgl|>

1 dy, Brdx
i /1-a 2 R )
- (3“”2 “)( Vs ||wk||4w’f>

[
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Furthermore, one has

T
Wy, u* Wy U 1 . .
Vo - = (W — o),
ullllwsll el [lwgl] [l ([l
U uTwy Wy, 1
Ve O = — = (U — apy),
* ullllwsll el llwgl] fwl]? - flwgl]
v v wy, Wi 1
VB = - = (0 — Brg),
* [ollllwell (vl llwl] lwl* - flwkl]
and after substitution we obtain
I oy Brdy, - -
Vol = [3—= Wy, — o 4
’“ < 2 1—ai> Tl g~ 9 @
1 o Brdy . -
Vol = 3= _
- ( 2 1—a2) JuglF T )
v (3ap+ 21— az) % (0 — 3By (5)
o — —« v — Wy ).
S ") Nwel? e

It is not necessary to known the elements of vectors u, v and wy, 1 < k < p. We use only
their Euclidean norms and the elements of normalized vectors u, v and wy, 1 < k < p, in
our numerical algorithm.

2.2. Objective function and constraints for the uniform exposure

We have n, plane elements and n; lamps. Every plane element can be exposed by
several lamps. Let L; be a set of indices of the lamps that expose the jth plane element.
Choose 1 < j <n. and [ € L;. If we denote [j; the exposure of the jth element by the /th
lamp, (this value corresponds to the value I from the previous subsection), then the total
exposure [; of the jth element is given by the formula

lELj
The derivatives of I; are computed by the formulas

6Ij . aljl 6Ij . 81]-1 E)I] . 6Ijl

- ) - ) - ) leL )
oxy Oz’ 0xB 0287 015 0z J
0I; ol ol
_— = O —7 = O —L - O l L
ax;‘l‘ ’ 8:10{} ' 8:10{} ’ # L

where we substitute the previously defined quantities. Let I be the prescribed value of the
exposure (the same for all elements of the shape surface). Then

Ne

Flr) = 5 D005~ 17 (©

j=1
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where vector x has elements x4}, x4, x4y, x5, 2B 2B 2% 25, x5, 1 <1 < n; (nine for

every lamp). One has

OF(z) & —0I;  OF(z) <5 — 0L  OF(z) _. 0l
Ox _;([J ])(%ﬁ’ Ozl _Z([J [)axﬁ’ ox _Z([J Daxﬁ’

j=1 j=1

where we substitute quantities computed in the previous relations. The prescribed value
of the exposure is determined by the initial positions of the lamps through the formula

N
]:n_ezlj‘

The objective function F'(x) is minimized in the feasible region given by the equality
constraints (1) (three constraints for every lamp). Computation of derivatives of these
constraints with respect to the elements of vector x is easy. All constraints are sparse, so
the memory size and the number of arithmetic operations are not large.

The described problem consists in the minimization of a sum of squares with respect
to nonlinear equality constraints. The number of partial functions in the sum of squares is
ne ~ 10000 (the number of the plane elements). The number of variables is 9n; ~ 900 (nine
for every lamp). The Hessian matrix of the objective function is not sparse. The number
of nonlinear equality constraints is 3n; ~ 300 (three for every lamp). The Jacobian matrix
of nonlinear equality constraints is sparse. These facts have an influence on the choice of
the numerical method. We have used the recursive quadratic programming method with
iterative solution of linear KKT system by indefinitely preconditioned conjugate gradient
method (see [3]). This method uses partial derivatives derived above.

3. Formulation of an unconstrained optimization problem

In this section, we use constraints (1) to eliminate vector u = ¥ from the formula (3).
For this purpose we assume that the basis of the warmed shape lies in the horizontal plane,
the lamps are placed over the heated surface and the lighting directions of the lamps are
mostly perpendicular to the basis of the shape. This assumption is not very restrictive and
results obtained in this way are comparable with those obtained by approach used in the
previous section.

Let y be a vector parallel to vector 2 — 2. Then we can write 2% — 24 = (y/||y||)d
and wy = 7 — 24 — N\o(y/|lyl)d, 1 < k < p, where d = ||28 — 2| (see (2)). By our
assumption, the angle between vector v = z°, which is perpendicular to vector g, and
the normal e = (0,0, —1) is minimal. If the norm of vector u is unit, it can be uniquely
determined from vectors y and e.

Theorem 1 Vector
e+ Ay ely

VeT(e+ ) vty
1s the solution of the optimization problem

Maximize e’u subject to ylu=0, ulu=1.
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Since the length of vector u can be arbitrary, we put
_ e’y _ T~
u=e——-y=e—eyy,
vy
where g = y/||ly|| (vector e = (0,0, —1) has the unit norm). To compute the gradient of the
objective function, we need the transposed Jacobian matrices of vectors u and wy, (with

respect to y), which we denote V,u and V wy,.

Theorem 2 One has

T T T
vy ey ey 1 7 T T
Vau = (2 —I) — = 2yy —Ie'g—ey
! yy vy vy ( )
ed (yy" > Ad g

Ve, = —(——I =—(gy —1

! lyll \»™y Iyl ( )
The exposure (3) now depends on vectors x = 2 and y (then 2 = 24 + (y/||y|)d
and vector 2 = u is obtained by Theorem 1). Analytical expressions for gradients of the

exposure I have the form

p P p p
Vol =Y Voly ==Y VI, VyI=> V= (VuVul+ VywpVa, Ii),
k=1 k=1 k=1 k=1
where gradients V,[;, and V,, I, are computed by formulas (4) and (5). Note that using
Theorem 2 we can write

VyuVl + VywpV, I, = _H? (Ve(Vulk = 273) + ue + Med(Vy It — Y, 7)) 5
where 7. = g7e, v, = 47V, I}, and 7y, = §7 Vi, I
Analogously to the previous section, we minimize the sum of squares (6), but now
without constraints. The number of variables is 6n; ~ 600 (six for every lamp). The
Hessian matrix of the objective function is not sparse. This fact have an influence to
the choice of the numerical method. We have used the combination of the Gauss-Newton
method and the BFGS variable metric method, which is described in [2]. This combination
uses partial derivatives derived above.

1
I

4. Numerical comparison

The purpose if this section is to show that the elimination of constraints and the solu-
tion of the unconstrained optimization problem significantly increase the efficiency of the
computation. To demonstrate this fact, we have used four test problems L.1-1.4 introduced
in [1]. The following table contains the results corresponding to the two approaches de-
scribed in the previous sections. Here NIT and NFV are the numbers of iterations and
function evaluations, Fy and F are the initial and the final values of the objective func-
tion. Computational time is given in seconds. The % symbol means that 10000 function
evaluations did not suffice for obtaining the solution. The results were obtained by the
interactive system for universal functional optimization UFO described in [4].

The following figure demonstrates the solution of problem L1.
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Method with constraints Method without constraints

Problem  F NIT NFV  Time F NIT NFV Time F
L1 169.53 | 1125 4653 396.14 27.68 74 165 18.67  29.16
L2 198.14 | 712 2456 218.68 31.22 83 186 21.22  32.75
L3 22.50 | 382 812 118.79 14.25 57 126 20.50  12.02
L4 11.86 | 1094 10007 742.15  2.03x% 43 98 9.71 1.27

Table 1: Comparison of two approaches for the heat exposure optimization.

Figure 1: Initial (left) and final (right) positions of the lamps.
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Abstract

Optical diffraction for periodical interface belongs to relatively fewer exploited
application of boundary integral equations method. Our contribution presents the
formulation of diffraction problem based on vector tangential fields, for which the
periodical Green function of Helmholtz equation is of key importance. There are dis-
cussed properties of obtained boundary operators with singular kernel and a numerical
implementation is proposed.

1. Introduction

Development of optical micro- and nanostructures with periodical ordering takes
important place in many branches of integrated optics or nano-technology. The geo-
metrical and material optimization of the sensors, switching elements and many other
devices depends on the accurate control of their parameters. Besides less or more
complicated experiments, theoretical studies are carried out including mathematical
models of electromagnetic wave interaction with geometrically or material-wise mo-
dulated media. Generally, these models consist in the solving of Maxwell equations
with appropriate boundary conditions. Diffraction of optical wave on an interface
between two different media is one of frequently solved problem, where the rigorous
choice of theoretical approach plays important role.

In the last two decades, there were published numerous works treating of optical
diffraction in periodical structures - see [1] and references therein. One of rela-
tively new approaches is based on Boundary Integral Equations (BIE), theoretical
background of which is referred e.g. in [2]. In this article, we aim to show the espe-
cial integral formulation of the boundary problem for system of Maxwell equations.
To this purpose, we introduce tangential vector fields and study the properties of
derived integral operators.
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2. Formulation of the problem

Let’s denote X = (1,29, 23) € R® and further S : x5 = f(z;) a surface which
we consider to be smooth with normal vector v and periodically modulated in coor-
dinate z; with period A and uniform in the x5 direction, see Fig.1.

The interface S divides the space into two semi-infinite homogeneous regions
QD ={X € R? x3> f(x1)}, Q@ = {X € R? x5 < f(x;)} with constant relative
permittivities e # @ 1 € R and ¢® € C, Re(e®) > 0, Im (¢®) > 0, and,
relative permeabilities (V) = 4 = 1 (materials are magnetically neutral).

\

0 A

0@ 2) 2N X

£, !

Figure 1: Structure of regions with common periodical boundary

We aim to solve optical diffraction problem for monochromatic plane wave with
wavelength A, i.e. with wave number ky = 27/ that is incoming from QW under
the angle of incidence # measured from x3 direction. We seek for space-dependent
amplitudes EU) = E|qgy», H W =-H |ou) of the electromagnetic field intensity vectors
E(X)e ™ H(X)e ™ wherew = ¢/ and c represents the light velocity in the free
space. Especially, we suppose the TM polarization of the incident wave, for which
EV) = (E%j), 0, E?Ej)), HY) = (0, HQ(j), 0). Therefore, the Maxwell problem leads to

the Helmholtz equations for the scalar components H2(j )(X )
AHY + 290D =0 on QU | j=12 (1)
The tangential components of the fields are continuous on the boundary, i.e.
vx (EY —EP) =0, vx (HY —H®)=0 on S . (2)

For the far fields, the well-known Sommerfeld’s radiation convergence conditions hold
that enable to consider the problem on the common interface S only [3].
The incident field at zero diffraction order is characterized by the relation

_ s (1-)
H{'D = o ietelon i mle, ey = (0,1,0) (3)
where a = kogVe sin § and ﬁék) is the propagation constant defined below.
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This optical beam is diffracted into reflected wave in QM) and transmitted one
in Q) which are represented by countable sets of modes with wave vectors

kU = (a,,,0,895)) . apg = a+2mm/A, (B =k2eW —a?2  meZ. (4
m m m 0 m

The sign in superscript denotes propagation direction with respect to the z3 axis
orientation: “+” means the forward wave (reflected), “~” the backward one (incident,
transmitted). For example U~ < 0, if 3U=) € R, or, Im (3Y~)) < 0 otherwise with
respect to radiation conditions and chosen convention e ! — see (3). In what follows
stay 1 for 14 and 2 for 2—.

Denoting @ = (x1,23), y = (y1,y3), the periodical fundamental solution of the
Helmholtz equation in Q) can be written as [4]

. 1 &= : ; 1 o o () | o
\If(])(w’y) =5 Z \p%)(w’y)’ g;%)(w’y) =5 ellam(@1—y1)+Bm’ [w3—ys]) (5)

In further considerations we exploit following well-known property of the functions W)

Theorem 1. For both of the function W9 (x,y) defined by (5) the difference (6) is

continuous in R2. . .
w) r,y) — —In—— (6)
@Y = o M =

3. Boundary integral equations
The aim of this section is to formulate boundary integral equations for tangential

fields
J=vxEY=vxE®? I=-vxHY=—_pxH®? (7)

where v = (f',0,—1)/0 with 0 = /1 + f” is an unit normal vector of the reduced
boundary S : x3 = f(x;) oriented as shown in Fig.1. Similarly, 7 = (1,0, f')/o
represents an unit tangential vector of S.

Thus, on the boundary we can write J = —.Jyes, where Jy = 7 - EY =+.E®,
and, I = ol = I,7, where I, =0} = —Hél) = —H§2).

For boundary points & = (£1,&3), 7 = (m1,713) on the interface S : n3 = f(m),
m € (0,A) we obtain following system of boundary integral equations [5]

B(€) = ~Io(€) — ikore [ Lr, (90— w)al,
S

1 1 dI 1 1
B B VA O B TC) . 1) _ @

ik / o dy <€<1>‘1’ ok )dln +vg /JNU(\II vyl (8)
S S

L&) = —Iy(&) —iky / Jo(eWWD — 2w @) g1, + / v, V, (80— @) d1,, (9)
S S
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where
Jo(€) = —esy-(Wex BS ) = 7B (&) = T (wex HS ) = —H | (10)

thereby E(()l_), H (()1_) represent the incident wave in Q).
To derive these equations it is necessary to study properties of integral operators

/g(n)w(w,n) dly /g(n) Wdln ; /g Vo(z,m)dl,  (11)

with the kernel
1 1

vl = o

when crossing from the inner point @ to the boundary point £ in the normal direction
(the superscript (7) is omitted for simplicity).

Whereas the first and the second of them are the well-known single and double
layer potentials, the third is worth to mention.

(12)

Theorem 2. Let ¥(x,m) is the function (12) and S is smooth boundary of the
domain Q C R? with unit outward normal v. If g € C(S), then

hm/g Y, (@, ) di, /g V(€ m)dly = So€v() . (13)

where € € S, minus holds for x € Q and plus for x € R?\ €.

4. Operator form

Let m : (0,27) — R, m(t) = (p(t), q(t))
For the boundary points we have £ = 7(s), w(t), s,t € (0,2m) with correspond-
ing unit normal vector v(t) = (v1(t), v5(t)) = (¢'(t), —p'(t))/v(t) and unit tangential

vector 7(t) = (p/(1), (1))/w(t), where v(t) = [y () + ¢'(1).
In the integral operators kernels the fundamental solution (5) of the Helmoltz
equation takes place, hence the system (8), (9) can be written in operator form

Vi4V, T-Vs [ L] [~ 14)
I-Vy Vs Jo | | =L |

where Z is the identity operator,

be a parametrization of the boundary S.
’r’ =

2
_ ko W (g 1) _ @
M) = 500 0/ L (D) (s, 1) ZEZ [ (s, 1) — U (s,1)] dt , (15)
2 M @
_ 1 / Z Ja.m(5, 1) (1) Jam (5, 1) (2)
V(L) 2koAv(s) O/IT(t) Y/ e® U (5,8) = e V! (s, )]t (16)




1 T 1) 1 2) 2
V() = 537 / Ja(t) mzZ (95 (5, )T (5.1) = 957 (5. W (5.0)] w(t) dt, (17)
Vi(l,) = % / L(t) Y g (s 000 (s, 8) — g (5, )8 D (s,0)] dt . (18)
0 mGZ
/ Tt cOTN (s,1) — DU (s,1)] v(t) dt (19)
meZ
with

gi(s.t) =v(s)ut)r(s) 7(t) . g¥n(s,t) = v(s)T(s) K (s,1) |

G55, t) = v(s)w(s) - kP (s,t) . g (s, t) = vt (t) - K (s,1) |
K9 (s, 1) = (o, sgn(a(s) — q(1))8Y) (20)

The right-hand terms of (14) are obtained by parametrization of incident fields (10).

5. Properties of boundary integral operators

Now we need to discuss properties of integral operators kernels, which are written
as differences ¢; U (s, 1) — c; U@ (s, 1), or their gradients, where ¢y, ¢y are generally
complex constants. Because for s # t this expression represents a continuous func-
tion, it suffices to analyse the singular case for s = t.

Theorem 3. Let ¢y, co € C. Then for s =t the functions
alW(s,t) = U@ (s,t), Vi (er¥W(s,1) — 0P (s,1)) (21)
are continuous for ¢y = co and these have singularity of logarithmic type for ¢y # co.

The particular manner how to evaluate singular integrals depends on the choice
of numerical method. The following theorems show one of possible methods - see [6],
where also the proofs can be found (Z* = Z — {0}).

Theorem 4. Let 7 : (0,27) — R? is a parametrization that satisfies

p(0) =0, p@2m)=A, q(0)=q(27r), pt+27)=pt)+A, qlt+27r)=q().

s—t eflm(sft)
In||w(s) — w(t)| =In[2sin——| = — Y ——— (22)
2 . 2\m|
mEZ
Theorem 5. The series (23) is absolutely convergent.
1 —im(s—t)

DR A AL R — (23)

. 2 2|m)|

me,
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These properties together with Theorem 1 allow us to split the fundamental
solution as

U (s,t) = W (s,) + (s, 1), (24)
where
) ) ) 1 e—im(s—t)
\Ilg,])(s,t) = \110] (s,t) + Z \I/%)(s,t) -, (25)
il 2T 2\m|

s—1

(s, t) = %1n|2 sin | . (26)

In numerical implementations we work separately with regular integral kernels and
with singular integrals which can be evaluated analytically.

6. Conclusion

The presented formulation of diffraction problem represents appropriate back-
ground of numerical solution by the Boundary Elements Method (BEM). Specific
problem to discuss is the choice of basis functions; trigonometric polynomials can be
used [3], for instance. For further work we prefer piecewise linear boundary elements.
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Abstract

The model of coupled heat transport and Darcian water flow in unsaturated soils
and in conditions of freezing and thawing is analyzed. In this contribution, we present
results concerning the existence of the numerical solution. Numerical scheme is based
on semi-implicit discretization in time. This work illustrates its performance for
a problem of freezing processes in vertical soil columns.

1. Introduction

Let T > 0 and ¢ > 0 be the fixed values, Q = (0,¢), I = (0,7), Qr =Q x I. We
consider a mixed initial-boundary value problem for a general model of the coupled
heat and mass flow in freezing soils. The mathematical model consists of the following
system (cf. [1]):

00n(2,0,u) 0 ou ,

— =5 (k(z,ﬁ,u)%> in Qp, (1)
o9 0 00 0¥ ou
Cal(z, 0, U)E =3, ()\(z,ﬂ, u)&) + Cuk(z, 0, u)&g in Qrp, (2)
u(0,t) =up(t) and J0,t) =9Vp(t) inl, (3)
—k(z,9, u)% = Bec(u — uy) and — A(z, 0, u)g—ﬁ =a.(0—Vy) inl, z=1 (4)
2 2

u(z,0) =up(z) and Y(z,0) =Yy(z) in Q. (5)

This system describes the one-dimensional coupled water flow and heat transport
involving freezing-thawing processes in a vertical soil column. Equations (1) and (2)
represent conservation laws for mass and energy, (3) and (4) are prescribed boundary
conditions of Dirichlet and Neumann type, respectively, and (5) represents appropri-
ate initial conditions. In (1)—(5) u = u(z,t) [m] and ¥ = ¥(z,t) [K] (single-valued
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functions of the time ¢ and the spatial position z € ) positive upward) are the
primary unknowns for the total pressure head and temperature, 0, [-] is the total
water content, k [ms™'] represents the hydraulic conductivity, C, [Jm™3K™!] is the
so called apparent heat capacity and A [Wm™' K] is the thermal conductivity of
the soil. Material constant parameters in (1)—(5) are the volumetric heat capacity of
water C,, (4.181x10° Jm™3K™!), convective heat and mass transfer coefficients o,

Wm™2K™!] and 8, [s7!].

2. Freezing and thawing

Define ¢ [m] as the matric potential corresponding to the liquid water con-
tent 6, [-] and the matric potential h [m] corresponding to the total water con-
tent 6y [-] (liquid and ice). The amount of water present at a certain matric po-
tential of the porous medium is characterized by the water retention curve 6(-). In
particular, 6y, = 0(h), while 6,, = 6(¢)). Here we use the relation proposed by van
Genuchten [4] 0(h) = 0, + (05 — 0,)[1 + |«h|"] ™™, where 0 is the soil saturated water
content [-], 6, is the soil residual water content [-], & [m™!], m and n are parameters.

Water in soil pores does not freeze at 273.15 K, but is subject to a freezing-
point depression caused by interaction between water, soil particles and solutes. The
generalized Clapeyron equation is used to describe the condition for the co-existence
of water and ice. The local freezing point of pore fluid can be obtained from the
generalized Clapeyron equation [1, 2]

wl
dp = P20 g, (6)
)
where p [Pa] is the water pressure, p = p,gh, h = u — z, g is the acceleration

due to gravity (9.81 m s72), h [m] the pressure head (matric potential), p, the
density of liquid water (approximately 1000.0 kg m™3) and Ly is the latent heat
of fusion (3.34 x 105 Jkg™!). Let 0y = 273.15 be the freezing temperature at zero
pressure head. If the soil is unsaturated, the surface tension at the water/air interface
decreases the water freezing temperature to ¥y < 273.15 K. To obtain the value ¥
at the given pressure P integrate (6) in temperature from 273.15 to ¥ and from 0
to P in pressure to obtain

P Iy p L
/ dp = / Y2149, which yields ; = 273.15¢"/"r = 27315~ 2)9/Ls - (7)
0 273.15 v

Similarly, integrating (6) in temperature from ¥ to ¥ and from P(= hp,g) to
Py(= ¢pwg) in pressure yields (recall u = h + z)

w(z,ﬁ,u):w(ﬁ,u—z)Ew(ﬁ,h):h—l—ﬁlnﬂ:u—z—kﬁlnﬂ. (8)
g Vs g Uy

The above equation is valid for ¥ < ¥¢. If ¥ > 9 all water is unfrozen and h = ¢
and 6,, = 0y. Consequently, whenever ¢ < ¢, the ice fraction 6; [-] can be expressed
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as 0; = 0y — 0, [-]. In addition, the total water content 6, (present in (1)) as derived
by the fraction of total mass of liquid water and ice (see [1, Appendix A]) reads

Oua(,0,10) = (.9, 0)) 2042, 0,) = L0 (3,0) + (1 - p”—) 0 (6 (z, 0,u),

where p; is the density of ice (918 kg m™3).

2.1. Structural conditions and assumptions on physical parameters

Let us present some properties and additional assumptions on physical parameters
introduced in the model.

A, The parameters py, pi, 05, 0, Cy, Lf, o and 3. are real positive constants
and p; < pu.

Ay The thermal conductivity A, apparent thermal capacity C, and hydraulic con-
ductivity k are assumed to be positive continuous functions of their arguments
(see [2] for specific examples). In addition,

0<Cu(2,6¢) <C <400 VECER (CF = const > 0). 9)

A3 Functions 6, = 0,(z, ) and 0y = 0y (z,-) (for z € Q) are positive, nondecreas-
ing, continuous and bounded functions such that

Ou(z,6) < b, 0,(2,8) <Oy(2,8) <6, VEeR. (10)

Consequently, 8, is a positive continuous function such that

0 < Oy(26,¢) = /f—iev(z,s) + (1 - pp—) Ou(z,C) <O, forall € ¢ €R.

