
Di�erential and Integral Equations
in the Space of Regulated Functions

MILAN TVRD� �

Mathematical Institute

Academy of Sciences of the Czech Republic

�itn� ��� ��� �� PRAHA�� Czech Republic

June �� ����

�Supported by the grants No� ����������� and ����������� of the Grant Agency of the Czech

Republic





Preface �

CHAPTER �� Preliminaries �

���� Basic notions � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

���� Functions � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

���� Integrals and operators � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

CHAPTER �� Regulated Functions and the Perron�Stieltjes Integral ��

���� Introduction � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� Preliminaries � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� Perron�Stieltjes integral with respect to regulated functions � � � � � � � � � � � �	

��
� Linear bounded functionals on the space of left�continuous regulated functions ��

���� Linear bounded functionals on the space of regular regulated functions � � � � � ��

CHAPTER �� Initial Value Problems for Linear Generalized Di�erential

Equations ��

���� Introduction � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
�

���� A survey of known results � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 



���� Emphatic convergence � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

CHAPTER �� Linear Boundary Value Problems for Generalized Di�erential

Equations ��


��� Introduction � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��


��� Auxiliary lemma � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��


��� Boundary value problem � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �	


�
� Controllability type problem � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

CHAPTER �� Linear Integral Equations in the Space of Regulated Func�

tions ��

���� Introduction � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� Preliminaries � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� Functions of the class K n�n and the Bray Theorem � � � � � � � � � � � � � � � �	

��
� Fredholm�Stieltjes integral equations in G n
L � � � � � � � � � � � � � � � � � � � � 	�

���� The resolvent couple for the Fredholm�Stieltjes integral equation � � � � � � � � 	�

���� Volterra�Stieltjes integral equations in G n
L � � � � � � � � � � � � � � � � � � � � � 	�

References �	�

Index ���



List of symbols

matrices and vectors

rank�A� �

AT� �

I� �

functions

�M � �

�������� �

varb�F � 	

fC� ��

fB� ��

F �t� �� ��

F ��� s� ��

��� ��
�
� ��

�
� ��

�
� � ��

v �F � ��

M� ��� �	

�� ��

KM� ���

spaces

N � �

R � �

cl�M� �

G � �� ��

G L � �� ��

G reg � �� ��

BV � 	� ��

S� 	� ��

B � ��� ��

C � ��� ��

L� � ��� ��

A C � ��

SBV� ��� �	

K � �	

K L� �	

integration

D� �

P� ��

SD�f �g� ��R b
a
f dg� ��

�
R b
a
f dg� ��

operators

L�X�Y� ��

K�X�Y� ��

L�X� ��

K�X� ��

R �A � ��

N �A � ��

A
�� ��






Preface

This text is intended as a self�contained exposition of generalized linear di�erential and

integral equations whose solutions are in general regulated functions �i�e� functions which can

have only discontinuities of the �rst kind� In particular� the problems studied below cover as

their special cases linear problems for systems with impulses� �For representative surveys of

results concerning systems with impulses see e�g� �BS�� �BPS� or �ZaSe�� Essentially� the text

is a collection of the papers �Tv�	�� �Tv	��� �Tv	��� �Tv	�� and �Tv		�� In comparison with the

original versions of these papers� the notation used was uni�ed and the common preliminaries

were summarized in Chapter �� Furthermore� some minor improvements of the exposition and

corrections of several misprints were included�

Chapter � is a compilation of the papers �Tv�	� and �Tv	��� In this chapter the properties

of the Perron�Stieltjes integral with respect to regulated functions are investigated� It is shown

that linear continuous functionals on the spaces G L �a� b� of functions regulated on �a� b� and

left�continuous on �a� b and G reg �a� b� of functions regulated on �a� b� and regular on �a� b may

be represented in the form

��x � q x�a �

Z b

a

p�t d�x�t��

where q � R and p�t is a function of bounded variation on �a� b�� Some basic theorems �e�g�

integration�by�parts formula� substitution theorem known for the Perron�Stieltjes integral with

respect to functions of bounded variation are extended to a more general case�

In Chapter � �cf� �Tv		� the continuous dependence of solutions to linear generalized

di�erential equations of the form

x�t � x�� �
Z t

�
d�Ak�s�x�s� t � ��� ��

on a parameter k � N is discussed� In particular� known results due to �� Schwabik �Schw	��

and M� Ashordia �As	�� are extended or amended�

Boundary value problems of the form

x�t� x���
Z t

�
d�A�s�x�s � f�t� f��� t � ��� ���

M x�� �

Z �

�
K�� d�x��� � r
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and the corresponding controllability problems are dealt with in Chapter 
� �This chapter is

based on the paper �Tv	��� The adjoint problems are given in such a way that the usual dual�

ity theorems are valid� As a special case the interface boundary value problems are included�

In contrast to the earlier papers �cf� e�g� �VT���� �Tv���� �Tv�
�� �ST�
�� �ST�	� and the mono�

graph �STV� the right�hand side of the generalized di�erential equation as well as the solutions

of this equation can be in general regulated functions �not necessarily of bounded variation�

Similar problems in the space of regulated functions were treated e�g� by Ch� S� H�nig �H�����

�H����� �H����� L� Fichmann �Fi� and L� Barbanti �Ba�� who made use of the interior �Dushnik

integral� In our case the integral is the Perron�Stieltjes �Kurzweil integral�

In Chapter � �cf� �Tv	�� we investigate systems of linear integral equations in the space G n
L

of n�vector valued functions which are regulated on the closed interval ��� �� and left�continuous

on its interior ��� �� In particular� we are interested in systems of the form

x�t�A�tx�� �

Z �

�
B�t� s d�x�s� � f�t�

where the n�vector valued function f and an n� n�matrix valued function A are regulated on

��� �� and left�continuous on ��� � and the entries of B�t� � have a bounded variation on ��� ��

for any t � ��� �� and the mapping t � ��� �� �� B�t� � is regulated on ��� �� and left�continuous

on ��� � as the mapping with values in the space of n� n�matrix valued functions of bounded

variation on ��� ��� We prove basic existence and uniqueness results for the given equation and

obtain the explicit form of its adjoint equation� A special attention is paid to the Volterra

�causal type case� It is shown that in that case the given equation possesses a unique solution

for any right�hand side from G
n
L � and its representation by means of resolvent operators is

given