A, Functions up, ¥p, Us, Vs are continuous on [0, T], ug, o € WH3(2)? and the
compatibility conditions uy(0) = up(0) and J4(0) = ¥p(0) hold.

3. The approximate solution

Albeit the coupled problem (1)—(5) is essentially non-stationary in their nature,
we shall formulate and analyze a weak form of the stationary problem. It has a signif-
icant mathematical interest because the time discretization of the evolution problem
leads, in each time step, to a coupled system of stationary equations.

Let 0 =ty < t; < --- <ty =T be an equidistant partitioning of time interval
[0; T] with step At. Set a fixed integer n such that 0 < n < N — 1. In what follows
we abbreviate ¢(z,t,) by ¢, (= ¢(2),) for any function ¢. The time discretization
of the continuous model is accomplished through a semi-implicit difference scheme.
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Consequently, we have to solve, successively for n = 0,..., N — 1, the following
semilinear system with primary unknowns [J,, 1, t,11]

Oni (2, 0, unHA)t— Oni (2, 0y uy) _ % (knazg;ﬂ) | (11)
(Ca)nﬂ%;ﬁ" _ % (Ana%";l) 4 Ck %“" aai (12)

w(0)ps1 = (up)py1  and  (0)ns1 = (Up)n+1,(13)

N I UG ) (14)

T = a0l = DO (15

Here, we assume that the functions u,, and ¥,, are known and (for the sake of sim-
plicity) we put k, = k(2z, 9, un), An = A2, U, un), (Co)nyr = Calz,Vns1, Upnyr). In
what follows we study the problem of the existence of the solution u,; and ¥, 1.
Let V be a closure of the space {v € C*(€)?% v(0) = 0} in the norm of W"2(2)2.
By (-, -) we denote the duality between V and V*, where V* represents the dual space
corresponding to V. Define an operator A : W12(Q)? — V* given by the equation

0V 41 3902
0z

Opy1 Oy

(A([Pns1, uns1]), o) ::/ﬂkn o EjL)\n dz

_'__
At

0z
Orr (2, Ung1s Unt1)@1 + (Co)ni1 (Vi1 — On)padz
+ Beu(l

Jnt1 P1(0) + acd(€)ps102(0)  (16)
for every ¢ = [p1, 2] € V and the functional f € V* by the equation

1 ou,, 09,
<f7§0> . At/eM(’z ﬂna”n)@ldz_'_/c k 82 a

+ ﬁcuw( )n+1901(€) + O‘cﬂw(g)nJrl(PQ(g) (17>

dz

for all ¢ = [¢1,ps] € V. It can be shown that the operator A and the functional
f are well defined. Let [J,,u,] € [(Up)n,(up)n] + V. We say that the couple
[Unt1s Unt1] € [(OD)n+1, (Up)ns1] + V is the weak solution of the problem (11)—(15)
whenever (A([9,11, uns1]), @) = (f, ) for all ¢ = [p1, @] € V.

Theorem 1. For a given couple [0y, u,] € [(Up)n, (up)n] + V there ezists a weak
solution V41, Uns1] € [(9p)ns1, (up)nt1] + 'V of the problem (11)—(15).

Sketch of the proof. Note that the couple [9,41, Un+1] € [(VD)nt1, (Up)ns1] +V is the
weak solution of the problem (11)—(15) iff it is a solution of the operator equation

A([Pns1, tng1]) = F.
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Let us define A : V — V* by A([U 41, Unt1]) := A([Pns1, Una] + (9D )ny1s (Up)ns1])-
The abstract equation A([¢,,11,Uns1]) = f has a solution [¥,11, Ups1] € V if and
only if Vi1, Uni1] = [Pnits tnst] + [(90)ns1, (Up)ni1] € WH2(Q)? is the solution of
the equation A([J,41, un41]) = f. Note that the equation A([J,11, Uni1]) = f rep-
resents a variational formulation corresponding to the system of coupled semilinear
equations. It can be shown that the operator A : V — V* is pseudomonotone and

coercive. Now [3, Theorem 3.3.42] yields the existence of the solution [, 41, Un41] € V
to the equation A([U,41, Unt1]) = F- O

4. Numerical solution and results

By means of the model described above, we briefly present numerical results for
coupled water flow and heat transport involving freezing-thawing cycle in a vertical
soil column. The soil thickness in the numerical simulation for the one-dimensional
vertical transport is 1 m, see Fig. 1. The spatial discretization of the system (11)—(15)
is carried out by means of the FE-method with piecewise linear elements with spa-
tial discretization as indicated in Fig. 1. This resulting system is solved using the
well-known Newton method at each time step with At = 30 s. Physical properties of
soil are taken from [1, 2, 4]. The initial and boundary conditions are set as follows:
Yo = Vp = 277.15 K, ug = —0.1241 4+ z m, u,, decreases from the value ug+ 1 m to
—100 m during the first two days and then taken constant, the distribution of ¥
is shown in Fig. 2. The progress of freezing and thawing in a soil column based
on numerical simulation is clearly visible in Figures 3 and 4 which show the vertical
distributions of the temperature, water content and ice during the 8-days period.
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Figure 1: Analyzed soil profile. Figure 2: Temperature 9.
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Figure 3: Spatial and time distribution of temperature (black lines) and freezing
temperature (gray lines), ¢ and ¢, respectively, for the analyzed soil profile.
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Figure 4: Spatial and time distribution of water (black lines) and ice (gray lines)
content, 6, and 6;, respectively, for the analyzed soil profile.
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Abstract

We describe the basic ideas needed to obtain apriori error estimates for a nonlinear
convection diffusion equation discretized by higher order conforming finite elements.
For simplicity of presentation, we derive the key estimates under simplified assump-
tions, e.g. Dirichlet-only boundary conditions. The resulting error estimate is ob-
tained using continuous mathematical induction for the space semi-discrete scheme.

1. Continuous problem

Let Q C R? d € N, be a bounded open polyhedral domain. We treat the following
nonlinear convective problem. Find w: Q x (0,7") — R such that

a) g—? +divf(u) =¢ in Q x (0,7), (1)
b) “’aﬂx(o,T) =0, (2)
d) u(z,0)=u"(z), xe€ (3)

Here g : Q@ x (0,7) — R and u” : Q — R are given functions. We assume that the
convective fluzes £ = (f1, -+, fa) € (CZ(R))? = (C*(R) N W2>*(R))?, hence f and
' = (fl,---, f})) are globally Lipschitz continuous.

By (-,-) we denote the standard L?(2)—scalar product and by | - || the L?(Q)-
norm. By || - ||, We denote the L*>°(£2)-norm. For simplicity of notation, we shall
drop the argument €2 in Sobolev norms, e.g. ||+ || g»+1 denotes the HP(£2)-norm. We
shall also denote the Bochner norms over the whole interval [0, 7] in concise form,
e.g. ||u| oo (pp+1) denotes the L°(0,T; HPH(2))-norm.

2. Discretization

Let 75, be a triangulation of Q, i.e. a partition into a finite number of closed
simplexes with mutually disjoint interiors. We assume standard conforming proper-
ties: two neighboring elements from 7, share an entire face, edge or vertex. We set
h = maxger, diam(K) .
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We consider a system {75 }ne(o,n0), ho > 0, of triangulations of the domain €
which are shape regular and satisfy the inverse assumption, cf. [2]. Let p > 1 be an
integer. The approximate solution will be sought in the space of globally continuous
piecewise polynomial functions Sj, = {v € C(Q); v|r, = 0, v|x € PP(K)VK € Ty},
where PP(K') denotes the space of polynomials on K of degree < p.

We discretize the continuous problem in a standard way. Multiply (1) by a test

function ¢, € S}, integrate over {2 and apply Green’s theorem.

Definition 1. We say that u;, € C*([0,T];S,) is the space-semidiscretized finite
element solution of problem (1)-(3), if un(0) = u) ~ u° and
4
dt
Here, we have introduced an approximation u) € Sy, of the initial condition u
and the convective and right-hand side forms defined for v, p € H'(Q):

b(v, ) = / fo) Vodr,  1(o)(t) = / o(t)pde,

(uh(t)> (ph) + b(uh(t)a (Ph) = l(‘Ph) (t)> v‘Ph € Sh> te (O>T) (4)

0

We note that a sufficiently regular exact solution u of problem (1) satisfies

%(U(f%%) +0(u(t), on) = 1(n)(t), Ven € Sp, Vt € (0,7), (5)

which implies the Galerkin orthogonality property of the error.

3. Key estimates of the convective terms

As usual in apriori error analysis, we assume that the weak solution wu is suffi-
ciently regular, namely

u,up € L2(0,T; HPH(QY)),  we L0, T; Whe(Q)), (6)
where u; := %% For v € L*(€2) we denote by IT,v the L*(Q)-projection of v on Sy:
v e Sh, (HhU -, gOh) =0, VQO}L €Sy

Let n,(t) = u(t) — Myu(t) € HPH(Q) and &,(t) = Myu(t) — up(t) € Sy, for t € (0,7).
Then we can write the error ey, as ey(t) = u(t) — up(t) = nu(t) + &u(t). By C
we denote a generic constant independent of h, which may have different values in
different parts of the text. Also, for simplicity of notation, we shall usually omit the
argument (¢) and subscript h in &,(t) and n,(¢). In our analysis, we shall need the
following standard inverse inequalities and approximation properties of 7, (cf. [2]):

Lemma 1. There exists a constant C7 > 0 independent of h s.t. for all v, € Sy,
lon|zrr < Crh™|onll,
[nllse < Crh™¥?||u]].

137



Lemma 2. There exists a constant C' > 0 independent of h s.t. for all h € (0, hg)

I (@) < CRP u(t) | o

152 ] < CR 25 e

[|7m (2t )||oo < Chlu(t) |-
Lemma 3. There exists a constant C' > 0 independent of h,t, such that

b(unt). €0)) — b(ut).€(0)) < (1 + F D (vszupe, oy e, (7)

Proof. The proof follows the arguments of [5], where similar estimates are derived
for periodic boundary conditions or compactly supported solutions in 1D. The proof
for mixed Dirichlet-Neumann boundary conditions is contained in [4]. We write

b €) = b, = [ (B~ E(w)- Vo (5)

By the Taylor expansion of f with respect to u, we have

fu) = f(un) = £'(w)§ + 1 (u)y — §f{[uh€h> (9)

where f, is the Lagrange form of the remainder of the Taylor expansion, i.e.
£/ ., (z,t) has components f” (Jy(z, t)u(z, t)+(1—V,(z, t))up(z,t)) for some Iy(z,t) €

U, Up

[0,1] and s = 1,--- ,d. Substituting (9) into (8), we obtain

b(uh,f)—b(u,ﬁ):/Qf’(u)f-Vde—F/Qf'(u)n- Vfdx—%/fguheh-V£dx. (10)

-~ -~ -~

Y1 Yo Y3

We shall estimate these terms individually.
(A) Term Y;: Due to Green’s theorem and the boundedness of f” and the regularity
of u, we have

/f’(u)g. Védr = —% / div (f'(u))&* dz < CJl¢))*
0 Q

(B) Term Ya: We define I} : (L2(2))? — (S})? = {v € (C(Q)% v|r, =0, V| €
(PY(K)), VK € T}, the (L*(Q2))%projection onto the space of continuous piecewise
linear vector functions. From standard approximation results (similar to those of
Lemma 2, cf. [2]), we obtain

1€ (w) — 10, (£ () [l oo < CRIE () lwroe < CRYE" || ey | Lo (wie) = Ch.
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Furthermore, due to the definition of , we have [, II}(f'(u))- VEndz = 0, since
0}, (f'(u))- V€ € Sy. Therefore, by Lemmas 1, 2 and Young’s inequality
Yal = | [ (£00) = I(€w)- 9 nela] < /) ~ TH(E )l ol €
< ChCrh 1HEHH??H < €% + CR* 2 u(t) 3o
(C) Term Y3: We apply Lemmas 1, 2 and Young’s inequality:
V3| < Cllenllscllenl|Crh gl < Ch™Hlenlloo (CR 2 u(®) oo + 1I€]1%)-

O
4. Error analysis of the semidiscrete scheme

We proceed similarly as for a parabolic equation. By Galerkin orthogonality, we
subtract (5) and (4) and set @y, := &,(t) € S,. Since (% n) =3 L 1&l% we get

ot ?
onn(t)

3 16N = bun(0), 6.0) — b(u(t), () — (P2, 60(1).

For the last right-hand side term, we use the Cauchy and Young’s inequalities and
Lemma 2 and Lemma 3 for the convective terms. We integrate from 0 to ¢t € [0, 7],

t
6 O < € (10 2202 ) (k7 a0) a1 2 (9) o+ 640) ), (11

where C' > 0 is independent of h,t. For simplicity, we have assumed that &,(0) = 0,
Le. uj = Iu’. Otherwise we must assume e.g. [&,(0)[* < Ch**u’3,,, and
include this term in the estimate.

We notice that if we knew apriori that ||ep||.c = O(h) then the unpleasant term
h=Ylen||so in (11) would be O(1). Thus we could simply apply the standard Gronwall
lemma to obtain the desired error estimates. We state this formally:

Lemma 4. Let t € [0,T] and p > d/2. If ||en(9)|| < R**4? for all ¥ € [0,], then
there exists a constant Cr independent of h,t such that

2 <Oyt 12
;g[%ﬁl\eh( = < Cr (12)

Proof. The assumptions imply, by the inverse inequality and estimates of 7, that

len(@)lloo < I (@)lloe + 16 (Dl < Chu(®)lwre + Crh= 2|60 (13)
< Ch+ Cihl|en(®)] + Crh ()| < Ch + CHPP2|u(0)] sv1(y < Ch,

where the constant C' is independent of h, 9, t. Using this estimate in (11) gives us

[P < Cr2r+ 4 C / € (9)]2 40, (14)
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where the constants 6’,0 are independent of h,t. Gronwall’s inequality applied
to (14) states that there exists a constant Cr, independent of h, ¢, such that

1 [t _
max [|&,(9)]|? + 5/ (92, 49 < Gk,
0

9€[0,¢]
which allong with similar estimates for  gives us (12). O
Now it remains to get rid of the apriori assumption |leylloc = O(h). In [5]

this is done for an explicit scheme using mathematical induction. Starting from
12| = O(hP*+1/2), the following induction step is proved:

lepll = O(R*72) = lef e = O(h) = e[ = O(R*'/2). (15)

For the method of lines we have continuous time and hence cannot use mathematical
induction straightforwardly. However, we can divide [0, 7] into a finite number of
sufficiently small intervals [t,,, t,.1] on which “ej, does not change too much” and use
induction with respect to n. This is essentially a continuous mathematical induction
argument, a concept introduced in [1], which has many generalizations, cf. [3].

Lemma 5 (Continuous mathematical induction). Let o(t) be a propositional func-
tion depending on t € [0,T] such that

(1)  ©(0) is true,

(17) oo > 0: p(t) implies p(t + ), Vt € [0,T] Y6 € [0,0] : t + 6 € [0, T].
Then ¢(t) holds for all t € [0,T].

Remark 1 Due to the regularity assumptions, the functions u(-), us(-) are con-
tinuous mappings from [0, 7] to L?(Q2). Since [0,7] is a compact set, ey, (+) is a uni-
formly continuous function from [0, 7] to L?(Q2). By definition,

Ve>036>0: 5,5€[0,T],|s—35 <6 = |len(s) —en(d)| <e.

Theorem 6 (Semidiscrete error estimate). Let p > (1 +d)/2. Let hy > 0 be such

that C’Thlllhq/2 = %hrdﬂ, where Cr is the constant from Lemma 4. Then for all
h € (0, hi] we have the estimate

9)||? < Czh*PTL 16
max a0 < (16)

Proof. Since p > (1+d)/2, hy is uniquely determined and CrhP*/2 < 1pl+d/2 for
all h € (0, hq]. We define the propositional function ¢ by

— 2 < o2p2ett L
p(1) {52[%?%”611(19)” < Crh }

We shall use Lemma 5 to show that ¢ holds on [0, 7], hence ¢(T') holds, which is
equivalent to (16).
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(1) ¢(0) holds, since this is the error of the initial condition.

(ii) Induction step: We fix an arbitrary h € (0, h;]. By Remark 1, there exists
do > 0, such that if ¢ € [0,T),8 € [0, 8], then [le,(t + ) — ex(t)]| < LA'F42. Now let
t € [0,T) and assume ¢(t) holds. Then ¢(t) implies [lex(t)|| < CphPT1/2 < Lpltd/2,
Let ¢ € [0, dg], then by uniform continuity

len(t + )| < llea(®)l + llen(t +8) — en(t)|] < 5hMH2 4 JH1HU2 = pI+e2,

This and ¢(t) implies that ||e,(s)|| < h'*9/2 for s € [0,t] U [t,t + 6] = [0, + 6]. By
Lemma 4, ¢ holds on [0,¢ + 0]. As a special case, we obtain the “induction step”
o(t) = p(t+0) for all 6 € [0, do). O

5. Conclusion

We have presented the basic ideas behind the apriori analysis of nonlinear convec-
tive problems. To keep things as simple as possible, we have presented the analysis
only for a space-semidiscrete scheme, with Dirichlet boundary conditions only. The
extension to mixed boundary conditions, the extension to implicit schemes via con-
tinuation, derivation of improved estimates under the assumption f € (C3(R))? and
the generalization to locally Lipschitz £ € (C*(R))? can be found in [4].
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Abstract

This article focuses on the problem of calculating the intensity of heat radiation
and its optimization across the surface of an aluminium or nickel mould. The inner
mould surface is sprinkled with a special PVC powder and the outer mould surface is
warmed by infrared heaters located above the mould. In this way artificial leathers
are produced in the car industry (e.g., the artificial leather on a car dashboard). The
article includes a description of how a mathematical model allows us to calculate
the heat radiation intensity across the mould surface for every fixed location of the
heaters. In calculating the intensity of the heat radiation, we use experimentally
measured values of the heat radiation intensity by a sensor at the selected points in the
vicinity of the heater. It is necessary to optimize the location of the heaters to provide
approximately the same heat radiation intensity across the whole mould surface during
the warming of the mould (to obtain a uniform material structure and colour tone of
the artificial leather). The problem of optimization is more complicated (used moulds
are often very rugged, during the process of optimization we avoid possible collisions
of two heaters as well as of a heater and the mould surface). A genetic algorithm
and the technique of hill climbing are used during the process of optimization. The
calculations were performed by a Matlab code written by the authors. The article
contains a practical example.

1. Introduction

This article describes a procedure for the calculation of radiation intensity across
the whole mould surface for fixed locations of infrared heaters and the process of heat
radiation intensity optimization on the mould surface. The problem of optimization
is rather complicated, a genetic algorithm and the hill climbing technique are used
to find suitable locations for the heaters over the mould and to optimize the heat
radiation intensity across the whole outer mould surface.
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2. A mathematical model of heat radiation

In this chapter a simplified mathematical model of heat radiation produced by

infrared heaters and absorbed by the outer mould surface is described. The heaters
and the heated mould are represented in 3-dimensional Fuclidean space using
the Cartesian coordinate system (O,xy, 22, x3) with basis vectors e; = (1,0,0),
ea=(0,1,0), e3 = (0,0,1).
Representation of a heater. A heater is represented by a line segment of length d.
The location of a heater is defined by the following parameters: 1/ coordinates of
the heater centre S = [z, 25, 23], 2/ the unit vector u = (2%, 2%, 2%) of the heat
radiation direction, where z%§ < 0 (i.e., heater radiates “downward ”), 3/ the vector
of the heater axis r = (21, 23, %) (see Figure 1). The other way to determine r is by
using the angle ¢ between the positive part of the x;-axis and the vertical projection
of r onto the xjxe-plane (the vectors u and r are orthogonal, 0 < ¢ < 7). The
location of every heater Z can be defined by the following 6 parameters

Z : (xf7x§7x§7xlf7xg7 (10> (1>

r — vector
of heater axis

o — heater axis

X3

d — heater length

u — vector
of radiation
direction
Xz

X1
Figure 1: Representation of the heater in the model.

Representation of a mould. The mould surface P is described by the elementary
surfaces p;, where 1 < 57 < N. It holds that P = Up;, where 1 < j < N and
int p;Nintp; = 0 for i # j, 1 <i,5 < N. Every elementary surface p; is described
by the following parameters: 1/ the center of gravity 7; = [xfj,xgj,x?], 2/ the
unit outer normal vector v; = (27,25, x3’) at the point 7} (we suppose v; faces
“upwards” and therefore is defined through the first two components x}’ and zy’),
3/ the size of its area s;. Every elementary surface thus can be defined by the
following 6 parameters:

T, T T v v
p; - ($1],$2‘7,$3],{L'11}],{L'12}],Sj). (2>
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3. The calculation of heat radiation intensity

We describe the process of calculating the heat radiation intensity on the mould
surface for given fixed locations of the heaters. The heater manufacturer has not pro-
vided the distribution function of the heat radiation intensity in the heater surround-
ings. We realized the experimental measurement of the heat radiation intensity. The
measured heater location was Z : (0,0,0,0,0,0) in accordance with the relation (1),
i.e., the center S of the heater was situated at the origin of the Cartesian coordinate
system (O, x1, x9,x3), the unit radiation vector had coordinates v = (0,0, —1) and
the vector of the heater axis had coordinates r = (1,0,0). We suppose the heat
radiation intensity across the elementary surface p; is the same as at the centre of
gravity T;. The heat radiation intensity at 7; depends on the position of this point
(determined by the first three parameters in the vector p; given by the relation(2))
and on the direction of the outer normal vector v; at the point T; (determined by
the fourth and fifth parameters in the vector p; given by (2)). The heat radiation
intensity in the surroundings of the heater was experimentally measured by a sensor
placed at chosen points below the heater. We use a linear interpolation function of
5 variables to continuously interpolate the measured heat radiation intensity in the
vicinity of the heater Z (for more detail see [4]).

For a heater in a general position, we briefly describe the transformation of the
previous Cartesian coordinate system (O, ey, es, €3) into a positively oriented Carte-
sian system (5,7, n, —u), where S is the centre of the heater, r is the heater axis
vector, and u is the direction vector of the heat radiation. The vector n is deter-
mined by the vector product of the vectors —u and r (see more detail in [1]) and is
defined by the relation

ryoxy |)

n=(—u)xXr= (—
The vectors r, u and n are normalized to have the unit length. Then we can define
an orthonormal transformation matrix

U U

'S 'S
Ty Ty

U u
'S 'S
Ty Ty

Y ?

T n

Ty T —I
J— T n

'S n

T3 Tz —T3

Let us recall that, for the elementary surface p;, the respective triples 7 and v;
represent its centre of gravity and its outer normal vector in the Cartesian coordinate
system (O, ey, eq,e3). If S is the triple representing (in (O, ey, es, €3)) the center of
the heater that determines the coordinate system (S,r,n, —u), then 7; and v; are
transformed as follows:

AT T T N T, T
(T]) =A"(T;-9) and (vj) = A",
where Tj/ and v]f are the coordinates in (S, r,n, —u). In this way, we transform the
general case to the measured case.
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Now we describe the procedure of numerical computation for the total heat radi-
ation intensity on the mould surface. We denote L; as the set of all heaters radiating
on the jth elementary surface p; (1 < j < N) for the fixed locations of heaters,
and [j; the heat radiation intensity of the /th heater on the p; elementary surface.
Then the total radiation intensity I; on the elementary surface p; is given by the
following relation (see in detail in [2])

=3 I (3)

ZGL]'

The producer of artificial leathers recommends the constant value of heat radiation
intensity across the whole outer mould surface. Let us denote this constant value
as I.... We can define F', the aberration of the heat radiation intensity, by the

relation N
. I — IT’EC y
F 2]71 | ]{7 |S.7 (4)

Sj

Jj=1

and the aberration F by the relation

F= 2_: (I; = Lee)’ s - (5)

4. The optimization of the location of the heaters

We use a genetic algorithm for global optimization and subsequently the hill
climbing method for local optimization of the locations of heaters. These methods
are described in more details in [3] and in [5]. The location of every heater is defined
in accordance with the relation (1) by 6 parameters. Therefore 6 parameters are
necessary to define the locations of all M heaters. One chromosome represents one
individual (one possible location of the heaters). The population includes @ individ-
uals. The generated individuals are saved in the matrix Bgyen. Every row of this
matrix represents one individual. We seek the individual y,,;, € C satisfying the
condition
where C' C Egps is the searched set. Every element of C' is formed by a set of 6M
allowable parameters and this set defines just one constellation of the heaters above
the mould. The function F' is defined by (4) or by (5). The identification of the in-
dividual y,,,;,, defined by (6) is not realistic in practice. But we are able to determine
an optimized solution y,,;. Now we describe particular steps of the genetic algorithm
that is used.

Genetic algorithm

Input: the specimen y; (initial individual), 1 - the specified accuracy of the calcula-
tion.
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Internal computation:
1. create an initial population of ) individuals,
2.a/ evaluate all the individuals of the population (calculate F'(y) for every
individual y), b/ sort F(y) in the ascending order and organize y accordingly,
¢/ store the individulas y into the matrix B,
3. repeat until min{F(y);y € B} < &
a/ chose randomly between the crossover operation and the mutation operation,
b/ if the crossover operation is chosen then

randomly select a pair of individuals (parents),

execute the crossover operation and create two new individuals

else
randomly select an individual y, execute the mutation operation,
create two new individuals
end if,

¢/ calculate F(y) for the two new individuals (penalize an individual in the case of
the collision of heaters or the collision of a heater and the mould surface), d/ sort as
in 2.b/, e/ take the first @) individuals with the best evaluation F'(y) and store them
in the matrix B
end repeat.
Output: the first row of matrix B contains the best found individual.

To further optimize y,,; delivered by the genetic algorithm, we apply the hill climb-
ing method.

Hill climbing algorithm

Input: yo,¢ - the solution provided by the genetic algorithm, real suitable incre-
ments h;, where 1 <7 < 6M, e, - the specified accuracy of the calculation.
Internal computation:

repeat until max{|h;|;1 <i <6M} < &y

fori=1to 6M do

a/ while F(Yopt) > F (Yopt + 1i) do Yopt = Yopt + N

end while,

b/ h; := —h;/2

end for

end repeat.

Output: the best found individual.

The individual y,, is the final optimized solution and includes information about
the location of every heater in the form (1).
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5. A practical example

Now we describe a practical example of the heating of an aluminium mould.

The volume of the mould is 0.8 x 0.4 x 0.15[m?], the number of elementary sur-
faces is N = 2,064; the recommended heat radiation intensity is I,.. = 47[kW/m?].
We use 16 infrared heaters of the same type (producer Philips, capacity 1,600[W],
length 15[cm], width 4[cm]). In the first step of our procedure we construct a speci-
men y; (this individual corresponds to the default locations of heaters). The centers
of the heaters lie in the plane parallel to the x1zo-plane and at a distance of 10[cm]
from the center of gravity Tj of the elementary surface p; with the highest value :cgj
(1 < j < N). All the heaters have r = (1,0,0) and v = (0,0, —1) (that is, all the
heaters radiate downwards and they are parallel to the axis z7). The population
contains 30 individuals (@ = 30).
For the initial specimen y; and F' given by (4), we get F'(y;) = 20.74. We obtain the
optimized individual y,,; with value F(y,,) = 3.39 after 100,000 iterations of the
genetic algorithm and 5,000 iterations of the hill climbing method (two individuls
are generated during every iteration of the genetic algorithm and one individual is
generated during every iteration of the hill climbing method). The value F(y,:) de-
pends on the number of iterations of the genetic algorithm and hill climbing method
(see Figure 2).

25 T . :
| | | | | |
| | | | | |
20-1--—-+—-——4-=—=-1-—-——4+ - = —1— = —
| | | | |
| | | | |
B o e e e e e
o
>0 | | | | |
hng | | | | |
= R e R e e E i B
| | | | |
5,,k,,L,,J,,,L,,L,,J,,,,
| ’ . . ! |
| | | | | |
0 | | | | | |
0 2 4 6 8 10 12
number of iterations % 10°

Figure 2: Dependence of F(y,,:) on the number of iterations.

The graphical representation of heat radiation on the mould surface (levels of
radiation intensity in [kW/m?] correspond to shades of grey colouring) and the lo-
cations of the heaters corresponding to the individual y,,; are displayed in Figure 3.

Let us replace F by F, see (5), and let us execute the same number of iterations.
We get the following results: F(y;) = 25.13; F(yop) = 3.34.

On the basis of our numerical tests, we have obtained results sufficiently accurate

for the needs of production.
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Figure 3: Heat radiation intensity([kW/m?]) on the mould surface and the location
of the heaters corresponding to the individual yp;.
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Abstract

Solution of a boundary value problem is often realized as the application of the
Galerkin method to the weak formulation of given problem. It is possible to generate
a trial space by means of splines or by means of functions that are not polynomial and
have compact support. We restrict our attention only to RKP shape functions and
compactly supported wavelets. Common features and comparison of approximation
properties of these functions will be studied in the contribution.

1. Introduction

One of the possibilities to solve boundary value problems is the Galerkin method.
Céa’s lemma (1964) says that the error in the Galerkin method depends on how well
the exact solution is approximated by elements of the trial space. There is a lot
of possibilities how to generate such space. For example, it is possible to deal with
compactly supported wavelets or with RKP shape functions. The solving of some
boundary value problems by using wavelet bases can be found in [5], [2] and by using
RKP shape functions for example in [4], [1]. Our aim is to introduce wavelets and
RKP shape functions and compare their properties.

The outline of the next text is as follows. Some basic information on the construc-
tion and properties of the wavelet basis are presented in Section 2. The construction
and properties of the RKP shape functions are described in Section 3. Finally,
a comparision of properties of the wavelets and the RKP shape functions is shown
in Section 4.

2. Wavelets

Wavelets have grown up not only from theoretical mathematical study but also
from practical reasons. The technique of the wavelet transform is used in signal
processing. It is a very effective tool, because it gives possibility to change window
during the analysing of signal (in contrast with the Fourier transform). It allows to
extract information from many different kinds of data, it can help to analyze voice
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or to compress pictures. It can also serve to analyze variability, to remove noise
or to detect significant moments in the time series that are used in economy. In
numerical mathematics, the wavelet bases can be used by the solution of boundary
values problems, where they provide perfect space and spectral localization. They
combine the advantage of the basis used in the FEM with the advantage of the basis
used in spectral analysis.

Construction of the wavelet system
A function ¥ € L*(R) is called the basic wavelet, if the condition of stability

Gk
A—Er@§<m (1)

is satisfied.

In this text, we will deal with two types of the basic wavelets — the scaling
function ¢ and the associated wavelet 1.

It is possible to receive an orthonormal basis in L?(R) by means of the multi-
resolution analysis (MRA). The MRA is an efective but not the only one way to
obtain an orthogonal wavelet system. Each wavelet that quickly decreases to zero
and that is smooth enough can be constructed by it.

In MRA, the spaces V; C L*(R) (j € Z) that satisfy

Vi € Vi (Vi ={0} UV =LAR);
jez i€z
Jo € Vi : {p(x — k)}rez is a complete orthogonal set in L*(R); (2)
feVoe f(2Z2) €V

are constructed.

It follows from the properties given above that there exists the subspace W;
orthogonal to Vj; such that V;;; = V; @ W;. It means that V;;;, = Vo @ Wy & W, &
... @ Wj. Next, we put

Vi = {(pj,k}j,keZa where %’,k(l") = 2j/2<P(2j33 — k), (3)
Wj = {wj,k}j,keZa Where Q/Jng(l') = 2j/21/1(2j.%' — k) (4)

If a boundary value problem is solved numerically, it is suitable to generate the

trial space by wavelets that have compact support. In this case, the scaling function ¢
and the associated wavelet have to satisfy

o(z) = kz__: arprr(z), Y(x) = kz__: brp1k(z), where by = (—1)k a1_j. (5)

Example The class of Daubechies wavelets (including coiflets and symlets) can be
received by the MRA. The compactly supported Daubechies wavelet of order 4 to-
gether with its scaling function are in Figure 1.
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Figure 1: The Daubechies wavelet Db4

Properties of wavelets

1) It holds for wavelets defined by (5) that supp¢(x) = (0,D — 1), suppty =
(1—L2,2) (D =2N for the Daubechies wavelets of order N.)

2) The functions {@ox}trez, {Yik}rez, =1, ; form an orthonormal basis in V3 C
L*(R). Tt is possible to express an approximation of a function u € L?*(R) by means

of .
i) = 3 conpon(®) + 303 couthaa) (6)

keZ I=1keZ

3) We can see from the relation (3) that the functions {@ox}rez are translation
invariant: @ g+m () = @or(z —m).

4) The approximation properties of the MRA are given in the next theorem (see [5]).
Theorem 1. Let {V;} be the MRA with ¢ € L*(R), ¢ be compactly supported, the

value of the Fourier transform ¢(0) = 1 and L > 1, then the next conditions are
equivalent

(a) The Strang-Fix condition of order L — 1: Function ¢ satisfies

d¢
d—gqé(er):O,n#O,nEZ,q:O,...,L—l. (7)
(b) The quasi-reproducing condition of order L — 1: Function ¢ satisfies
> klp(x —k) =2+ p;a(z) forallz €R, ¢=0,...,L—1. (8)

keZ

Here p,—1 is a polynomial that has order less or equal ¢ — 1.
(c) The vanishing moment condition: It holds for the ¢ moment of the associated
wavelet

Mq(w):/quw(x)dx:O Vg=1,...,L— 1. 9)

(d) There exist coeficients cjy, j,k € Z, and constants Cs, such that it holds for all
u € WEA(R)

lu =" cinpinllwezm < 0827]'(L78)‘U‘WL,2(R) for s=0,...,L—1. (10)
keZ
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Remark The construction of orthogonal wavelet bases on the real line was described
in the previous text. Note that if boundary value problems are solved, it is necessary
to adapt wavelet bases to the interval. Some problems can occur when the wavelets
are used directly as trial functions. For example the introduction of Dirichlet bound-
ary conditions is difficult. Lower order wavelets cannot be employed due to the lack
of regularity. Also the request for orthogonality in (2) is too strong. It appears
better to use Riesz wavelet bases than orthonormal bases given above by solving
BVP’s. Especially the biorthogonal multiwavelets on the basis of splines are used
successfully.

3. RKP-shape functions

Meshless methods were developed to find the solution of boundary value problems
for differential equations that describe practical problems such as large deformation,
crack propagation or moving boundary problems where it is necessary to overmesh
during computation. The fact that meshless methods need no explicitly given mesh
avoids or greatly simplifies this meshing task. The trial space is generated by shape
functions in meshless methods. There is a lot of meshless methods and each of them
constructs the shape functions in a different way. For instance the Reproducing
Kernel Particle Method (RKPM) belongs to meshless methods that are based on
kernel approximation.

Construction of shape functions
Let x1,...,zx be particles in (a,b), w(z) be a weight function (i.e. continuous,
compactly supported function) and p(z) = (po(x),...,ps(x)) be a polynomial basis

of order s (i.e. components p; € P<,, s > 0.)
The one dimensional RKP shape function (I)Ba] (x) of order «, 0 < o < 5, which is

associated with the particle z;, is defined by

o (z) = alp (%) b7 (2) w <”’” _p%) Ax;. (11)

Here p > 0 is a dilatation parameter, Az; is the quadrature weight and vector b, (x)
is the solution of the linear equations

M(2)bL(z) = (p(0)) (12)

where M (z) = ¥, p” (z;x7> p (x;xj) w (x;xj) Az; and p@(z) = Lop()

The vector b,(x) is constructed in such a way that the shape functions (I)g-a] (x)
reproduce polynomials of order s — a.

If we use (12), (11) and put pgs (x;zj) = (%)ﬁ, 0 < B < s, we can see that

the condition (12) leads to system

N — . A
> (x px]> (@) = aldge, 0<a,B<s, (13)
j=1
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Example The system of reproducing RKP shape functions @;[30} and @;[31} is given in
Figure 2. They are constructed on the interval (0, 1) for N = 5 equidistant particles,

_ _ (=22 i 2 <1 _
o ()

ol (x)

Figure 2: Shape functions

Properties of RKP shape functions

Suppose that RKP shape functions are defined by (11), (12).

1) The continuous version of function ol satisfies the condition of stability (1) for
the basic wavelet (see [3]).

2) The support and smoothness of @;0]
weight function w.

3) The functions CIDEQ} are translation invariant for uniformly distributed particles, i.e.
q)gojrk(x) = CIJE-O} (x — xy), where o, = kh, k € Z (see [1]).

4) From the conditon (13) one can receive that the shape functions @;0] are repro-
ducing of order s i.e. they reproduce polynomials from Py exactly (see [3]).

5) It is possible to receive from (13) that Z 0]( ) =1 and ZN <I>[a () =0. It
[

means that the shape functions ®; ], 0<a S s, form the partition of unity and an
approximation of a function u € W2(2) can be supposed in the form

N
=3 o @) () + Z anﬂ’[a : (14)
j=1

a=1j=1

are the same as the support of the given

6) Because the property ”"reproducing order” is a particular case of ” quasi-reproducing
order”, the error of approximation can be determined from the Strang-Fix theorem

(see [1]).

Theorem 2. Let particles {x;} be uniformly distributed, CIJE»O} € We%(R), q > 0, be
reproducing of order s. Then for each u € W*TL2(R) there are C,c; € R such that

lu— 3" ;@M |yez < C R0 ullyere for 0 < s < min{g, k + 1}. (15)
JEZ
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4. Conclusion

In this contribution the construction of compactly supported wavelet and RKP
shape function systems is described. Then a short overview of properties of these
systems is given. It is possible to say that even though these systems are built in
different ways, they have some common features.

For example: The basic functions CIJ[OO} behave similarly as the scaling functions .
It is possible to obtain the constructed systems from these basic functions using
translation and dilatation. The basic functions are able to approximate polynomials
of the order, which corresponds to the order of reproducing conditions that they
satisfy. The functions v, and @g-a], a # 0, satisfy the vanishing moment condition.
It is possible to carry out the estimate of approximation errors using the Strang-Fix
theorem.

However, it is possible to find some differences between wavelet bases and RKP
shape functions that are used for solution of BVP’s. For example, biorhotgonal
wavelet bases are Riesz bases, but the sequence {q)[ja}(x),oz > 0} is only a frame.
Wavelet basis provides the possibility to compute effectively coefficients of a stiffness
matrix, but the RKP shape functions do not offer any similar advantage. On the
other hand, it is possible to construct RKP shape functions that have the desired
order of continuity and that are not linked to any explicitly given mesh.
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Abstract

We propose a modification of MPGP algorithm for solving minimizing problem
of strictly convex quadratic function subject to separable spherical constraints. This
active set based algorithm explores the faces by the conjugate gradients and changes
the active sets and active variables by the gradient projection with the Barzilai-
Borwein steplength. We show how to use the algorithm for the solution of sepa-
rable and equality constraints. The power of our modification is demonstrated on the
solution of a contact problem with Tresca friction.

1. Motivation

Let us consider simple contact problem with given friction. The block of homo-
geneous material has prescribed zero displacements on boundary I'p and imposed
traction F' on I'p. The part I'c denotes the part of boundary that may get into
contact with rigid obstacle. The block is attracted to obstacle by gravity force Fg.

‘4
i L_|F
2 b |
s S SR B .
y/‘// rigid obstacle

Figure 1: Contact problem with rigid obstacle and given friction.
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We solve discretized form of the problem using FEM. This technique leads to
optimizing problem (see [3])

@ = min (f(w) + jn(w), fw) = cu"Ku— FTu, ju(u) = imllTiull, (1)

ue) 2

where N € N is number of used nodes and n = 3N is number of variables, u € R"”
is a vector of unknown displacements, Q := {u € R" : u, > —c} is set of feasible wu,
c € RJ is a distance between body and rigid obstacle, f : R® — R denotes function
of total potential energy, K € R™" is a symmetric-positive definite stiffness matrix,
f € R"is vector of internal forces resulting from the stresses imposed on the structure
during a displacement, j, : R™ — R is numerical integration of functional describing
the friction forces in the weak formulation of the problem, T'; € R?" are formed by
appropriately placed multiples of the unit tangential vectors in such way that the
jump of tangential displacement due to displacement w is given by T;u, 1; € R is
slip bound associated with T;.
At first denote m,. < N as number of FEM nodes in I'¢.

Our problem has simple geometry, so we can simply choose n := [0, 0, —1] as normal
vector and t; := [1,0,0],%2 := [0,1,0] as tangential vectors for every FEM node
in Fc.

FEM node

Figure 2: Normal and tangential vectors on I'¢.

So for every contact node (i-th node from I'¢) is T'; € R*™ given by sparse matrix
with 1 in first row on appropriate z-coordinate of i-th node and in second row on
appropriate y-coordinate of i-th node. Then we assume that T := [TlT, e TTTRC]T
is the full rank matrix.

In our problem with Dirichlet conditions, f is strictly convex quadratic function
(i.e. quadratic function with symmetric positive-definite matrix K), so in next
eductions, we can use standard inversion K .

We can express the non-differentiable term j, in (1) by (see [7])

me

~ T
u) = max 7T; T;u, 2
() i< @

where 7; € R? are regulation variables.
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2. Saddle point problem equivalency and dual formulation

At first, we denote function and vector

L(u,7) = f(u) + 7'Tu, +:=[rF . .. L] (3)

Me

Then the conditions ||7;|| < ; can by written in form

\V/ 7-221'71_'_7-22@' Swla 1= 17"'7m67 (4)

where 7; is j-th component of 7.
Now we can simplify the notation, we denote set of feasible 7 as

AT::{\/T%1+7—22i§¢i7i:1a"'7m0}' (5)

After substituing (2) into (1) and using (3),(4) we get

min (f(u) + jp(u)) = 11?61&1]1 (f('u,) + C max TZ-TTZ-'U,> = min sup L(u,7). (6)

uel Py il <t ueQ rcp,

If we consider IZ(u, 7) as Lagrange function and 7 as vector of Lagrange multipliers
(in notation (3)), we can use the classical duality theorem (see [4]) to reformulate
problem (6) and get

IJIEISESB L(u,7) = max min L(u,T). (7)

Now we can include condition u € €2 by creating new Lagrange multipliers.

in L - i (E T(Bu — )
max min Ly, 7) = max —min|L(u,7)+A(Bu—c)), (8)

where matrix B € R™" and vector ¢ € R™¢ are constructed in such way, that
{ueR": Bu<c}=Q.

Due to geometry in our problem we can construct B very simply. B is a sparse
matrix with —1 in every i-th row (which is corresponding to i-th node in I'c) on
appropriate z-coordinate of i-th node (see former choice of normal vectors for nodes
in Fc)

So problem (1) is equivalent to the saddle point problem

(@, A) := arg max Hé%}r L(u, N), 9)
where
Lu,\) = f(u) + A\'(Bu — &) (10)
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is Lagrange function, which includes both of friction and non-penetration conditions,

SMERHESR]

A ={[T,Ac] € R3me . \/To + 75 <ii=1,...,m,Ac > o}

Now we are going to solve problem (9) using dual formulation, dual function and
KKT conditions (again can be found in [4]).
At first we induce first Karush-Kuhn-Tucker condition (the minimizer @ of func-
tion L(w,.) satisfy state of stationary point - we put part of gradient of L corre-
sponding to derivation with respect to components of u equal to zero)

Vil(wA)=Ku—f+B A=0 = u=K" (f—BT)\> (11)
and induct this into Lagrange function (10) and make some simplifications. We get
L@, \) = L(K™! (f - BT)\> A) = —%)\TBK‘lTT)\ FATBK U - %fTK‘lf.

We get function of only one variable A. Our task is to find maximizer (see saddle-
point problem (9)), so we can omit the constant term and change signs. Then X solves
minimization problem

3 . L 7 T

A=argminO(x), O(x):= 5T Ax —x' b, (12)

xEA

where we denoted

A = BKABT, b:=BK'f.

After solving minimizing problem (12), the corresponding solution @ of primary
problem (1) can be evaluated using (11).

Obviously A € R3™e3me is symmetric positive-definite matrix and problem (12)
is the problem of minimizing strictly convex quadratic functions with separable
quadratic constraints (QPQC) combined with bound constraints.

3. MPGP and projected Barzilai-Borwein algorithm

Now we are ready to introduce Modified proportioning with gradient projections
algorithm (MPGP) (also included in [4, 3]), which convergence for QPQC was anal-
ysed in [5]. This active-set based algorithm solves problem on a free set using Con-
jugate gradient (CG) method (eventually do only halfstep) and finalize optimizing
process on active set using gradient projection method with constant step-size.

Our modification lies in replacement of constant step-size in projection step by
step-size used in recently developed Spectral Projected Gradient Method (SPG,
see [2]). This method is based on projected version of Barzilai-Borwein algorithm
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(see [1]) combined with additional modified GLL line-search (see [6]). This addi-
tional line-search does not affect our algorithm, because it usually evokes leaving the
border of feasible set, i.e. in our case it evokes extension of free set and restart CG
method. So we use only first spectral projected step.

1: Choose &y € Q, v € (0,2||A|71),6 € (0,1/2)
2: app =«

3 k:=0

4: while ||y — P(xx — g;,)|| > €||b]| do

5 if 20gTg" < (@) then

6: CG step or CG halfstep.

7 make CG step to solve problem on free set.
8: if this step means leaving €2, do only a half-step and restart CG.
9: k:=k+1

10: else

11: Barzilai-Borwein gradient projection step.
12: L1 = P(mk — Ozbbgk)

13: S = Tp11 — Tg

14: ay, = s's/sT As

15: restart CG

16: k=k+1

17: end if

18: end while

In our algorithm we use these notations

B 1
g, =Ax,—b, g, := o (xr, — Pz — agy,)) , 95 = o(xr) + B(xr),

¢ and [ are free gradient and chopped gradient defined in [4].

4. Numerical experiments

In our numerical experiment, we choose steel brick (F = 2.10°, u = 0.35,
p = 7.85.1072) and force F' = 5.10.
For generating discretized problem we used MatSol library (see [8]).
We require accuracy € = 1074, We make two tests — in first we choose ) = 900, in
second 1) = 15.10.

For MPGP we used parameters ¢ := 1/2,« := 1.95/||A||. For SPG were used
parameters M =1, apmin := 1075, o : =108, 7 :=107%, 01 :=0.1,05 :=0.9, ap :=1.

In Tables 1 and 2, N is discretization parameter. Every edge of brick was divided
into N intervals, so the number of all FEM nodes in model is given by (N + 1)3.
Because the problem is computed in 3D, the number of primal variables is 3(N +1)3.
The number of FEM nodes in I'¢ is given by the number of nodes on bottom side
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¥ = 900

N | primal | dual SPG MPGP MPGP-BB

it | GLL | f(x) | it cg | half | proj | it | cg | half | proj
4 | 375 75 36 19 44 5176 | 0 |1 5175 141 |0 |1 40
6 | 1029 147 45 | 20 64 2746 | 0 | 1 2745 | 57 |0 | 1 56
8 | 2187 243 27 | 12 38 1236 | 0 |1 1235 |51 |0 |1 50
10 | 3993 363 33 | 15 47 661 0 |1 660 |40 |0 |1 39

Table 1: Test with small radius.
¥ — 15000

N | primal | dual SPG MPGP MPGP-BB

it GLL | f(x) | it cg | half | proj | it | cg | half | proj

375 75 1566 | 977 | 2542 | 43 |33 |9 1 4313319 1

1029 147 1923 | 553 | 1475 | 48 | 29 | 18 1 48 129 | 18 1
2187 243 o088 | 366 | 953 | 53 | 24 | 28 1 53 | 24 | 28 1
10 | 3993 363 1020 | 547 | 1566 | 101 | 40 | 46 15 73127140 |6

0 O =

Table 2: Test with larger radius.

of brick, i.e. m, = (N + 1)%. So the number of all Lagrange multipliers is given by
3m. = 3(N + 1)%. This number is a dimension of dual problem.

For SPG algorithm we counted outer iterations and denoted this number by
it. In the tables, one can find also number of all additional GLL-search iterations
and a number of evaluations of cost function denoted by f(x). For MPGP and
MPGP-BB we denoted the number of all iterations by it and we counted also each
type of iterations.

These tables show typical performance properties of algorithms.

If the radius of quadratic constraints is small (see Table 1), the type of the most
of the iterations of MPGP and MPGP-BB is projection. Because MPGP-BB in
projection uses similar rule for choosing step-size as SPG, the number of iterations
of these two algorithms is similar. Choosing the constant step-size in MPGP is not
so efficient.

If the radius of quadratic constraints is larger (see Table 2), MPGP and MPGP-BB
are able to use more CG-iterations. That is the reason, why it is faster than non-
monotone gradient descend method SPG.

5. Conclusions

Our numerical experiments predicate better performace of modified MPGP with
BB step-size then original constant step-size for solving QPQC problems. But proof
of convergence need be established, because the proof of convergence of original
SPG in [2] is based on Armijo condition in GLL in additional line-search, but in our
modification we did not use it.
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Abstract

The current powerful graphics cards, providing stunning real-time visual effects
for computer-based entertainment, have to accommodate powerful hardware compo-
nents that are able to deliver the photo-realistic simulation to the end-user. Given
the vast computing power of the graphics hardware, its producers very often offer
a programming interface that makes it possible to use the computational resources of
the graphics processors (GPU) to more general purposes. This step gave birth to the
so-called GPGPU (general-purpose GPU) processors that — if programmed correctly —
are able to achieve astonishing performance in floating point operations. In this paper
we will briefly overview nVidia CUDA technology and we will demonstrate a process
of developing a simple GPGPU application both in the native GPGPU style and in
the add-ons for Matlab (Jacket and Parallel Toolbox).

1. Introduction

While ‘standard” modern CPUs provide users with growing computational power,
many scientists currently migrate towards general-purpose GPU (GPGPU) applica-
tions [3], using GPUs as parallel accelerators for memory-dense, floating-point in-
tensive, applications. An accelerated linear algebra package exploiting the hybrid
computation paradigm is currently under development [8] and GPGPU accelerators
are becoming a tool of choice in many computationally-bound research tasks.

The concept of a GPGPU evolved from the needs of 3D-graphics-intensive applica-
tions that dictated the design of the processor such that most transistors were ded-
icated to the data processing, contrary to a regular CPU. The GPUs were then
designed to be able to execute data-parallel algorithms on a stream of data, and
consequently, the GPGPU processors are sometimes called ‘stream processors’ and
are (not quite correctly) considered to be representatives of the SIMD processor
architecture. The currently dominant architectures for GPGPU computing are the
nVidia CUDA [5] and the AMD APP (formerly ATI Stream) [1].

The intrinsic parallel structure of a GPU (see Figure 1) allows a significant speed-
up in comparison to the multi-threaded single-processor architecture. The GPU
programs are called kernels and the processor typically processes only one kernel at
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Figure 1: Thread processing cluster of a GTX280 GPU configured in ‘compute mode’.
The cluster contains three 8-core streaming multiprocessors, each of them has 16kB
of fast local memory shared to all 8 cores. Adapted from [2].

a time by running it on several streaming multiprocessor units that form the so-called
thread block. Every core in the GPU can access small but fast shared memory (local
memory of a multiprocessor), large and slow main memory, constants can be placed
to read-only and cached constant memory.

Although it is relatively easy to setup and perform basic operations with GPGPU
even using the low-level programming (mostly ANSI C variants), it quickly becomes
more complex when dealing with more demanding numerical problems — sometimes
a small change in the order of instructions can have a dramatic impact on the overall
performance. Additionally, special care must be taken when performing memory
operations:

e due to the relatively slow memory transfer, data transfers between the host sys-
tem and the GPU device shall be as few as possible, and shall be asynchronous
if possible,

e improper kernel code design with respect to the operation on different memory
types and ignoring memory access coalescing on the GPU device can cause
a significant performance loss,

e shared memory is organised into banks and accessing elements not consecu-
tively will cause a bank conflict.

The paper is composed as follows. The next section will introduce the covariance
function, which is one of the bottlenecks of the modelling systems with Gaussian-
process models. Different configurations of computation are described in Section 3,
and the demonstration with a case study is described in Section 4. Conclusions are
given at the end of the paper.

2. Modelling of dynamic systems with Gaussian processes

A Gaussian process [7] is a collection of random variables that have a joint mul-
tivariate Gaussian distribution. Assuming a relationship of the form y = f(x)
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between an input x and an output y, we have yi,...,y, ~ N(u(x),%,,), where
Y, = C(x,,x,) gives the covariance between the output points corresponding to the
input vectors x, and x, and N (u, 3) denotes the multivariate Gaussian distribution
with the mean vector g and covariance matrix 3.

C(x,,x4) can be any function having the property of generating a positive definite
covariance matrix. A common choice is [7]

D
1
C(xp,X,) = v1exp —3 Z Wa(Tap — Taq)? | + Opgvo, (1)
d=1
where ©® = [wy, ..., wp, vy, v1|T are the ‘hyperparameters’ of the covariance function,

D is the dimension of the input regressors and d,, = 1 if p = ¢ and 0 otherwise.
The square exponential covariance function represents the smooth and continuous
functional part and the constant covariance function represents the noise part, when
it is presumed to be the white noise.

For a given problem, © is identified using the data at hand and the function (1)
is being evaluated many times before the process converges. This is one of the
bottlenecks of the whole identification process of ® (although it is not the major
one, unfortunately there are operations that can reach even O(n?) [6], where n is the
number of data used for identification).

3. Acceleration with various programming effort

The identification of a Gaussian-process model can be accomplished using a set
of Matlab routines [4] that are an upgrade to the GPML toolbox [7] for machine
learning with Gaussian processes. We will use this code base to demonstrate the
process of upgrading the standard Matlab code to GPGPU code both with Jacket
and Parallel Toolbox.

The code of the GPML toolbox relies heavily on linear algebra operations, which
are considered to be fairly optimised even in the interpreted Matlab environment.
We will therefore study the following scenarios which are ordered according to the
working effort that has to be spent before actual computation:

Matlab on CPU only. We will use the native Matlab code on a multiple-core
CPU. No changes are necessary.

Matlab on CPU using MEX file. We will use the original GPML MEX code
on a multiple-core CPU. The publicly available ANSI C source code of a single MEX
subroutine has to be compiled for the target architecture.

Matlab using Parallel Toolbox. We will use Mathworks’ original interface
to GPU and create our own replacement of the covariance code to compute the co-
variance matrix. This can be accomplished by simply retyping all GPU variables to
gpuArray, carrying out the computation, and calling gather to transfer the covari-
ance matrix back to the CPU.
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Matlab using Jacket. We will update the code of the covariance routine to
use the Jacket library, a third-party extension for GPU acceleration of Matlab code
(see http://www.accelereyes.com/). We will compute the covariance matrix on
a GPU using small modifications of the original GPML code: (1) all variables that
will reside on GPU have to be retyped to gdouble, (2) we have to check that CPU and
GPU variables do not occur within a single formula, and (3) the resulting covariance
matrix has to be fetched back to the CPU by retyping it back to double.

Matlab using GPU MEX file. We will use our own replacement of covariance
code to compute the covariance matrix on GPU using a hand-optimised GPU kernel.
The kernel has been written in ANSI C, manually debugged and hand optimised for
performance. Then a MEX file has to be created that takes care of moving data
to GPU, calling the kernel and copying the result back to the CPU memory. The
custom GPU kernel for the covariance function (1) relies on a coalesced memory
access to move up to 16 elements of x, and x, to the shared memory of the thread
block and computing an up to 16 x 16 sub-matrix of C' in a single GPU kernel block.
The main speedup is achieved by utilising as many kernels in a block as possible for
a coalesced read of the elements from x into the shared memory, and by moving the
elements of ® to the constant memory as they are used by all the invoked kernels.

In our tests, a standard PC equipped with an Intel i5/750 proces-
sor (42.56 GFLOPS in both single and double precision) and 4GB of RAM (band-
width 17GB/s) will be used. The GPU was nVidia GTX 275, which includes
240 processor cores (1010 GFLOPS in single, but only 124 GFLOPS in double pre-
cision; the double-precision performance is by design 8 x lower than that of a single-
precision computation [2]) running at 1404 MHz, with the memory interface run-
ning at 1134 MHz. The board contains 896 MB of GDDR3 memory (bandwidth
127 GB/s), every processor may use up to 16 kB of fast shared memory. All compu-
tations will be carried out in Matlab R2012a in double-precision arithmetics as most
current GPUs have already an unlimited support for doubles.

4. Case study

The following example demonstrates the potential of the above described sce-
narios for accelerating the computation of covariance function (1). We will consider
computing mutual covariances of an output sequence y[k| generated by

ylk]

ylk +1] = T 2T 2T

+ u’[k] + € (2)
where € is the normally-distributed white noise with ¢ = 0.05 that contaminates
the system response and the sampling time is one second. The input signal u[k] is
uniformly distributed noise in the interval [—1.5,1.5] sampled every 10-th step to
prevent oscillations in the system.

The comparison of the computation times for the computation of one covariance
matrix as a function of the length of the y[k] sequence is given in Figure 2. We
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Figure 2: Computation times for the model identification versus input data dimen-
sion for different hardware configurations (left). Relative speed-ups of different hard-
ware configurations with respect to the native CPU computation (right). Note that
the GTX275 GPU has been used in the double-precision mode, where it reaches only
1/8 of the single-precision performance — hence, in a single-precision arithmetic,
a GPU would be even more significantly faster than a CPU.

can see that for smaller dataset sizes below approximately 500 elements the native
CPU computations may be faster than the MEX and GPGPU code, while for larger
datasets the GPU-accelerated computations outperform the CPU by a factor up
to 20.

The relatively poor performance for smaller input sizes is mainly due to the
initialisation overhead required by the GPU and MEX code and due to the overhead
of GPU data transfer (the overhead is almost 90 % of the total time for input length
100 and it is still about 30 % for input length 5000). The computation is faster on
the host CPU unless this overhead can be eliminated or unless it represents a minor
part of the whole computation time. Notice also the poor performance of the Parallel
Toolbox code which is due to poor implementation of repmat() on GPU and the
fact that probably due to memory leaks in the GPU code the maximum length of
the input vector was 3500.

5. Conclusions

This paper provides a computational-time demonstration of how general-purpose
graphics processors (GPGPU) may be used to accelerate a computation by offloading
the most computational intensive parts of the code to the graphics hardware. The
demonstration was performed from the user point of view to test the usability of
different computational platforms for the Gaussian process model identification and
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simulation. We can see that using a GPGPU computing architecture has its benefits,
even in cases when the user is no expert in GPU computing: using the commercial
Jacket library for Matlab or possibly Matlab Parallel Toolbox makes it possible to
achieve speedup over 10 with virtually no or moderate Matlab code changes. The
best results are of course provided by the hand-crafted code that has been optimised
for the GPU. However, producing such a code requires a significant programming
effort.

Source codes of all tested scenarios can be downloaded from http://staff.
utia.cas.cz/prikryl/panmi6.zip.
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Abstract

We introduce a new way of the analysis of iterative aggregation-disaggregation
methods for computing stationary probability distribution vectors of stochastic ma-
trices. This new approach is based on the Fourier transform of the error propagation
matrix. Exact formula for its spectrum can be obtained if the stochastic matrix is
circulant. Some examples are presented.

1. Introduction

Iterative aggregation-disaggregation (IAD) methods are a popular tool for nu-
merical solution of stationary probability distribution vectors of stochastic matrices:
they search for a sufficiently good approximation of z fulfilling

Bx =z, efr =1, (1)

where B is an irreducible column stochastic matrix and e is a vector of all ones. B is
column stochastic if B > 0 and e’ B = eT. It is well known that the solution z
exists, is unique and positive [12].

The TAD methods work in a multilevel fashion. A set of aggregation groups
of unknowns is chosen. Each group represents one unknown on the coarse level.
A solution of the coarse problem is used for improving the approximate solution of
the original problem on the fine level. The idea is similar to the classical algebraic
multigrid (AMG) used for the solution of symmetric positive definite (SPD) prob-
lems [1, 2, 3, 4, 5, 7, 13]. The main difference is caused by the nonsymmetry of
stochastic matrices. While for the AMG methods the estimates in a corresponding
energy norm are utilized, the theoretical justifying the convergence of the IAD meth-
ods exploit completely different approaches. Unfortunately, there are no convergence
conditions for general IAD methods and for general stochastic matrices. In spite of
this, there are many numerical experiments confirming good efficiency of various
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[AD methods. The aim of this paper is to provide a theoretical background for some
observations made e.g. in [1, 3, 4, 5].

Let [B],s denote the element of B in the row r and column s, similarly [z].
is the rth element of vector x. If B is nonsymmetric, the preferable algorithm
of aggregation of unknowns into aggregation groups is according to their strong
connection [1, 3, 4, 5]: the unknowns [z], and [z], are strongly connected if [B],s +
[B]sr > 0. Then the IAD methods are reported to converge fast. But there is no
theoretical background given in the literature. In this paper we consider a special
N x N stochastic matrix B, where

[Bl,s=1 if (r—s—1)modN =0, and [B],s=0 otherwise. (2)

Adding small perturbations to B gives rise to typical examples of slowly mixing
stochastic matrices for which the stationary iterative methods converge slowly. Such
matrices appear for example in queuing network applications. At the same time B
is a circulant matrix. While the stationary probability distribution of B is z = ¢/N,
the solution for perturbations of B are not known a priori. But from the continuity,
similar quality is achieved for perturbations of B. Motivated by the Fourier transform
of AMG operators for circulant and Toeplitz SPD matrices [2], we use the Fourier
transform for the IAD methods and for circulant matrices. A scope of this paper
allows us to consider only two-level IAD methods. Our particular goal is to find the
optimal parameters in the IAD methods for B defined by (2).

The paper is organized as follows. In the next section the IAD methods and the
error propagation formula are recalled. In Section 3 the Fourier transform is used
for the error propagation matrix and its spectrum is computed. The optimal IAD
parameters are computed in Section 4. A short discussion concludes the paper.

2. Two-level IAD methods

Let us assume an irreducible N x N stochastic matrix B. Let pairwise disjoint
aggregation groups G, ..., G, be chosen, U}_,Gy = {1,..., N}. Then a reduction
matrix R € R™ is given by

R, = 1 if jeG;,

= (0 otherwise.

A prolongation matrix S(y) € RY*" is defined for any positive vector y € R™ by

Yi . .
Sl = =—— it 1€ Gy,
[ ( )]] ZkeGjy]g J

= (0 otherwise.

Matrix B; = RBS(y) is an aggregated matrix corresponding to B and y. Of course,
P(y) = S(y)R is a projection.
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On the fine level, p steps of some stationary iteration (we call it a basic iteration)
with matrix 7" are performed. We use Richardson iteration with 7' = aB+ (1 —«a)I,
where [ is the identity matrix and a € (0, 1). A solution of the coarse problem with
matrix Bj is carried out exactly. One cycle of the IAD method is as follows.

One cycle of the IAD method: input 2™ > 0; output x™"!.
1. set By := RBS(z™) and solve Byz = z, e’ 2 = 1 (coarse step)
2. y:= S(x™)z (prolongation)
3. a™*tl .= Thy (basic iterations)

It can be easily shown that the exact solution x is a fixed point of this computing
process. Moreover, the error of the approximation ™! is

" — = J(@™) (2™ — 1)

[6], where
J(@™) =TI — P(a™)(B — we")) (I — P(z™)). (3)

Since spectral radii p(J(z™)) are greater than one in general, we can study the
asymptotic (local) convergence properties by substituting the exact solution into (3)
instead of 2™ and computing the spectral radii of J(x). We say that the IAD method
is locally convergent if there exists a neighborhood U of x such that for any 2° € U,
the TAD method yields a convergent sequence with a limit x. A sufficient condition
for the local convergence is of course p(J(x)) < 1.

3. Fourier transform of the error propagation formula

The spectral analysis of the AMG methods for circulant and Toeplitz matrices
is based on the Fourier transform of the error propagation operator [2]. We apply
this idea to the IAD methods and compute spectra of matrices J(x) given by (3) if
the stochastic matrix B is circulant. As the first type we consider B defined by (2).
According to Theorem 1 a spectrum of J(z) can be expressed exactly which helps
us to see what are the values of p and « resulting in the smallest p(J(z)). Adding
small perturbations to B does not change the convergence rates of the IAD method
significantly. Such matrices represent a kind of slowly mixing Markov chains [12]. For
the sake of simplicity we consider n = N/2 and Gy, = {2k—1,2k}, k = 1,...,n, which
corresponds to the aggregation of unknowns according to their strong connections.

Let us denote the N x N Fourier matrix by Fy, where

1 .
F s 67277(1"71)(371)1/N.
[Ew] VN

The superscript  indicates the adjoint matrix.
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Theorem 1. Let B be defined by (2). Assume the IAD method with the basic iter-
ation matric T = aB + (1 — a)I, o € (0,1), and with u steps of basic iterations in
each cycle. Let the aggregation groups be Gy, = {2k — 1,2k}, k=1,...,n, n = N/2.
Then the spectrum of the error propagation matriz J(x) is

o(J(x)) ={0,v0,v1,..., 001},
where
((1 . eka;i/N) (1 —a+ ae—27rki/N>” + (1 + eka;i/N) (1 o — ae—27rki/N>“> '
(4)

Proof. The proof aims to compute the spectra of F¥J(x)Fy. We show only two
crucial points of the proof. The first one is the well known formula

B = FyDF{,

N | —

Vi =

2m(r—1)

where D is diagonal and [D],, = e i/N " The second one is that for the exact

solution = e/N

1 1 Dy 0 I T\ (DI o
P(x)=-R'R=-F, ' = Lo | FR 5
o=grr=gn (00 ) (1) (T ae ) e
where the matrices Dy and D, are diagonal and [Dy],, = 1+ e2""=Di/N and [D,],, =
1 — ¥ r=DYN " — 1 ... n. Find more about this technique in [2]. O

Though the spectrum of J(z) is computable for B defined by (2), it is not straight-
forward to simplify the term (4) for an arbitrary pu.

4. Optimal parameters ; and «
Under the assumptions of Theorem 1 let u € {1,2,3}. Let the spectra of the
corresponding matrices J(z) be 01, 09, 03 and the spectral radii p1, p2, p3. Then
o = {0,1-2a},
o2 = {0}U (a®M + (1 - a)(1-3a)),
o35 = {0}U((30% —46*)M + (1 - a)*(1 — 4a))
where M = {e-4mki/Nyn_l
For a = 1 we have p3 < p; < po, see also Figure 1. Thus in case of B nearly of
the type (2) and of the aggregation groups with two elements strongly connected,
and for T'= aB+ (1 —a)l, a ~ 1, the most advantageous number of basic iterations
(among 1,2, 3) in every IAD cycle is u = 3.
Theorem 1 also allows to find the best parameter « if p is given. Note that it

does not depend on N. For example, for u = 1 the best is @ = 1/2 which leads to
p1 = 0. For u = 2 the best spectral radius is p, = 1/9 for

a = arg r%rb max (|(1 — a)(1 — 3a) + o[, |(1 — a)(1 — 3a) — a?]) = 1/3.
agc(0,
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Figure 1: Eigenvalues of J(x) for B defined by (2), x = ¢/N, N = 100, aggregation
groups Gy = {2k — 1,2k}, k = 1,..., N/2, parameters o« = 0.8 and p € {1,2,3,4}.
The solid line is a reference unit cycle.

5. Discussion

We contribute to the theory of the IAD methods. Our results are applicable to
the theory of the AMG for nonsymmetric problems as well. The introduced approach
is based on the Fourier transform.

The introduced analysis can be generalized in several directions. More than
two elements in each aggregation group can be considered. Then instead of the
2 x 2 block form in (5) we get an m x m block form if m elements are contained in
every aggregation group. Also block-circulant matrices can be studied [2].

We would like to emphasize that the local convergence of the IAD methods is not
necessarily obtained in general [8]. There are several examples where the spectral
radius of J(x) can be arbitrarily large [10]. It was shown that even B in the form (2)
can yield the spectral radius of J(x) arbitrarily close to two [9]. These examples
should be understood and avoided in the real life computation.

A promising utilization of our approach is in the theory of multi-level IAD meth-
ods. Presently we are not able to find any exact criteria for the local convergence of
the TAD methods with more than two levels. Our new approach could simplify the
involved formulae [11] and help us to find the optimal IAD parameters for at least
some special stochastic matrices.

Acknowledgement

The author thanks to the anonymous referee for his/her careful reading the
manuscript and for his/her comments.

References

[1] Bolten, M., Brandt, A., Brannick, J., Frommer A., Kahl K., and Livshits L.:
A bootstrap algebraic multilevel method for Markov chains. STAM J. Sci. Com-
put. 33 (2011), 3425-3446.

172



2]

[12]

[13]

Bolten, M., Donatelli, M., and Huckle, T.: Aggregation-based multigrid meth-
ods for circulant and Toeplitz matrices. Preprint BUW-IMACM 12/10, Bergis-
che Universitat Wuppertal, 2012.

Brezina, M., Manteuffel, T., McCormick, S., Ruge, J., and Sanders, G.: Towards
adaptive smoothed aggregation («SA) for nonsymmetric problems. STAM J. Sci.
Comput. 32 (2010), 14-39.

De Sterck, H., Manteuffel, T. A., McCormick, S.F., Miller, K., Ruge, J., and
Sanders, G.: Algebraic multigrid for Markov chains. STAM J. Sci. Comput. 32
(2010), 544-562.

De Sterck, H., Miller, K., Treister, E., and Yavneh, I.: Fast multilevel methods
for Markov chains. Numer. Linear Algebra Appl. 18 (2011), 961-980.

Marek, I. and Mayer, P.: Convergence analysis of an iterative
aggregation/disaggregation method for computing stationary probability
vectors of stochastic matrices. Numer. Linear Algebra Appl. 5 (1998), 253-274.

Notay, Y.: Algebraic analysis of two-grid methods: The nonsymmetric case.
Numer. Linear Algebra Appl. 17 (2010), 73-96.

Pultarova, I.: Necessary and sufficient local convergence condition of one class
of iterative aggregation-disaggregation methods. Numer. Linear Algebra Appl.
15 (2008), 339-354.

Pultarova, I.: Ordering of matrices for iterative aggregation-disaggregation
methods. Lecture Notes in Control and Inform. Sci. 389 (2009), 379-386.

Pultarova, 1., Marek, I.: Physiology and pathology of iterative aggregation-
disaggregation methods. Numer. Linear Algebra Appl. 18 (2011), 1051-1065.

Pultarova, 1.: Error propagation formula of multi-level iterative aggregation-
disaggregation methods for non-symmetric problems. Electron. J. Linear Alge-
bra 25 (2012), 9-21.

Stewart, W. J.: Introduction to the numerical solution of Markov chains. Prince-
ton University Press, Princeton, 1994.

Vanék, P., Brezina, M., and Mandel, J.: Convergence of algebraic multigrid
based on smoothed aggregation. Computing 56 (1998), 179-196.

173



Programs and Algorithms of Numerical Matematics 16
J. Chleboun, K. Segeth, J. Sistek, T. Vejchodsky (Eds.)
Institute of Mathematics AS CR, Prague 2013

OPTIMIZATION OF PLUNGER CAVITY

Petr Salac

Technical University of Liberec
Studentské 2, 461 17 Liberec, Czech Republic
petr.salacQtul.cz

Abstract

In the contribution we present a problem of shape optimization of the cooling cavity
of a plunger that is used in the forming process in the glass industry. A rotationally
symmetric system of the mould, the glass piece, the plunger and the plunger cavity is
considered. The state problem is given as a stationary heat conduction process. The
system includes a heat source representing the glass piece that is cooled from inside
by water flowing through the plunger cavity and from outside by the environment
surrounding the mould. The design variable is the shape of the inner surface of the
plunger cavity.

The cost functional is defined as the squared L2 norm of the difference between
a prescribed constant and the temperature on the outward boundary of the plunger.

1. Introduction

This work deals with the optimal design of the shape of a plunger cavity that
controls the cooling of a glass piece during the manufacturing process. The aim of
the optimization is to find such a shape of the inner plunger cavity that allows for
cooling in such a way that a constant distribution of the temperature is achieved
across the surface of the moulding device at the moment of separation of the plunger
from the moulded piece.

2. Formulation of the problem

We rotate the system to the horizontal position to be able to describe the opti-
mized plunger cavity surface by a function of one variable.

We define . 0 for ze€l0,x

2 (7) = { f&(x) for z € x5, 1] ’ (1)
where x5 € [Smin, 1] (Smin > 0 is a fixed constant given by the minimal thickness
of the plunger wall), f5 € CO1([z5, 1]), f5(25) = 0 and 0 < f§(2) < f1() — Swmin,
|f¢'(x)| < Cp for x €]z§,1], where f; is a fixed function. Further we assume that
a < f§(x) — sg for x € [x§, 1], where a > 0 represents the radius of a supply tube and
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0%, (Plunger)

€ e €T
5 5 1

Figure 1: Scheme of the plunger with the optimized part of the boundary.

s9 > 0 is the minimal admissible split width between the inner wall of the plunger
cavity and the water supply tube, and z§ €|z, 1] is the deepness of the insertion of
the tube.

Further we define the set of admissible functions as

0 for z €0, z§]

f5(z) for x€[xf, 1]

75 € [Smins 1y Smin > 0, f5 € CON([a5, 1)), f5(a5) =0,

0 S f;(l‘) S fl(x) — Smin, ‘f;l(x)‘ < CD for x E].’L’S, 1]7

fl givena a < f2€(l,) — 82 for z € [:Eg)l]) a > 07 So > Oa "L‘Zeﬂ €]$271]}a

¢ =1{ Fy(z) e CO'([0,1]); Fy(x) = {

where the function Fy describes the technological constraint for the inner cavity
surface.

We assume the region 9%, that depends on the design function Fs(z), and that
is defined by the formula

Q% ={(z,r) € R?; F§(x) <r < fi(z), for z €[0,1]} .

Denote by © the set of all admissible regions Q%, C R?, i.e., regions characterized
by Fy € Ug,. Let us define the convergence on the set ©. Since each )%, is uniquely
related to F, we can say that a sequence (2}, € © converges to a region 2%, € ©
if and only if the sequence of functions "Fs (x) converges uniformly in [0, 1] to the
function F§(x) that defines Q5.

Let us consider the union of four planar regions €2 = 4, U Qg U 0%, U QF, that
represents the planar cross section of the mould, the glass piece, the plunger and the
cooling channel of the plunger (see Figure 2).

Furthermore, we denote by I'; the boundary between the plunger 2%, and the
moulded piece Q¢ and I'§ the boundary between the plunger Q%; and the plunger
cavity €1¢,. We denote by I's the part of the boundary connecting the mould, the
moulded piece and the plunger with the presser, by I'y a part of the axis of symmetry
(see Figure 2), by I's the part of the boundary formed by the tube. 4 is the notation
for the part of the boundary between the moulded piece €2 and the mould 2,4
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Figure 2: Scheme of the mould, the glass piece, the plunger, the cavity of plunger
and the supply tube.

and I'; is the outward boundary of the mould, which is surrounded by an external
environment. I';, denotes the part of the boundary, where the cooling water comes
into the cooling channel of the plunger, and I',,; stands for the part of the boundary,
where the water exits the channel.
In the three dimensional region G, which is created by the rotation of €%, around
the = axis, we assume an incompressible potential water flow that is rotationally
symmetric with respect to the z axis. We split the boundary 0G¢, into the union of
four parts as

oGS, =T3PuriPuri?ur? (2)

out

where T3P T3P T3P and T2 denote the respective parts of the boundary of G,
created by the rotation of I'g, I's, I';,, and I',,; around the z axis.
The potential ¢ describing the water flow is given as a solution of the Neumann

problem

AP =0 in & ) (3)
)
g—n =g on 0Gg, , (4)

where g € L*(0GE,), representing the normal component of the water flow velocity
at the entrance to and the exit from the plunger cavity, is in the form

0 on D3P UTE |
9= fglo on FZBT?’ (5)

out 3D
hvelo on Fout’

is the normal velocity at the entrance '3 (hi", < 0) and h%% is the normal
30 Further we assume

out*
/F ey 945 =10 (6)

out

f}rélo
velocity at the exit
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The variational formulation for the potential function has the form:
We look for the function ® € H'(GE,) such that

0D dp 0D Jp AP Dy
d
/Gec‘a<ax1 axl * 81'2 81'2 + 81'3 a{L'3> V=

/ gpdS Vo€ HYGS,) . (7)
FSDUrSD

out

In the cavity G§,, the flowing water velocity field u = (uy, ug, u3) is given as
u=grad ® . (8)

Theorem 1. (ezistence and uniqueness of the wvelocity field) Under the assump-
tion (6) there exists a unique velocity field of the form (8) satisfying

lesllzzcey < ¢ (Il iaramy + 1025 L ans) )
where
lullc,) = |+ + 3 (10)
L2 Ge
Proof. See [3]. O

Let us consider the union of four regions G = Gy, U G U Gp; U G, that is
created by the rotation of the union Q = (2, U Q¢ U Q% U Qg, around the z axis.
We split ¢, the searched function representing the distribution of the temperature,
into four functions

V=1 + 01 + Iy + Vs, (11)
where |
. 19Gi in Gl -
ﬁi—{o in G\ G for i=0,1,2,3, (12)

(GO = G%’l? G1 = GGl, G2 = chw G3 = GMO)‘
Further we denote by ¥;|sp the trace of the solution ¥; on the boundary I' ;’-D if
J
%P is a part of the boundary of G; for i = 0,1,2,3, j =1,2,3,4,5,6,7,8,9
([P =157, T3P =T30).
By virtue of the rotational symmetry of both the state problem and the func-
tion 1, the state problem can be formulated variationally in two dimensions. We

define the operators

00, 09
Energy?f”(9, w, ) = ¢,0 (— + 22y ) grdQ,  (13)
2/§2€Ca oz 1 or 2
09 0 0 0
Energy&™ (9, ) = ko/ <8x0 81} + 87"0 817%) dQ) + (14)
09, 0¥ 991 O
Q
+ kl/sm(&c 8x+ or 87") st +
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009 Oy Oy O
—~ 4y QO
+ kQ/an(ax 8x+8r 87">Td +

00500 9030
+k3/9 ( 3900 3—w>rdQ,

Ox dr ' Or or
Environmentgq (9, ) :/ ads|p,rdl (15)
I'7
Sourceq (1) = gl/ qrdQ (16)
Qe
Coeffq (1)) = /F Buapr dT + /F Ber dT + /F adgprdl (17)

where ¢, is the specific heat capacity per unit volume, o, is the density of glass,
02 is the density of water, wy, wy are the water velocity field components expressed
in cylindrical coordinates, kg, k1, ko, k3 are the coefficients of thermal conductivity,
« is the coefficient of heat-transfer between the mould and the environment, 9, is
the temperature of the environment, [3;, B¢ are the average power conversion of the
unit volume of the glass body (see |4, page 128]) and ¢ is the density of heat sources.
Further we denote by

Aa(0, w, ¥) = Energyy"(d, w, ¥) + Energyg™(¥, ) + (18)
+ Environmentgq (¥, ¥)

and

Fo (1) = Sourceq (1)) + Coeffq(v)) . (19)

We introduce the weighted Sobolev space H!(€);) (see [2]) provided with the norm

o\ o\’
ol = ( | K%) . <8_> L

(QO = Q?yl, Ql = QGla QQ = Qeca, Q3 = QMO)’
Further we introduce

2
rdQ) i=0,1,23, (20)

H(Q) = { ¥; ¥ defined in (12), 0; € H}(Q;) for any i =0, 1,2, 3,
V3|rs = V1lre, V1lr, = Yolry, Jolrg = Va|re}

where ’l9i|1"]. denotes the trace of the function ¥; on the boundary I';.
We define the norm in H () as

1
1915 = (I96l13 .00 + 191113 .00, + 1192113 .0, + 195113 .05)* - (21)

Theorem 2. The set H(Q)) with the norm (21) is a Hilbert space.
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We denote by H*(2) the dual space to the space H(f)) with the norm

AQ(%’wﬂ/f)
|| = = sup =022 20
H* =00 lellg

We define the sets
QH:QUF:gUFZ'nUF(mt

and
NP = {v e C%(Qu); vlrsuri,urp, =0}

Let Hy(f2) be the closure of the set “H?P in H(S).

We assume the existence of a function 9§ € H({2) such that

9, =288  on Di, (22)
19%|Fout = hgut on FOUt’ (23)
I, = hs on I, (24)

where hy € C(I'3) is a given function representing the steady temperature on the
boundary I's (see Figure 2) and h¢,, € C(I',,:) is a given function representing the
temperature distribution on the cavity output I',,;.

We use the variational formulation of the energy equation to formulate

The State Problem:
We look for the function ¥ = J(Fs) € H(S2) such that

Aﬂ(ﬂa ,we’ 1/}) = Fﬂ(w) WJ € HO(Q) ) (25>
9 — 95 € Ho(Q) | (26)

where Fy € US,; and we is the corresponding flow pattern given as the gradient of
the solution to (7).

Remark. The state problem is solved in two steps. First, the potential ® of the
water velocity is found as a solution of the problem (7) in the region G¢,. The
components of the velocity field w are computed from (8), transformed to cylindrical
coordinates and substituted into (13). Then the distribution of the temperature
in the whole system (2 is found as the solution of the state problem (25), (26).

Theorem 3. (the existence and uniqueness of the solution of the state problem)
The state problem (25), (26) has a unique solution V(F§) for each Fy € U, and
the associated flow pattern w® obtained as the gradient of the unique solution of (7),
moreover, there exists a constant C' > 0 such that

1OEN i < CllFall g+ - (27)

Proof. 1t is sufficient to verify the assumptions of the Lax-Milgram Theorem (see [3]).
O

179



We formulate the problem of the optimal design for the plunger cavity shape:
We define the cost functional as

THES) = [9(F)ley =T l5,r, (28)

where J(F¥)|r, is the I';-trace of the solution J(F¥) of the state problem (25), (26)
in the region 2%;, where T, is a given constant representing the known optimal
temperature of the plunger surface. We look for the optimal design Fp,: € U,
such that

T (Fow) < TS(F§) ¥ F§ € Uy . (29)

Theorem 4. The optimal design problem (29) has at least one solution.

Proof. We refer to Theorem 2.1 [1, page 29], see [3]. O

Remark. A sensitivity analysis can be performed on the basis of temperature
evaluation along the boundary I'y. Let us introduce a homeomorphism between the
outward plunger boundary I'; and the plunger cavity boundary I'§ defined by the
gradient lines of the temperature field in the plunger. In the parts of I'y where we
need to decrease the temperature, we narrow “the wall” by moving the points of I'§
along the gradient lines to locally achieve more intensive cooling. On the other hand,
in places of I'; where we need higher temperature, we increase “the wall thickness”
to locally decrease the intensity of cooling. By the term “the wall thickness” we
understand the length of the temperature gradient line that connects the related
points of I'; and I'.
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Abstract
In the paper, we are concerned with some computational aspects of smooth
approximation of data. This approach to approximation employs a (possibly infinite)
linear combinations of smooth functions with coefficients obtained as the solution of
a variational problem, where constraints represent the conditions of interpolating or
smoothing. Some 1D numerical examples are presented.

1. Introduction

Smooth approximation [2] is an approach to data interpolation that employs the
variational formulation of the problem in an inner product space, where constraints
represent the interpolation conditions. A possible criterion is to minimize the inte-
gral of the squared magnitude of the interpolating function. A more sophisticated
criterion is then to minimize, with some weights chosen, the integrals of the squared
magnitude of some (or possibly all) derivatives of the interpolating function. We are
thus concerned with the exact interpolation of the data at nodes and, at the same
time, with the smoothness of the interpolating curve and its derivatives.

Smooth approximation has numerous applications as measurements of the values
of a continuous function of one, two, or three independent variables are carried out
in many branches of science and technology. We always get a finite number of
function values measured at a finite number of points but we are interested also in
intermediate values corresponding to other points. Apparently, except for the fixed
constraints to be satisfied, the formulation of the problem of smooth approximation
can vary and give the resulting interpolant of different smoothness. The cubic spline
interpolation is known to be the approximation of this kind.

We confine ourselves to the case of 1D independent variable. We introduce the
proper inner product space in Section 2. We formulate the problem and present the
existence and uniqueness theorem in Section 3. In the next section, we show results
of numerical experiments comparing the classical interpolation formulae and various
basis systems for the smooth approximation. We finally sum up the results presented
that show some properties of smooth approximation.

A paper containing all proofs has been prepared for a numerical analysis journal.
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2. Notation

Let us consider the linear vector space W of complex functions ¢ continuous
together with their derivatives of all orders on the interval (a,b), which may be
infinite. Let {B;}°, be a sequence of nonnegative numbers and let there be the
smallest nonnegative integer L such that By > 0 while B; = 0 for all [ < L. For
g,h € W we construct the expression

a

o0 b
1) = Y B [ 900 @) de. 1)

where * denotes complex conjugation. Let us further put

o0 b
92 =" B / 190 (2)|? da. 2)
=L a

If By > 0 (i.e. L =0) the expression |g|o = ||g]| is the norm and (g,h)o = (g, h) the
inner product, and the set of all such functions forms a Hilbert space W corresponding
to the sequence {B;}.

If L > 0 then |g|;, is a seminorm on W. We construct the quotient space W/Pp_;
where the subspace Pp_; C W is the space of polynomials of degree at most L — 1.
Then |g|., is the norm and (g, h), the inner product on the quotient space W/ Pp_; of
equivalence classes. The choice of the sequence { B;} defines weights of the individual
derivatives in the expression (2) and guarantees the convergence of the series (2) as
well.

Let us introduce some more notation to be able to formulate the problem of
smooth approximation. Let us choose a system of functions {gx} C W, k=1,2,...,
that is complete and orthogonal (with respect to the inner product (1)), i.e.,

(9k, gm)z =0 for k#m, (g, g8)z = |gx|7 > 0.

3. Problem of smooth interpolation

Let us have N (complex, in general) measured (sampled) function values f;, fo,
..., fn € C measured at N mutually distinct nodes X1, X»,..., Xy € R". We are
interested also in the intermediate values corresponding to other points. Assume
that these f; = f(X,) are measured values of some continuous function f while z is
an approximating function to be constructed. We put n = 1 in what follows.

If L > 0 we construct the set {¢,}, p =1, ..., L, of mutually orthogonal complex
functions from W such that

(@pa@q)L:O for p,qzl,...,L. (3)

This implies |p,|, = 0. Moreover, assume

(p,ge)r =0 for p=1,...,L, k=1,2,.... (4)
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The natural choice is p,(z) = 277!, p=1,..., L. The relations (3) and (4) are
then satisfied. The set {¢,} is empty for L = 0.

Put
2) =Y Agge(r) +Hx), tx) = appy(). (5)
k=1 p=1

Problem of smooth interpolation. Let us fix nonnegative integers L and N of
the above properties. The problem of smooth interpolation of a continuous func-
tion f given by its N values f; = f(X;) is to find the coefficients a, and A of the
expressions (5) such that

Z(Xj):fj7 Jj=1...,N, (6)

and
the quantity |z|7 attains its minimum. (7)

The smooth interpolation problem thus consists of the variational problem (7),
i.e. minimizing the functional |z|%, with constraints (6).

Note that when minimizing ||z]|?, we minimize not only the L?(a,b) norm of z
but also (with a weight B; chosen) the L?(a,b) norm of 2, i.e. of the first derivative
of z. This can be of importance in processing of such measured data where also
a good approximation of the first derivative is needed.

Put
Z alr
|91<;|2

If L > 0, introduce the rectangular N x L matrix ¢ with entries @;, = ¢,(Xj),
j=1,...,N,p=1,..., L. Now we can formulate the following theorem.

Theorem 1. Let X; # X; for all i # j. Assume that the series (8) converges for
all x,y € (a,b). Moreover, let rank @ = L. Then the problem (5), (6), and (7) of
smooth interpolation has the unique solution

N L
- Z AiRp(z, X;) + Zap@p(*w
j=1 p=1

where the coefficients \;, j =1,...,N, and a,, p=1,..., L, are the unique solution
of the linear algebraic system

N L

Z)‘jRL(XiaX —I—Zapgop fz, izl,...,N,

Jj=1 p=1

Z/\]()O;;(Xj) :0, p:]_,,L

j=1

Proof. The proof is based on the method of Lagrange multipliers for constrained
minimization.
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4. Numerical examples

We have used three systems {g;} defined in different spaces W with different
sequences {By}, cf. 1], [2]. It is B; = (3)*/(2])!, 1 =0,1,..., for I and IL.
I dashed line The system of transformed complex exponential functions exp(ikz),
L =0, and the function Ry(z,y) analytically known.
IT dotted line The system of monomials z* orthonormalized numerically on (—1,1)
by the Gram-Schmidt procedure. The function Ry(z,y) computed in double precision
by summation until the module of the increment is less than 107'2 but at most
40 terms are considered.
I1I dashed line The same transformed complex exponential functions like in I. B; = 0
for all [ except for By = 1, i.e. the L? norm of z” is minimized. Ry(z,y) = |y — z|?,
t(z) = ag + ayz. This is the well-known cubic spline interpolation.

Moreover, we computed the results of
IV dotted line Polynomial interpolation.
V dash-dot line Rational interpolation.

Solid line shows the true solution, i.e. the function f given. We tried two of them,
the smooth even function

1
@) = e )
with its maximum at z = 0 and the function
fx)=3(x+1)"+In((552)* +107°) + 1 (10)

with “almost a singularity” at x = 0. The grid is equidistant. Very “wavy” inter-
polants obtained are not shown.

Numerical experiments performed to present the properties of smooth interpola-
tion show that it is an efficient method.

We were concerned only with the problem of smooth ezact interpolation of func-
tion values at nodes which is controlled by the constraints (6) and, in addition, by
the minimum condition (7). Moreover, the smooth approximation approach can be
employed also in the exzact Hermite interpolation and in the smoothing of data. The
2D case is much more interesting and makes many important applications possible.
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Figure 1: Interpolants of the function (9), N = 5. Curves at x = 0.2 from top to
bottom: IV, III, I identical to II, true identical to V.
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Figure 2: Interpolants of the function (10), N = 5. Curves at z = —0.8 from top to
bottom: IV, II, III, I, true. V not shown.
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Abstract

The hot-wire method, based on the recording of the temperature development
in time in a testing sample, supplied by a probe with its own thermal source, is
useful to evaluate the thermal conductivity of materials under extremal loads, in
particular in refractory brickworks. The formulae in the technical standards come from
the analytical solution of the non-stationary equation of heat conduction in cylindric
(finally only polar) coordinates for a simplified formulation of boundary conditions,
neglecting everything except the first terms of the decomposition of related exponential
integrals to infinite series, and least-squares based data fitting; such approach reduces
the validity of results and obstructs the simultaneous evaluation of heat capacity.

This paper demonstrates that substantial improvements can be obtained without
any requirements to additional measurements, both i) under the assumption of a wire
of zero-thickness and an infinite sample (following the valid Czech technical standard)
with proper exponential integrals and ii) for a more realistic geometrical configuration
and physical simplification (taking into account the thermal characteristics of the
wire), based on the properties of Bessel functions. The suggested algorithms have
been implemented in the MATLAB environment.

1. Introduction

Reliable evaluation of thermal characteristics of materials used in mechanical,
civil, etc. engineering, including their dependence on temperature, moisture, strain
and other fields, even for advanced materials, structures and technologies where no
reasonable values from practical experience are available, determines the range of
applications of computational modelling of all multi-physical processes. In particu-
lar, identification of thermal properties of refractory brickworks (discussed later in
more details), of hardening cement pastes and concrete structures [14], as well as of
foods stored in freezing and cooling plants [9], requires some simple methodology,
applicable under hard conditions, with negligible disturbing effect of other physical
processes.

For simplicity, let us restrict to the identification of two basic characteristics of
heat conduction in engineering materials: the thermal conductivity A [W/(m-K)]
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(as a crucial thermal insulation characteristic) and the volumetric heat capacity x
[J/(m?-K)] (important for thermal accumulation); the thermal diffusivity a [m?/s]
can be then introduced as a := A/k. For the evaluation of A\, European techni-
cal standards offer the i) hot-plate, ii) hot-wire and iii) hot-ball approaches. The
physical background of all these approaches is very similar: temperature (or temper-
ature difference) is recorded in some (sufficiently small) range, whose development is
forced by the carefully controlled generation of heat fluxes, during a (rather short)
time interval. The principal difference consists in the geometrical configuration: in
the case 1) we have one or more parallel heating (or also additional non-heating) thin
plates [11], in the case ii) a thin heating wire (see [1] and the following section) and
in the case iii) a small heating ball (see [8]); the heat fluxes generated into the mea-
surement system is controlled by direct voltage in all cases. The arrangement should
be as simple as possible, with the aim to reduce the dimensions of corresponding
heat transfer problems as much as possible; consequently (most frequently) working
i) with Cartesian coordinates, ii) with cylindrical and iii) with spherical ones.

Our more detailed analysis will be devoted to the case ii). The relevant Euro-
pean standard [4] contains a (seemingly strange) explicit logarithmic formula for the
evaluation of A, supplied (for uncertain measurements) by the least-square (linear
regression) approach to data fitting. However, as shown in [1], this formula can be
identified with the fundamental solution of a heat conduction equation, satisfying
the realistic boundary conditions in certain limit sense, well-known from [2], where
in the additive decomposition of an exponential all terms except the first two are
removed; this can be justified by the location of temperature sensors close to the
heating wire. Such approach enables us to calculate (approximately) A without the
a priori knowledge of a; unfortunately, no information referring to x is then available
(because it was hidden in the removed terms containing «). We shall demonstrate
that the proper analysis of the above sketched problems offers a possibility to identify
both A\ and x from the same data set. Moreover, we shall show how some unpleasant
physical and geometrical assumptions can be modified to be more realistic, using the
properties of Bessel functions by [3] instead of the classical analytical results from [2].

2. Improved computations with exponential integrals

Following [4], let us assume that some constant heat ¢ [W/m]|, starting from the
zero initial time, is generated per unit length of a very long and thin wire, located
in the axis of the circular cylinder with a very large radius, occupied by the material
specimen. Let T'(r,t) be the temperature field defined for any positive radius r
(distance from the axis of rotation) and any positive time ¢ (in practice for some
measurement time interval) and 7Ty the constant temperature of the surrounding
environment. Then, by [1] (referring to [2]), using the notation 5y := Q/(4w\),
f:=1/(4a), we have

T = BoEi(Br/t) + Ty  with Ei(.):= /OO exp(=u) g, (1)

u
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Indeed, using dot symbols for partial derivatives with respect to ¢ and prime symbols
for those with respect to r, it is easy to verify that T from (1) satisfies the classical
Fourier equation of heat conduction (without internal heat sources) with constant
characteristics A and k in polar coordinates

A
kT +=(rT") =0 (2)
T

together with the obvious initial condition 7'(.,0) = Ty and the with the couple of

boundary conditions

. . =XT'(r, )

A T =0, i ey (3)
where the first limit guarantees the absence of heat fluxes from external environment
and both the numerator and the denominator in the second limit represent the heat
flux [W/m?] on the surface of cylinder with a fixed small radius (this is just the
announced way how to avoid the realistic finite radius and material characteristics
of a wire). Clearly the data for ¢ = 0 (and also t — 0 in practice), thanks to the
discontinuity of heat generated into the system (forcing the application of Dirac
measures and Heaviside functions in [2]), are then not employable in any credible
identification procedure for A and «, in particular for A and « from (1); for the special
case of the simplified evaluation of A this observation is reflected by [4], too.

Let us assume that all sensors recording the temperature are located at r = §
where distance § must be very small positive number by [4] (the measurement could
be performed as close as possible to the wire surface), but is allowed to be finite
in our considerations. Let m be a number of measurement time steps; the initial
time ¢ = 0 is not included. Using the notation t1,...,¢, (0 < t; < ... < t,,) for
discrete measurement times and Ty for corresponding temperature values at r = .
All differences T, — Ts_1 with s € {2,...,m} should correspond to the experimental
temperature differences 7; for simplicity, only one recorded temperature value is
considered in every discrete time; the generalization over all available data is obvious.
Thus, using the notation 3; := 862, we have to minimize a function

m

¢ =(1/2) ZQ(TS — (T = Timn))? (4)
of two positive variables 5y and [ (transformed from A and « easily) where, for
simplicity, only one recorded temperature value is considered in every discrete time;
the generalization over all available data is obvious.

Let @ ; and ® ;; denote the derivatives 0®/d5; and 9°®/93;08; with 4, j € {0,1}.
For 515 := Ei(B1/ts), P1s = exp(—p1/ts) — exp(—P1/ts—1) and g4 := Byf1s — Ts with

s €{2,...,m} we receive explicit formulae (the MAPLE support is welcome)
¢ =(1/2) Z5§> Qo= 2555137 D1 =—(Bo/B1) ngglsa
5=2 5=2 s=2
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m

oo = iﬁi ; Do =—(1/61) > (260615 — 74)Bus » D11 = (Bo/Br)’ i@i
s=2 m s=2

s=2

T (Bo/B) i o (B3 (00 /0) /.= B3 (o)) + G/ 3) 3P

Clearly we need ® o = ®; = 0. Taking (for sufficiently small §) 5; ~ 0 together with
Ei(.) = —=C, — In(.) (the Euler-Mascheroni constant C. is not needed in numerical
calculations), for v, := In(ts/ts—1) with s € {2,...,m} we receive the very simple
formula

ﬁO ~ ZPYSTS/ 2’7327 (5>
s=2 s=2

which is identical with that for the identification of A from [4]. More generally, we
are allowed to choose 3y from (5) as the first estimate together with

m m

ﬁl ~ Z(l/ts - 1/tsfl>(7—s/ﬁ0 - P)/s)/ Z(l/ts - 1/tsfl>2

s=2 s=2

and apply the Newton iteration algorithm

~1
Bo - Bo| | Poo Qo Do | |
I3 &5} Do Dy o, |7
this enables us to determine (more exactly) both 3y and 1, consequently also A and x
(even without evaluations of inverse matrices in the computational practice).

3. A generalized approach applying Bessel functions

The generalization of the above sketched approach, removing mathematical and
physical simplifications, can be done in more directions. However, being motivated
from the results of MATLAB supported practical calculations with data coming from
experiments with fire-clay bricks at high temperatures, we shall try to replace rather
artificial boundary conditions (3) by more realistic ones. Let a be the outer radius of
a specimen and ¢ < a a wire radius. Following [5], let us introduce the brief notation
for scalar products in the special Lebesgue weighted spaces

(6,8, = /O “o()rd()dr  forall 6 € L2(0,a),

- 9 - _
(6, B)ro = /O o()ré()dr  forall 6,6 e LX(0,5),
(6, Bt = /5 “o(rd)dr  forall 6,8 € L2(8,4).

Material characteristics A, k, o will be taken as simple functions of r, with values
equal to a priori known constants A, kg, o for 0 < r < § and unknown ones A\, k1, oy
for 0 <r < a (although their rather good estimates may be available by the previous
section); moreover we shall need A, := A1/ Ao, ki 1= K1 /Ko and . = a1/ ay.

190



Let V be the space of admissible test functions, i.e., applying the notation of
special Sobolev weighted spaces from [5] again, the space of all v € W?(0,a) such
that v(r) = vy(r) for 0 < r < § and some vy € W,12(0,9), as well as v(r) = vy (r)
for 6 < r < a and some v; € W'?(4,a) satisfying vi(a) = 0. Let H be the space
introduced in the same way as V except L? inserted instead of W!? everywhere.
Using such notation, we are able to convert (2) into the form

(0,8T)r = (0, ACT) /1), + (v, 9)r (6)

where g := Q/(76?) for 0 < r < § (any better information on the distribution of g
in a wire is usually missing), zero otherwise. For positive times ¢ we have to find
T(.,t) — Ty from V with T(.,t) from H.

Let us consider the decomposition T'(r,t) = T,(r) + 6(r,t) where

T(,0) = To() +000)  with 6(r,0) = 3 eilr)ual0) (7)

the corresponding initial conditions are T'(.,0) = T and 6(.,0) = Ty — T,(.) and the
boundary (including the internal interface) ones are

70,) =0, AT'(6_,.)=MT"(0s,.), T(a,.)=0,
0(0,.) =0, Xf(5_,0) =\0(6.,0), 6(a,.)=0, (8)
)\0Té(5,) = )\1T(;(5+) y TU(CI,) = TO .

(04 and 0_ refer to left and right limits for » tending to §). Here 7, can be derived
as an analytical solution for the stationary case (with zero x formally)

T, (r) = Q/(27A) In(a/d) + Q/(4n o) (1 — (r/8)?) for 0 <r <4, (9)
N Q/(2wAy) In(a/r) foro <r<a.
Utilizing the properties of Bessel functions
Jn(r):l/ﬂcos(rsinf—ng)dg with n € {0,1,2,...},
7 Jo

namely J)(r) = —Ji(r), Ji(r) = Jo(r) — Ji(r)/r, etc., by [3], we can see that
r 1 (rJ(wr)) + wJo(wr) =0 (10)

for any real w, it is natural to find the zero points of Bessel functions, i.e. to solve
Jo(wia/ /o) = 0 for unknown parameters w; with i € {1,2,...}, and to choose

v Bido(yiwir)  for 0 <1 <4,
801(7/.) - { Jg(wﬂ’/\/a_*) fOI' 6 <r< a, (11)

to satisfy boundary conditions ¢%(0) = 0, ¢;(a) = 0 automatically and
pi(0-) = @i(dy),  A-)@i(0-) = AM04)¥i(04) (12)
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for a priori unknown values of 8; and ;, coming from the auxiliary systems of two
nonlinear equations

Pido(viwid) = Jo(wid/vaw),  Biryidi(hiwid) = (/) Ji(wid/y/an) . (13)

It is easy to see that §; can be evaluated from (13) as a function of ~; directly.

Consequently (13) degenerates to just one nonlinear equation for the evaluation

of ~;; all technical details for the Newton iterative algorithm can be found in [13].
Inserting (11) and (7) into (6), for any v € V we receive

(0, i)r0 + K (0, 030 = ao[(v, (rgh)' /r)eo + Alv, (rgl)'/r)m]ihi = 0. (14)

Taking (10) into account, (14) gets tho form

[(v, )0 + K (0, )W + 0w [V (v, 01)r0 + K (v, 01) ] = 0. (15)

Simultaneously, applying the Green-Ostrogradskii theorem, (14) yields

(v, ©i)r0 + K (v, 7"%%1]% + ao[(V, @) ro + A(V', 05) 1] (16)
= ap[(v(0-)p;(-) — Av(04 )5 (0+)] -

In particular for v = ¢; with arbitrary j € {1,2,...}, comparing (15) and (16), we
have

(), ©)ro + A, i) = wiVE (9, i)ro + B (05, 00)r1) -

The mutual exchange of indices ¢ and j then results certain quasi-orthogonality
condition

(W} — w)ku0i, 0)r0 + (WP — wivd) (pis 05)r1 = 0;
in practice v? &~ %2 ~ Kk, can be considered.

To find all ¥; contained in (7), we must solve an eigenproblem M. ﬂ@/)z + K =0
for Mji = (), @i)ro + K(j, i), Kji = aow} [(9;,%i)r0 + #(;,i)r1)] and for
the decomposition ¢; = V;, exp(—A,t)C,, using the Einstein summation rule for all
indices 7,7,p € {1,2,...}; A, here are eigenvalues, Vj;, Via, ... eigenvectors (in the
matrix form we could write MV A = KV only) and C), unknown parameters, needed
to be set due to our initial condition. The resulting formulae (assuming i # j)
for effective numerical evaluation (obtained with the support of MAPLE) for the
effective evaluation of Dj;, Mj; and Kj;, separately for diagonal and non-diagonal
terms, can be found in [13]. The evaluation of constants C), then comes from the
equation

(U, Ty — Ta)ro + "1*(“7 Ty — Ta)rl = [(U7 Soi)TO + ’%*(U’ Spi)rl]‘/;pcp )

l.e. F'=MVC, consequently C' = (MV)~'F, where most parts of integrals F; with
j €{1,2,...}, coming from (9), as presented in all details in [13], can be evaluated
analytically, thanks to the properties of Bessel functions Jy Ji, Jo and Js.
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Our final aim is, exploiting the same data as in the preceding section, to minimize
a function ® from (4) of two positive variables A, and k, (transformed from A;
and ay). Clearly a (sufficiently large) finite number of Bessel functions is considered
in (7) in numerical calculations, thus all matrices M and K, vectors F, etc. are
finite. However, it is not so easy to perform the minimization procedure because
no simple explicit formulae employable in the Newton iterations are available, thus
numerical evaluations of approximate first and second derivatives of ® are necessary.
Fortunately, this can be done e.g. with the support of selected functions from the
MATLAB optimization toolbox.

4. Applications, conclusions and generalizations

In addition to the i) simplified approach recommended by [4], both algorithms
presented in ii) Section 2 and iii) Section 3 of this paper have been implemented
in MATLAB environment as the support of measurement tools in the Laboratory
of Building Physics at Brno University of Technology. The limited extent of this
paper does not allow to present results of practical calculations; the reader can
find corresponding figures and graphs, together with more detailed description (and
photo) of the original hot-wire measurement equipment in [10], devoted to the ma-
terial design for the high-temperature thermal accumulator, as one part of the large
Swedish-Czech research project of the efficient exploitation of solar energy using
optical fibers.

Up to now, the computational results under hard conditions (far from room tem-
peratures) demonstrate that i) gives only the rough estimate of A, but no reasonable
value of k at all, whereas ii) is able to improve this estimate substantially. The sys-
tem error of ii), coming from the neglected size and heat capacity of a hot wire, can
be removed by iii) effectively, but making use of much more numerical computations.
Nevertheless, other disturbing effects, coming from thermal convection and radiation,
namely from the heat transfer at the wire / specimen interface, as well as those con-
nected with the more complicated real geometrical conditions, cannot be handled in
this way. More general formulations of heat transfer (together with other physical,
chemical, etc. processes) need extensive applications of finite element, volume or
difference methods, accompanied by the proper uncertainty analysis, as that based
on Sobol sensitivity indices and Monte Carlo stochastic simulations like [7], or that
substituting the Lebesgue measure by some probabilistic one, directed to stochastic
finite element, etc. approaches, like [15]. Consequently ® the optimization problem
of the type (4) is not a function of two (or finite, for the best low) number of positive
parameters, but a rather general functional in some space of abstract functions; some
results and open questions of such analysis, containing direct, sensitivity and adjoint
problems, have been presented in [12].
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Abstract
This contribution presents a general numerical method for computing lower and
upper bound of the optimal constant in Friedrichs’ inequality. The standard Rayleigh-
Ritz method is used for the lower bound and the method of a priori-a posteriori
inequalities is employed for the upper bound. Several numerical experiments show
applicability and accuracy of this approach.

1. Introduction

From the numerical point of view, the guaranteed and fully computable two-
sided bounds always provide a strong information about the computed quantity.
Their difference is a reliable bound on the approximation error and in applications
they allow to stay on the safe side by using properly either the lower or the upper
bound as the approximation.

In this contribution, we concentrate on the optimal constant in Friedrichs’ in-
equality. The presented two-sided bounds are guaranteed up to round-off errors.
The chosen approach is quite general and theoretically it can be used in arbitrary
dimension, for any domain, and for different variants of Friedrichs’ inequality. Practi-
cally, we are limited by particular choices of discretization methods. For instance, the
presented numerical examples are limited to polygonal domains in two dimensions.

The optimal constant in Friedrichs’ inequality is called Friedrichs’ constant and
its value is connected with the smallest eigenvalue of the corresponding differential
operator. The classical Rayleigh-Ritz method provides an upper bound on the exact
eigenvalue and consequently a lower bound for Friedrichs’ constant.

Computing a lower bound of the smallest eigenvalue and hence computing the
upper bound of Friedrichs’ constant is considerably more difficult task. We use
the method of a priori-a posteriori inequalities [5, 9]. The original idea relies on
C?-smooth test and trial functions, which are technically difficult to work with.
Therefore, we proposed in [11] an alternative approach based on complementarity
and standard Raviart-Thomas finite element method.

We briefly review this approach in Sections 2-4 and provide several numerical
experiments in Sections 5-7.
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2. Friedrichs’ inequality

Let us consider a domain €2 C R? with Lipschitz boundary. Further, let I'p and I'y
be two relatively open and disjoint subsets of the boundary 02 such that 9Q2 =
Tp UTyN. Let the (d — 1)-dimensional measure of I'p be positive. We will refer I'p
and I'y to as Dirichlet and Neumann parts of the boundary, respectively. Further,
we consider Sobolev space H*(Q) = {v € L*(Q) : Vv € [L*(Q)]?} and its subspace
V ={ve HYQ) : v|r, = 0} of functions with vanishing traces on I'p.

In this contribution, we will assume the following variant of Friedrichs’ inequality:

|v]oe < Crl|Vollog Yv eV, (1)

where || - ||o.q stands for the L?*(Q2)-norm. Let us note that this inequality is named
after Kurt O. Friedrichs [3]. The optimal (smallest) possible value of the constant Cp
such that inequality (1) holds is called Friedrichs’ constant and the symbol Cp will
denote this optimal value throughout the paper. The particular value of Cr depends
on the domain 2 and on the Dirichlet part of the boundary I'p.

Friedrichs’ constant scales naturally with the size of 2. Namely, if Q = kS,
FD = kI'p, and FN = kI'x for some k£ € R then Friedrichs’ constants C’F and Cg
corresponding to Q and Q, respectively, satisfy Cr = kCp.

In special cases, Friedrichs’ constant can be computed analytically. For example,
it was computed for a rectangle, circle, and a circular wedge in [6] for I'n = 0.
Result [8] can be used for analytic computation of Cr for equilateral and right-
angle triangles. In certain simple cases (e.g. rectangle) it can be computed even if
I'p # 092 In less special cases there are analytic upper bounds for Friedrichs’ con-
stant. The Faber-Kran inequality [2, 4] yields upper bound Cy < /|Q|/(jo1Vv27),
where || is the area of the two-dimensional domain € and jo; = 2.404826 is the
first positive root of the Bessel function J;. Similarly, in [7] we can find an esti-
mate Cp < 71 (Jar| 2 4 - - + |ag|72) "%, where |aj], ..., |aq| are lengths of sides
of a d-dimensional box in which the domain €2 is contained. Note that both these
estimates require I'p = 0€). However, in more general cases the value of Friedrichs’
constant has to be computed numerically.

3. Lower bound on Friedrichs’ constant

Friedrichs’ constant Cp from (1) is connect with the smallest eigenvalue of the
Laplace eigenvalue problem that can be formulated in a weak sense as: find A\; € R
and u; € V,u; #0,1=1,2,..., such that

(Vu;, Vo) = \i(u;,v) Yo eV, (2)

where the parenthesis denote the L*(2) inner product. If A; = min; \; stands for the
smallest eigenvalue of (2) then it can be easily shown, see e.g. [10, 11], that

Cr =1/v/\1. (3)
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A standard method for computing approximations of the eigenvalues \; is the
Rayleigh-Ritz method. In this method we consider a finite dimensional subspace
VP CV and seek A € R and u” € V", ul # 0 such that

(Vul, Voly = Mol oty vl e VI

This is equivalent to the generalized eigenvalue problem Ax; = A\ Mz; for the stiffness
and mass matrices A and M. If a standard finite element method is used then
matrices A and M are sparse and efficient methods of numerical linear algebra can
be used. The Rayleigh-Ritz method is well known for providing an upper bound
on the smallest eigenvalue. Indeed, since the differential operator in (2) and the
corresponding matrices A and M are symmetric, we can express A\; and AP as minima
of (generalized) Rayleigh quotients over V and V", respectively, and we obtain

. (Vv, Vo) . (Vo Voh) . 2T Ax
A = min ~———* < min ~————— = min =
eV (v,v) vhevh (vt oh) ceR™ o7 Mz
v#£0 W20 z#0

where n = dim V". Consequently, the approximation C" = (A*)~1/2 of Friedrichs’
constant, see (3), is a lower bound on the exact value Cf, i.e.,

o = )2 < G,

4. Upper bound on Friedrichs’ constant

Computing an upper bound of Friedrichs’ constant is a more difficult task, be-
cause it corresponds to the computation of a lower bound of the smallest eigenvalue.
We employ the method of a priori-a posteriori inequalities [5, 9] enhanced by the
complementary approach. Mathematical details, relations, and derivations can be
found in [11]. Here, we just briefly describe the algorithm.

First, use the Rayleigh-Ritz method and compute approximations A\? € R and
u? € V of the smallest eigenvalue \; and the corresponding eigenfunction u;. Second,
choose a flux reconstruction g, € H(div,Q) = {q € [L*(Q)]? : divg € L*(Q)}.
Third, compute

_IVet — gllos

lutllo

Mk + div guflos

lu} o

1
X, = —\/a2+4(A§L—5)—%.

.8 ;

The lower bound on the smallest eigenvalue and the corresponding upper bound on
Friedrichs’ constant are then given as

X22 S /\1 and CF S C;p = 1/X2

Although any g, € H(div, ) provides an upper bound on CF, an accurate ap-
proximation is obtained for an appropriate choice of g,, only. In this contribution,
we consider a Raviart-Thomas finite element subspace W, C H(div, ) based on
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a triangulation of Q and minimize o + 32 over W),. This minimization is equivalent
to finding g, € W}, such that

(div gy, divep,,) + /\}f((Iha Y,) = )‘lf(vuffa Yy,) — )‘]11(“}11, divep,) Vb, € W,

This problem can be solved by standard finite element technology, see e.g. [1]. We
note that this particular flux reconstruction is a brute force solution and if the
efficiency is an issue then a local reconstruction based on Vu? has to be used.

Further, it is important to note that the method of a priori-a posteriori inequali-
ties is justified only if the approximation A" is sufficiently accurate. In particular, the
closest eigenvalue to )\’f must be A;. If A\; and the second smallest eigenvalues Ay are
well separated then sufficiently accurate Rayleigh-Ritz approximations of A; and Ay
can provide good confidence about the validity of this assumption. In all numerical
experiments present below we experienced exactly this situation.

5. Example A: Friedrichs’ constant for triangles

Friedrichs’ constant Cr depends on the size and shape of the domain €2 and on
the size, shape, and position of I'n. The dependence on the size of €2 is well known,
see Section 2. Therefore, the following numerical experiments concentrate on the
dependence of Cp on the shape of 2 (Examples A and B) and on I'p (Example C).

In all experiments below, the Rayleigh-Ritz approximations A\? and u? are com-
puted by linear finite elements on triangular meshes and the reconstructed fluxes g,
by quadratic Raviart-Thomas finite elements on the same triangular mesh.

0.16 " " " "
P+ t—t 3 = 83 + = =S
0.14} b—1 -
0.12¢
0.1¢ = = f
C ':'t.ft_ﬁ.:—.ﬂ—z;—t:tﬁ—-‘—'——'_'_—‘_"_g
Fo.08f 1

t—t = 3= +—

0.04 e e o S T e S S o
0.02} b=1/8
0

0 0.1 0.2 0.3 0.4 0.5
d

Figure 1: The shape of Figure 2: Friedrichs’ constant for triangles with ver-
triangle  is given by the  tices [0, 0], [1, 0], [d,b]. Solid and dashed lines corre-
parameters b and d. spond to upper and lower bounds of CF, respectively.

First, we consider €2 to be a nonobtuse triangle and assume I'p = 0). We inves-
tigate the dependence of Cr on the shape of this triangle. In particular, we consider
triangles inscribed into a rectangle with lengths of sides a and b. The triangles have
vertices with coordinates (0,0), (a,0), (d,b), see Figure 1. In particular, we fix a = 1,
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consider four values of b € (0, 1], namely b =1,1/2,1/4,1/8, and 20 equidistributed
values of d in [0, 1/2]. The two-sided bounds on Cf for the resulting triangles are pre-
sented in Figure 2. These bounds were computed on uniform meshes obtained by six
successive uniform refinement steps of the original triangle. Thus, all these meshes
have 4% = 4096 triangles. We see that a fixed value of b yields triangles with the
same area and the parameter d then controls the shape only. However, the observed
dependence of Cr on the shape is negligible. We see a considerable dependence of
CFk on b, but it is connected with the size of €2 as mentioned in Section 2.

6. Example B: Friedrichs’ constant for regular stars

The value of Friedrichs’ constant is of interest especially for nonconvex domains.
Therefore, we consider €2 to be n-fold regular star with n = 3,4,...,30 and choose
I'p = 092. We put the outer vertices of stars €2 on a circle with radius 7., = 1 and
the inner vertices on a circle with radius ry, = 1/3, see Figure 3. We use uniform
mesh with 4% - 2n triangles and compute both lower and upper bound on Ckg.

Figure 4 shows the dependence of Cr on n. The value of Cr decreases with n
and it seems that in the limit n — oo it converges to Friedrichs’ constant of a circle
with radius 7y, = 1/3, which is approximately 0.138610. We note that Friedrichs’
constant for a circle with radius ro,; = 1 is approximately 0.415831. The increasing
gap between the lower and upper bound of Cg is probably caused by singularities
of the eigenfunction u; at the obtuse angles. The strength of these singularities
increases with the size of these angles, but the resolution of the used meshes stays
the same.

0.18
- A\
0.16f il
~o T
Croaal T -
0.12} upper bound
— =~ — lower bound
~~~~~~ circle r=1/3
01— : : : : :
5 10 15 20 25 30
n
Figure 3: Illustration of 7-fold regular Figure 4: Values of Friedrichs’ constant for
star with inner and outer radii. n-fold regular stars.

7. Example C: Dependence on the Dirichlet part

In the final example we investigate the dependence of Cr on the Dirichlet part I'p
of the boundary 9€)2. We consider a fixed L-shaped domain €2 and vary the position
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and size of I'p. The boundary 02 is split into 16 segments of unit length. The part I'p
is chosen as a connected curve of length |I'p| = ¢, i.e. it consists of ¢ segments. In
this experiment we consider |I'p| = 1,5, 11, and 15. For each length we compute the
lower and upper bound of Cg for all 16 positions of I'p on 0€). The positions are
indexed by the number of the first segment of I'p in the counterclockwise sense, see
Figure 5.

Figure 6 presents the dependence of Cr on the position of I'p for the four con-
sidered sizes |I'p|. We observe strong dependence both on the position and size. We
also see similar values of Cp for almost symmetric positions, for instance for |[I'p| = 1
and positions 4 and 11 or for |I'p| = 11 and positions 7 and 14 (these positions
correspond to peeks in the graphs in both cases).

Iol=1 1

5 L
—x—|Ip|=5
al IMp| =11
L U] =5 [Tp| = 15
12 10 i
SO | position 13 03
F
13 9
L ] L ] L ]
14 8 I'p 2
L ] L ] L ]
157
[ ] 6 L g 5 & 1
16 4
T 2 °3 ¢ 0

1234567 8 910111213141516
position of Iy

Figure 5: The L-shaped domain and Figure 6: Dependence of Friedrichs’ con-

enumeration of boundary segments stant on the position and size of I'p. Upper
(left). An example of a position and bounds are indicated by solid lines and
size of I'p (right). lower bounds by dashed lines.

8. Conclusions

In this contribution we present a method for computing guaranteed lower and
upper bounds of Friedrichs’ constant or equivalently for lower and upper bounds of
eigenvalues of the corresponding differential operator. The main output is a numer-
ical study of the value of Friedrichs’ constant Ck in various cases including convex
and nonconvex domains. We observe the dependence of Cr on the shape of the do-
main €2 and on the size and position of the Dirichlet part I'p of the boundary 0f2.
While we observed negligible dependence of Cr on the shape of nonobtuse triangles,
the dependence on the size and position of the Dirichlet part I'p is significant in
majority of tested cases.

Let us conclude this contribution by a note that the presented method can be
easily generalized to compute two-sided bounds of the optimal constants in similar
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inequalities, like the trace inequalities, Poincaré inequality, and Korn’s inequality.
For all these inequalities the computation of the optimal constant reduces to the
computation of the smallest eigenvalue of a differential operator.
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Abstract

We deal with a nonstationary semilinear singularly perturbed convection—diffusion
problem. We discretize this problem by discontinuous Galerkin method in space and
by midpoint rule in time. We present diffusion—uniform error estimates with sketches
of proofs.

1. Introduction

Our aim is development of sufficiently robust, accurate and efficient numerical
schemes for solving nonlinear singularly perturbed convection-diffusion equations,
which describe many important topics, e.g. fluid dynamics.

Singularly perturbed convection—diffusion equations represent very difficult prob-
lems, since these problems lie on the edge between elliptic and hyperbolic problems.
From numerical point of view these problems are unpleasant, since they have steep
gradients or discontinuities in the solution even for smooth data. To overcome these
difficulties we employ discontinuous Galerkin method, which uses piecewise discon-
tinuous polynomial functions. It seems that such a weaker inter—element connection
partially suppresses spurious oscillations in the discrete solution, which are present
in the standard finite element solution.

Applying standard parabolic techniques to this problem we obtain diffusion de-
pendent error estimates — typically with the constant /¢, where ¢ is the diffusion
parameter, see e.g. [1] or [4]. In practical cases from compressible fluid dynamics,
where ¢ is about 1075 to 1072, these error estimates are useless.

Our aim is to derive a priori error estimates that are uniform with respect to
the diffusion parameter. A majority of analysis of singularly perturbed problems
devoted to the uniform a priori error estimates concerns linear problems only, see

e.g. [5].
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The technique, how to overcome the nonlinearity in the convective part, is pre-
sented in [8], with applications to the explicit time stepping schemes. The technique
is based on the linearization of the problem by Taylor expansion, where the problem
is divided into linear part and higher order nonlinear reminder. How to deal with
the linear part is known from the analysis of purely linear problems. The analysis
of the nonlinear reminder is more tricky and takes advantage of higher order of the
reminder and of higher order of the error at previous time levels. In [6] we can find
the extension of this result to the semidiscrete problem and to the backward Euler
method, where (in contrast to explicit schemes) one needs higher order of the error
at the actual time level and not at the previous one. This problem is solved by
continuous mathematical induction. This paper extends the technique from [6] to
midpoint rule.

2. Continuous problem

Let Q C R? be a bounded polyhedral domain and T > 0. We set Q7 = Qx (0, 7).
Let us consider the following problem: Find u : Q7 — R such that

2_1:+V.f(u)—gAu:g in Qr, (1)

u ’8§2><(0,T) =0,
u(z,0) = u’(z), =€

We assume f = (f1,..., fa), fs € C*(R), f,(0) =0, s = 1,...,d represents
convective terms, € > 0, g € C([0,T); L*(Q)) and u® € L?(Q) is an initial condition.
We assume that the weak solution of (1) is sufficiently regular, namely,

u € Wh2(0,T; HPPH(Q)) nW2(0, T; HX(Q)), u® € L*(0,T;L*(Q),  (2)

where u®) = 9%u/0t*, an integer p > 1 will denote a given degree of polynomial
approximations in space.

3. Discrete problem

To simplify the expressions we use the notation (-, -) for L? scalar product and ||-||
for L? norm. We employ the symmetric interior penalty Galerkin (SIPG) method for
the space semi-discretization of (1), for details see [2]. Let 7, (h > 0) be a partition
of © into a finite number of closed d-dimensional simplices K with mutually disjoint
interiors. Let Sy, = {w;w|x € P,(K) VK € T,} denote the space of discontinuous
piecewise polynomial functions of degree p on each K € 7T,. Then we say that
the function u;, € C*(0,T;Sy,) is the semi-discrete approximate solution of (1) if it
satisfies the conditions

(%(t)7w) +€Ah(uh(t),w) +bh(uh(t),w) = fh(w) (t) Yw € Sh’ Vite [O,T], (3)
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and (uz(0),w) = (u°,w) Vw € Sj,. The bilinear form Aj represents the diffusion
term with a sufficiently large interior and boundary penalty, by, is a nonlinear form
representing convective term based on the numerical fluxes well known from the
finite volume method and ¢, represents the source term. For the exact definition of
forms Ay, by, and £, see e.g. [2]. We assume the numerical fluxes H to be Lipschitz
continuous, conservative and consistent. Moreover, we assume that the numerical
fluxes are E-fluxes:

(H(v,w,n)— f(q)-n)(v—w) >0, Yv,weR, Vg between v and w, (4)

where n € R? is an unit vector.
We find that the weak solution of (1) with property (2) satisfies the identity

(%(t), w) +eAn(u(t), w) + bu(u(t), w) = lr(w) (¢) ®)

for all w € S, and all t € (0, 7).
For simplicity we assume time partition t,, = m7, m = 0,...,r with the time
step 7 = T'/r. To simplify the future expressions we set the notation v = v(t,,).

Definition 1. We say that the set of functions U™ € Sy, m = 0,...,r is an
approximate solution of problem (1) obtained by midpoint-DGFE scheme if

Uum + Um—l )
2 "

=7lp(w)(tym_1 +7/2) Yw €Sy,
(U, w) = (u’,w) Yw € Sy.

(Um—Um_l,w)+%8Ah(Um+Um_1,w)+Tbh( (6)

4. Error estimates

We denote the energy norm [Jw|?* := Ap(w,w) YVw € Sj. Note that the inverse
inequality takes the following form [Jw| < Ch~'|w|| for w € Sj. Let II be the L?
orthogonal projection on S,

We summarize the properties of the forms A, and by,.

Lemma 1. Let u satisfy (2). Then

Ap(v,w) < Cllofllwll Yo, w e Sy, (7)

m—1
Ap(u(tym—1 + s/2),w) — Ap (lb(s)%,w) <Cw|  Vw € Sh, (8)
Vs € [tmfl,tm],
AT —w,w) < CWJwll  YweS.  (9)

The proof of (7) and (9) can be done in a similar way as in [3, Lemma 9]. The
proof of (8) can be done similarly as in [7, Lemma 4.3].
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Lemma 2. Let u satisfy (2). Then

b (v, w) — by (v, w) < Cllv — 9| |Jw| Yv,v,w € Sy (10)
m—1
b (w(tm—1 + s/2),w) — by, (u(s)%,w) <O |w|| Ywe S, (11)
Vs € [tm—1,tml,
2
by (v, v — TTu) — by (u, v — Tu) < C (1 + ”“h%) W2+ |lv — TIu|?) (12)
Yv € 5},.

The proof of (10) can be found in [3], the proof of estimate (11) uses the regularity
of arguments with respect to space and standard error estimates and (12) can be
found in [6].

Our goal is to investigate the error estimates of the approximate solution U™,
m = 0,...,r obtained by the method (6). To do this we employ the strategy of
continuous extension of the discrete solution mimicking to the strategy in [6].

Definition 2. Let s € (0,7]. We say that the function U(t,,—1 + s) € Sy, is a con-
tinuated approzimate solution of problem (1) obtained by midpoint-DGFE scheme if
(Utms +5) = U w0) + S AU (s + ) + U™ )

m—1
+ sy (U(tm1 +23) +U

,w) = slp(w)(tym_1 +5/2) Yw e S, (13)

It is obvious that U(t,,) = U™.
We denote the left-hand side and right—hand side from Definition 2

m—1
B"(v,w) = (v —U™"1 w)+ %gAh(v + U™ w) + sby, (%,w) . (14)

LT (w) = sty (w)(tm—1 + s/2). (15)
We shall show that B}" is strongly monotone on Sj:

m m S€
B (v,0 = w) = BY'(w,v —w) > [lv = w|* + o — w]® = Csllv = w[| Jo — w]

se (s
>(1+=—- ) lv—w|>=Mv-—w|?> (1
> (1455 - ) ol = Mlo -l (10

for sufficiently small s respectively 7. We shall show that B!" is Lipschitz continuous
on Sy:

m m (> s€ 3 7
B (v,w) = B*(0,w) < [lv —wl| [lwl] + O [lv = o] Jw] + Csllo = of| flwl]  (17)

Cse (s _ _
< (14 55+ ) o= ollwll = Clo = ol L
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Since right-hand side L7* is evidently Lipschitz continuous, we can employ nonlinear
Lax—Milgram lemma to prove the existence of the continuated discrete solution and
classical discrete solution, respectively.

Now we should show that the continuated discrete solution is really continuous.
Since the proof is the same at each time interval (¢,,_1,tm], we show it for the
simplicity only on the first one. Let ¢, s € (0,7]. Then

MIU(t) - ()H2<Bl( (t),U(t) = U(s) = By(U(s),U(t) = U(s)) (18
Ly(U(t) = U(s)) — Ly (U(t) — U(s))
+ B (U(s),U(t) = U(s)) = By (U(s), U(t) = U(s)).

Since the terms on the second and third row tend to zero if |t — s| tends zero we
obtain continuity. Analogically we can prove the continuity at 0+. Since the exact
solution w is continuous and since we have continuity on the closed interval [0, T,
we can see that the error U(t) — u(t) is uniformly continuous.

As the final step we shall derive the error estimate of the continuated solution at
arbitrary time ¢ € [0, 7] which immediately imply the error estimate for the classical
method.

In the sequel we use the notation &(¢) = U(t) — Hu(t), n(t) = Hu(t) — u(t) and
e(t) = U(t) — u(t) = &) +n(t).

Lemma 3. Let u satisfy (2). Then

In(t)|| < ChP*, (19)
. Ou

(u(tpmo +8) —u" " — Sﬁ(tm‘l +5/2),w) < Cs*||lw|| Yw € Sy, Vs (20)

(N(tmo +8) — 0™ 1 w) < Csh?™|w|| Vw € Sy, Vs (21)

Proof. The estimate (19) is standard estimate for L? projection approximation. The
estimate (20) can be done similarly as in [4] and the last estimate (21) can be found
in [1]. O

Lemma 4. Let p > d/2. Let s € (0,7]. If |[e(t)|| < h**+9/2 fort < t,,_1 + s, then

sup [le(t)[|* < CH(WP! 4 eh® + 1), (22)
tE[0,tm—1+5]

where the constant Cr is independent of h, T, €.
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Proof. Multiplying (5) for t = t,,_1 + s/2 by s, subtracting from (13) and adding
several terms we get

(€09) = €71 w) + T Au(E(s) + €77 ), w) (23)

< (s%(tm_l +5/2) — u(s) +u™ !, w)

(s) +umt

+s<bh(u(tm_1—|—s/2),w)—bh(u 5 ,w))—i—(n(s)—nm_l,w)

o (o (M5 ) o (T ) ) — Saatate)

+s (Ah(u(tml +5/2),w) — A, (Mw)) .

Setting w = £(s) + ¢™ ! and using Lemmas 1-3 to estimate the right—hand side we
get

IE)IIP = lle™ 12
< (s (1 +

le(s) +e™ I3

h2

) (et 4 1 72 )P+ )

Using the assumptions we can get rid of the unpleasant term |[|e(s) + €™ *||% /h? and

by standard Gronwall lemma we can finish the proof. O
We are ready to present the main result.

Theorem 5. Let p > 1+d/2. Let hy, 7 > 0 are such that
1
C2(hP +eh® 4+ 1) < §h§+d. (24)

Let 1 is sufficiently small to guarantee the existence and continuity of the continuated
discrete solution. Then for all h € (0,hy) and T € (0,7) we get

sup [le(t)||* < CF(A** +eh® + 7%, (25)
t€[0,T]

where the constant Cr is independent of h, T, €.

Proof. We will follow the idea of continuous mathematical induction from [6]. For
time ¢t = 0 it is easy to see that the error estimate holds true, because the error is
in fact the error of L? projection in initial data, which is sufficiently small under the
assumptions of the theorem. Let as assume that the error estimate holds true on
the interval [0, s]. According to the assumption (24) we can see that the error can
be estimated by |le(t)|| < 342 ¢ € [0,s]. Since the error e(t) is continuous (even
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uniformly continuous) we know that there exists some & > 0 such that ||e(t)|| <
RMtd2 t e [0,s 4+ 0] and we can see that it is possible to use Lemma 4 even on
the interval [0, s + ¢], which guarantees the error estimate on [0, s + d]. Since the
error is uniformly continuous, we have fixed 9 > 0 during the process and using the
argument repeatedly we obtain the result. O
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Abstract

Simple modifications of the limited-memory BFGS method (L-BFGS) for large
scale unconstrained optimization are considered, which consist in corrections of the
used difference vectors (derived from the idea of conjugate directions), utilizing infor-
mation from the preceding iteration. For quadratic objective functions, the improve-
ment of convergence is the best one in some sense and all stored difference vectors
are conjugate for unit stepsizes. The algorithm is globally convergent for convex suffi-
ciently smooth functions. Numerical experiments indicate that the new method often
improves the L-BFGS method significantly.

1. Introduction

We propose some modifications of the L-BFGS method (see [5], [10]) for large
scale unconstrained minimization of the differentiable function f : RY — R. Simi-
larly as in the multi-step quasi-Newton methods (see e.g. [9]), we utilize information
from the preceding iteration. However, while the multi-step methods derive the cor-
rections of the difference vectors from various interpolation methods, our approach
is based on the idea of conjugate directions (see e.g. [4, 11]).

The L-BFGS method belongs to the variable metric (VM) or quasi-Newton line
search methods, see [4], [8]. They start with an initial point zo € RY and generate
iterations 1 € RY by the process x4,41 = 2 +trdi, k > 0, where d}, is the direction
vector and t; > 0 is a stepsize, usually chosen in such a way that

frr1 — fx < ertrgl di, Gl dy, > eagldy, (1)

k>0, where 0 < &1 < 1/2, &1 < g9 < 1, fr = f(xy), g = Vf(xy) and dy, =
—Hpgr with a symmetric positive definite matrix Hy; usually Hy = I and Hjq is
obtained from Hj by a VM update to satisfy the quasi-Newton condition Hy1yx = sk
(see [4, 8]), where s, = 211 — 2 = tpdy, and Y = gro1 — g, k > 0.

Among VM methods, the BFGS method belongs to the most efficient; the update
formula can be written in the form (note that by > 0 for gx # 0 by (1))

HkJrl = (1/bk)8k8£ + VkaVkT, bk = Sgyk, Vk =] - (1/bk)8kyg,
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k >0, see [4, 8, 11], on which the L-BFGS method — a limited-memory adaptation
of the BFGS method — is based. Instead of an N x N matrix Hy, only the last
m + 1 couples {sj,yj};‘?:k_m are stored, where m = min(k,m—1) and m > 1 is
a given parameter. The direction vector is computed by the Strang recurrences,
see [10], and still satisfies dy 11 = —Hp119k41, K > 0, but matrix Hy; is not formed
explicitly.

Here we will investigate such corrections of vectors sg, yx which provide conjugacy
of consecutive corrected vectors. Thus we will define corrected quantities 5y, 7, bk

and‘?’m k?ZOa by§0:'907 gOZyOa 60:b07‘70:‘/oand
85 =8k — Sk-1, Uk =Yk — Blrk-1, bk =30k, Vi=1— (/)55 (2)

k >0, with such ay, f; € R that 7(3;9 > 0. Correspondingly, we will use a direction
vector d, = —Hygx, k > 0, where Hy = I and symmetric positive definite matrix

fon = G/l Ve Vion W 0
+ (1/ben) Vi Vicrinst S-St Viespr -+ Vi (3)
+ o+ (b)) Vi S5t VD (1/be) 5k5E L k>0,

satisfies the quasi-Newton condition Hjy9; = 5 and is obtained by the repeated
BFGS update of (sly/|yx|*)I with corrected vectors. We denote By, = H, ', k > 0.
In Section 2 we investigate the standard BFGS update with corrected vectors

Hy =(1/b)ss" +VHEVT, b=5"y V=1-(1/b)sy", (4)

(in the simplified form) of any symmetric positive definite matrix H with corrected
difference vectors s = s—as_, y = y— fy_ and discuss the choice of parameters a, 3.
In Section 3 we focus on quadratic functions and show optimality of our choice of
parameters and conjugacy and other properties for unit stepsizes. Application to
limited-memory methods and the corresponding algorithm are described in Section 4,
global convergence of the algorithm is established in Section 5 and numerical results
are reported in Section 6. Details and proofs of assertions can be found in [13].

2. The BFGS update with corrected vectors

The following lemma enables us to distinguish roles of products 579_, 57y and
shows that, under some assumptions, the conjugacy of difference vectors s, s_ with
respect to matrices B = H~', B, = H ;1 is equivalent to the satisfaction of condition
H.j_ = 5_. Note that condition Hy_ = 5_ represents the quasi-Newton condition
from the preceding update, which is satisfied for m > 1, see [13].

Lemma 1. Let H be any symmetric positie definite matriz with Hy_ =5_, ma-
triz H, be given by (4) withb >0 and A, = (Hyy_—35_)'B,(H,j_—5_). Then

Ay = [(8Zy—-5"5)" + w(5"9-)%] /b, (5)
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where w > 0, withw = 0 only in case of dependency of vectors s, Hjj. If vectors s, Hyj
are linearly independent then H, satisfies Hyy- = s_ if and only if vectors s, 5
are conjugate with respect to matrices B, B, .

Since value w could be large, we can see from relation (5) that mainly value 57y
should be close to zero, to have A; small. Therefore we prefer the choice a = s7y_ /b_,
for which 57 = 0. Similarly, the basic choice of 3 is 87 = 5 y/b_, which yields
57y =0 (thus H,j_= 5_ by A; = 0) and has some interesting properties.

Theorem 2. Let H be any symmetric positive definite matriz with Hyj_ =5_ and
matriz H, be given by (4) withb > 0. If a = sTy_/b_ then 37j_ =0, b=b—as’y
and both value a and the condition number of matriz HY?>B, HY? as functions of B
are minimized by the choice 3=35y/b_.

Satisfaction of condition H,y_ = 5_ also guarantees that matrix H, is closer
to H than to H_ in some sense, as we can see from Theorem 3 with H_, H, 5_, 7_
instead of H, H,, 5, § and G = H;' (||.||r denotes the Frobenius matrix norm).

Theorem 3. Let H be any symmetric positive definite matriz, matriz H, be given
by (4) with b > 0, G be any symmetric positive definite matriz satisfying G5 = 7,
W, =GY2H, G2 and W= GV2HGY?. Then
1= Wllf = 1T =W} = =Wy = W < — (a/b—1)°. (6)
The following lemma indicates that 3 should also be near to a, to have |H y — s|
small. E.g. the choice f = ++/za has interesting properties.

Lemma 4. Let H be any symmetric positive definite matriz with Hij_ =3S- and
matriz Hy be given by (4) with b > 0. If a=sTy_/b_ then Ay = (574)%/b and
(Hyy — )" By(Hey —5) = b_[(8 — @)’ + (8 — B2)*(s"5-)7 (bb-)]. (7)

Moreover, if f2=s"y_ 5"y /b*, then yT(H,y—s)=0.

3. Results for quadratic functions

In this section we suppose that f is a quadratic function with a symmetric positive
definite matrix G and that f=«, which is a natural choice, if we want to have y =G5,
similarly as for non-corrected vectors. Here we consider only the G-conjugacy of
vectors.

The conjugacy of 5, 5_ can be achieved by the choice a = sTy_/b_ = 5Ty /b_
by (2). The following theorem shows that this choice is the best in some sense.

Theorem 5. Let & = sfg,/E, = 5Ty/b_, H be any symmetric positive definite
matriz with Hy_ = 5_, Hy be given by (4) with B = « and let f be a quadratic
1

function f(z)= 3(x —2*)'G(x — z*), 2 € RN, with a symmetric positive definite

matriz G. If vectors s, 5_ are linearly independent, then b > 0 and the choice a=a
implies H,y=s and minimizes the values b, |GY?H,G"? — I||r as functions of «.
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The L-BFGS method with exact line searches generates conjugate directions vec-
tors and preserves m previous quasi-Newton conditions, see e.g.[10]. Similarly for
update (4) with unit stepsizes we get that all stored vectors §; are conjugate and m
previous quasi-Newton conditions are preserved, if every stepsize is unit.

Theorem 6. Let xp € RN, 2* € RN, k > 0, m > 1, f be the quadratic function
f(z) = 3(z — 2*)'G(z — 2*) with a symmetric positive definite matriz G, and let for
0 < k < k dterations xp11 = xp + Si be generated by sy = —tpHigr, gx = Vf(xy),
ty > 0, with matrices Hy, defined in the following way: Hy = I and matrices Hy 1,
0 <k <k, are given by (3), where m = min(k, m—1), yx = gry1 — gr, and quantities
55, Jj, Vj and b, j > 0, are formally defined by 30 = S0, Jo = Yo, 5j41 = Sj11—;j+15;,
Ti+1 = Yjr1 — Qb o= 5;195/bp, Vi =1 = (1/b;)8;97, bj = 5775

If every generated vector sy s linearly independent of 5x_1, 0 < k < k, then the
method is well defined. Moreover, if ty. = 1 for some k, 0 < k < k, it holds

Hiyite = 35, 51G8ppi =0, 51 grris1 =0, 1<i<min(m+1,k—k). (8)

4. Application to limited-memory methods

From the theory in Section 3 we can deduce that we should use the corrected
difference vectors whenever objective function is close to a quadratic function. As
measure of deviation from a quadratic function at points xy_1, %, xxi1, €.g. value
|styk-—1 — sp_1yk| could serve (zero for quadratic functions), k > 0; we use value
|k Tk-1—54_1Yk| = br—1]o — B|, which gives very similar results. We do not correct
if it is greater than b7, /by, if (s} Ur_1)-(57_,yx) < 0 or if by < 107°0;,.

Value 3, = sgn(ay)/0k/br—1, corresponding to the choice in Lemma 4, appears
to be suitable if value by is sufficiently large with respect to by (we use condition
b > 1072by,). This choice satisfies |By| < \/bk/i)k_l; it is a reason why we use this
value 3 also in case that |57 yp/br_1| > 24/bx/br_1 to prove global convergence.

Global convergence can be easily established (in a similar way as for the L-BFGS
method, see [5]), if [Sg|/|sk] < A and |gg|/|ye| < A, k> 0, where A > 1 is a constant.
If this condition is not satisfied, it suffices to replace the oldest saved vectors S,_,
Uk—m €.8. by Sk, yx. Note that in our numerical experiments with N = 1000, value
|Uk|/|yx| was rarely greater than 10 and value |5;|/|sk| greater than 50.

We now state the method in details. For simplicity, we omit stopping criteria.

Algorithm 4.1
Data: The number m > 1 of VM updates per iteration, line search parameters €y,
g9, 0<e1<1/2, 1 <e9< 1, and correction parameter A > 1.

Step 0: Initiation. Choose starting point zo € RY, define starting matrix HY) = I
and direction vector dy = —V f(x¢) and initiate iteration counter k to zero.
Step 1: Line search. Compute xyy1 = xp+1rdy, where t; satisfies (1), sp = xp41— g,

k1 =V [ (@p41)s Y= grs1— g and by = sty If k=0 set 5, = sk, Jr =y and
go to Step 4.
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Step 2: Correction preparation. Set ay = styjx_1/bx_1, B = 5% 1y /br—1. I B <0
or by, < 1079, or |ag — Bi| > br_1/bk, set o, = Br= 0 and go to Step 3. If
|Bk| > 24/bi/b_1 or by > 1072y, replace B by Brr/ar/Br.

Step 3: Correction. Set 5 = sp — QpSp—1, Yk = Yr — Brlr_1-

Step 4: Update definition. Set m = min(k,m—1), by = 5Ly, and define Vj, = [ —
(1/be)5eti - I Skl /|k—rm| > A or [Gr—ml/|Ye-m| > A, set Sp_m = sp,
Ug—m = Y and bg_z = bg. Define Hy.1 by (3).

Step 5: Direction vector. Compute dy, = —Hj 1911 by the Strang recurrences, set
k =k + 1 and go to Step 1.

5. Global convergence

Assumption 7. The objective function f : RY — R is bounded from below and
uniformly convex with bounded second-order derivatives (i.e. 0 < G < AMG(x)) <
MG(2)) < G < o0, z € RY, where A\(G(x)) and \(G(x)) are the lowest and the

greatest eigenvalues of the Hessian matriz G(x)).

Theorem 8. If objective function f satisfies Assumption 7, Algorithm 4.1 generates
a sequence {gx} that either satisfies klim\gk|:() or terminates with gx=0 for some k.
— 00

6. Numerical results

In this section, we demonstrate the influence of vector corrections on the number
of evaluations (NFE) and computational time, using the following collections of test
problems: Test 11 from [7] (55 chosen problems), which are modified problems from
CUTE collection [2] with N ranging from 1000 to 5000, test from [1], termed Test 12
here, 73 problems, N = 5000, Test 25 from [6] (68 chosen problems), N =10000.

Table1 contains results for the following limited-memory methods: L-BFGS,
see [10], method from [12] (Algorithm 3.1 with ¢ = 0.4) and new Algorithm4.1. We
have used m = 5, A = 100, the final precision ||g(z*)|lc < 107%, ; = 107* and
g9 = 0.8.

Test 11 Test 12 Test 25
Method NFE Time | NFE Time| NFE Time
L-BFGS | 80539 32.50 | 43648 46.17 | 462104 519.40

Alg.3.1in [12] | 80328 34.52 | 43182 56.67 | 512880 649.15

Algorithm 4.1 | 64395 30.20 | 34472 37.57 | 296321 381.08

Table 1. Comparison of the selected methods.

For a better demonstration of both the efficiency and the reliability, we compare
selected optimization methods for Test 25 by using performance profiles introduced
in [3]. The value of my/(7) at 7 = 0 gives the percentage of test problems for which
the method M is the best and the value for 7 large enough is the percentage of
test problems that method M can solve. The relative efficiency and reliability of
each method can be directly seen from the performance profiles: the higher is the
particular curve the better is the corresponding method.
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0.2 — Alg.4.1

= [ _BFGS [ _BFGS
0.1r —— Alg.3.1in [12]] T 0.1r —— Alg.3.1in [12]] T
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0 0.5 1.0 1.5 2 0 0.5 1 1.5 2

NFE Time
Figure 1: (Test 25, m = 5, 68 problems, N=10000)
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Abstract

The coefficients of the greatest common divisor of two polynomials f and g (GCD(f, g))
can be obtained from the Sylvester subresultant matrix S;(f, ¢g) transformed to lower
triangular form, where 1 < j < d and d = deg(GCD(f, g)) needs to be computed.
Firstly, it is supposed that the coefficients of polynomials are given exactly. Trans-
formations of S;(f,g) for an arbitrary allowable j are in details described and an
algorithm for the calculation of the GCD(f, g) is formulated. If inexact polynomials
are given, then an approximate greatest common divisor (AGCD) is introduced. The
considered techniques for an AGCD computations are shortly discussed and numeri-
cally compared in the presented paper.

1. Introduction

Consider the polynomials f and g,

f(x) = apx™ + ay 2™ ' 4 A1 T+ Ay Ao X gy # O, (1)
g(x) = boa" + blxnfl + -4+ by_1x+0b,, byxb, 7£ 0. (2)

In the first part of this paper it is assumed that the coefficients are given exactly,
all calculations are performed symbolically and m > n. Let us put fy := f, f1 :==g.
The polynomials

fr(@) = @ (2) fria(2) + frio(a),  deg(frr2) < deg(frin),
for r=0,1,2,..., f.,#£0Vr<k

in the successive divisions of Euclid’s algorithm are well defined, [1, 7, 15]. If fr,1 =0
then f is the GCD of fy and f;, which is written as fr = GCD(fo, f1) = GCD(f, g).
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The Sylvester matrix S(f, g) € Rmtmx(m+n) 113 4 7 12, 13, 15], is the matrix

Qo bo
ay Qo b1 bo
aq . . bl
A
S =
(f,9) o - - oa b, - - b
a’m bn
A, by,
n columns m columns

Let j be an integer, 1 < j < n. The jth Sylvester subresultant matrix S;(f,g) €
R(m+n=j+1)x(m+n=2j+2) ig formed by deleting the last (j — 1) rows, and the last (j —1)
columns of the coefficients of f and g of S(f, g). The vector e; denotes the ith column
of the identity r x r matrix /,, and the matrix E; ;(0) = I, — aeie]T, where o € R, is
the elementary triangular matrix. It is lower and upper triangular matrix for ¢ > j
and ¢ < j, respectively.

Transformations of the Sylvester subresultant matrix S;(f, g) that correspond
to the first stage of Euclid’s algorithm can be expressed by multiplying S;(f, g) by
the elementary triangular matrices. The polynomial f5 arises from the first stage.
For illustration, let us consider the Sylvester resultant matrix Sy := Sy(f, g) for the
polynomials f and g of degrees m = 6 and n = 3.

The first step in the transformation of S5 consists of the subtraction of the third
and fourth column, multiplied by o1 = ag/by, from the first and second column,
respectively. This is implemented in such a way that the matrix S, is multiplied
successively by the matrices Fs1(01) and Ey2(0q) yielding Sél) = S9E31(01)Ey2(01),

[0 bo T where
a0 b b a; — (ao/bo)b;  i=1,2,3
ay) i’ by b by agl) = o

S(l) a%li a%li bg b2 b1 b() a; 1= 4, 5, 6.
2 1 1 )

a‘(ll) a?l) b3 ba b1 ho Analogously, the numbers oy, o3
a?l) a‘(ll) by b2 by and o4 can be constructed such that
ag a?l) b3 by the firs two columns of the matrix

L g bs | 554)’ where successively

552) = Sél)E4,1(02)E5,2(02), Ség) = 552)E5,1(03)E6,2(03)7 554) = Ség)E6,1(04)E7,2(04)a
contain the elements 0,0, 0,0, a514), agl), agl) L at the locations of

0, agl), a(zl), agl), ail), aél),aél) of Sél).

!The upper index, e.g. affl), specifies that the coefficients belong to the matrix 554).
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Then the permutation matrix P = [es, 4, €5, €5, €7, €1, €3] € R™*7 applied to Sgl) gives

bo | 0 0 0

by by 0 0 0

by by b | 0 0 0

by by by by | O 0 0 Lo | 0
sp=|—- - - -+ - - —|=| - + -

0 by by by | by al’ 0 Lyy | Loy

0 0 by by | b a¥ oY

00 0 by | b af o

000 0 0 | by 0 a

where Loy = Sa(g, f2) and fao(x) = af):pz +aé4):p—|—aé4) is the first nonzero polynomial
produced by Euclid’s algorithm if fs # 0. In this case the matrix L, ; is square, lower
triangular and nonsingular.
The following four cases may happen:

1. fo, =0, ie. aff) = aé4) = aé4) = 0. Then g divides f and the matrix 554)13
without any block structure is lower triangular matrix having two last zero columns.

2. az(;l) # 0 and f5 divides g. Then elementary matri- a0 0
4
ces applied to Lo o transform Ly, to the matrix 5542. @ OO
’ _ 5 4
Hence, the matrices 554) and S, are rank deficient of Sz = aé4) agl) 0

order 1. In this case ny := deg(GCD(f,g)) = 2. ()
0 ag” O

3. affl) # 0 and f; does not divide g. Then elementary matrices applied to L

transform Ly 5 to the lower triangular matrix having linearly independent columns..

4. aff) = 0 but fy # 0. Then the matrix S§4)( f,g) can be transformed into the
form

bo | 0 0
by b | 0 0
bg bl bo | 0 0
bg bg bl bo | 0 0
5154) _ - - - - - 4+ _ _
0 b3 bg bl b() | 0 0
0 0 bg bg bl | OJE(—)4) 0
0 0 0 by by | a af
000 0 0 by | 0 af |

and no other polynomials can be calculated in Euclid’s algorithm in the last two
cases. The matrices 554)( f,g) and Sy have full column rank.
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In general, if the Sylvester subresultant S;(f, g) has full column rank, we have to
go back to S;_1(f,9),5;—2(f,g), ... as long as the rank deficient matrix appears. If
S1(f,g9) = S(f, g) has full column rank, then f and g are coprime.

Just presented example is generalized in the following section. The results are origi-
nal.

2. Matrix formulation for the transformation of the Sylvester
subresultant matrix

Let us denote fy := f and f; := g, where f and g are defined in (1) and (2),
respectively. Denote ng := m = deg(fy), n1 :=n = deg(f1).

Let us assume that the matrices S;(fo, f1), S;(f1, f2), ... can be constructed by
Euclid’s algorithm for an index j. According to our previous example, the following
theorem can be easily seen. Let us write shortly S; := S;(fo, f1)-

Theorem 1. Let fy and fi be polynomials of degrees ng and ny, respectively, ng >
ny > 1. It is assumed that Fuclid’s algorithm yields the polynomials fo, f3,..., fx,
fre1 = 0 of degrees ng,ns, ..., ng. Therefore fr, = GCD(fo, f1). Denote d := ny, and
fe(z) = vox + v 4+ vg_1x+vg. Consider an integer j € {1,2,...,n}. Then
the following statements hold:

1) There ezists a nonsingular matriz Q; of order ng + ny — 2j + 2 such that the
matriz S;Q); has the following block structure. We distinguish two cases:

a) If j < d, then

Li; | 0
Sip = | - + — .
Loy | Laoo

where Ly 1 is a square lower triangular matriz with non-zero diagonal elements
and Lyo is a rectangular matriz with (ng_1 + n, — 2 + 2) columns if fo # 0.
Contrariwise if fo = 0 then g divides f and the matriz S;Q); is lower triangular
matriz having last ny — j + 1 zero columns. In the following let fo # 0. Then
the matriz Lq o has the following form:

(i) case when j < d (1) special case when j = d
g 10 . 0] g 0]
V1 o | 0 0 V1 Vo | 0
(%1 | 0 0 V1 | 0
L2’2 = Vd . . Vo | 0 0 L2’2 = Vd . . Vo | 0
Va . V1 | 0 0 Vg . VU1 | 0
0.0 0
L Vd | 0 0 ] | Vd | 0 ]
~ ~~ N —_—
ng_1— 7+ 1 nk—j—i—l Ng_1— Nk + 1 1
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Moreover, the presented scheme of matrices (i) and (ii) shows that

rank(S;) = rank(Q;S;) =no+n1 —2(j —1) — (np —j + 1)
=ng+mn —j—ng+1
and the nonzero columns of the matriz Loy contain the coefficients of the poly-
nomial f. In case j = d = ny, the matriz Sy is rank deficient of order 1.
b) If j > d, then S;Q; is a lower triangular matriz with linearly independent

columns. Hence, S;Q; and therefore S; has full column rank.

2) If ny = 0, then the matriz S1(fo, f1) having full rank ng + ny is only considered,
fk = Vo 7é 0 and L272 = UO[nk,1 .

3) The next equivalences follow from the statements formulated above:

rank(Sd(fo, fl)) =ng+n —2d+1< deg (GCD(fQ, fl)) = d,
rank(S;(fo, f1)) < no +mn1 —2j + 1 < deg(GCD(fo, f1)) > J.

Just presented overview shows the relation between the rank(S;) and the degree
of GCD(fy, f1). Hence if the polynomials f, and f; are known exactly and the
computations are performed symbolically, then the transformation of the Sylvester
subresultant matrix S;(fo, f1), j < d, to the lower triangular form with the resultant
matrix Loy yields the coefficients of the GCD( fy, f1).

3. Calculation of GCD

Consider the polynomials f and g in (1) and (2) of degrees m = deg(fy) and n =
deg(f1), and put fo = f and f; = g. Let h be the exact GCD( fo, f1) with d = deg(h).
There exist two polynomials wy and w; so that

fi=hw; fori=0,1, where deg(wg)=m —d, deg(w)=n—d.

Hence h = fo/wy = fi/w1 = fowis — fiwy = 0. Using Cauchy matrices, we can
rewrite the last equality in the form

Cr—a+1(fo)W1 — Cr—ar1 (f1)Wo = [Crmat1(fo), Cr—as1(f1)] { wi } =0, (3)

. - _wo

g

Saq

where the vectors of coefficients of the polynomials wy, wy are denoted by w; and .
The matrix Sy = [Ch_gr1, Crn_apr] € ROVFP=dH1)x(min=2d42) g rank deficient of or-
der 1. The solution of (3) is the right singular vector corresponding to o (Sa(fo, f1))
and can be computed by the Gauss-Newton iteration, see for example [2, 3, 8]. The
coefficients of h are calculated as the least square solution of the equation

Cd+1(’w1)ﬁ = fTi or Cd+1(’w0)ﬁ = fT(;
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The smalest singular values Singular values of 87

wn
o

o -5f ~
= 2
£ o
o) -5
3 o
8 -10} 3
_lo,

S

7 Sq
-15 -15 : : : :

1 6 7 8 9 10

2 3 4 s

i,i=1,2,..,10
Figure 1: In the following graphs the smallest singular values of the Sylvester sub-
resultant matrices Sy, Sg, 57 and Sg, left-hand side, and the singular values of S7,
right-hand side, are drawn.

Let us demonstrate the mentioned theory on the following polynomials
fo(z) = (v —1.2)4x +2)°(x — 0.5)*,  fi(z) = (v — 1.4)*(x +2)*(x — 0.5)*  (4)

of degrees deg( fy) = 13 and deg(f1) = 9. Their GCD is the polynomial GCD( fy, f1) =
h(z) = (z+2)3(x—0.5)* = 27 +425 +1.525 — 7.52% — 0.937523 +6.3752? — 3.25x + 0.5
of degree deg(h) = d = 7. Theorem 1 says that S; is the first rank deficient matrix
in the sequence Sy, Sg, S7. For illustration see Figure 1.

The matrix S7 is the first rank deficient matrix with the smallest singular value
7.167875* and the corresponding right singular vector

[—0.1090, 0.3051, —0.2135,0.1090, —0.0872, —0.7147, 0.9204,0.9790, —2.1086, 0.9037]""

The LS solution of Cs(uwy)h = f, yields the coefficients of the GCD(fo, f1) =
h = [1,4,1.5,—-7,5,—0.9375,6.375, —3.25,0.5]". The LS solution of the system
Cs(—wo)h = fy yields the same vector h = [1,4, 1.5, —7,5, —0.9375, 6.375, —3.25,0.5]".

4. Approximate greatest common divisor

It was assumed that the coefficients of polynomials are given exactly and the
calculations are performed symbolically. But the calculation of the GCD is unstable
in a computer environment and cannot be almost used. Moreover, numerical compu-
tation of the GCD is an ill-posed problem. Therefore the concept of an approximate
greatest common divisor (AGCD) was introduced [3, 6, 13, 14].

Definition. Let f and g be two polynomials of degrees m and n, respectively, and let
0 < 6 << 1 be a positive number. The degree of an approximate greatest common
divisor with respect to # is the maximum integer j < min(m, n) for which there exist
polynomials § f and dg with max(||6f|],[|dg||) < 6 and deg(GCD(f +df, g+ dg) = j.
The approximate greatest common divisor denoted by AGCD(f, g) is defined by
AGCD(f,g9) = GCD(f +6f, g+ dg).
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Algorithms for the calculation of  f and dg are well known. However they are out
of scope of this paper and cannot be analysed in this paper. Let us only mention
the Structured Total Least Norm (STLN) method (see, for example, [10, 5, 13]) for
the construction of a structured low rank approximation of the full rank Sylvester
matrix in the AGCD approach.

For demonstration, let us again consider the polynomials from Section 3 and let
us denote them by f and g. Their exact GCD is the polynomial

GCD(f, §) = 27 + 42° + 1.52° + 7.52* — 0.93752> + 6.3752% — 3.25z + 0.5.

Let f and g be inexact forms of f and g, i.e. the polynomials f and ¢ with a noise
expressed by a signal-to-noise ratio equal to 10° added to their coefficients. The
polynomials that arise from the application of the STLN method are denoted by f
and g. The schema of this process is as follows.

(=== -0

The polynomials f and g are theoretically coprime and the procedure that follows
from Theorem 1 fails in the presence of greater noise. However, we can see from
the table below that the coefficients of GCD(f, g) and GCD(f, g) of the polynomials
computed by STLN are almost identical.

| [ acp(f,g) | GCp(f,9) |

x’ 1 1

20 4 3.999978
x® 1.5 1.499947
|| =75 —7.500006
23 || —0.9375 —0.937463
x? 6.375 6.375001
xt || —3.25 —3.250011
20 0.5 0.499999
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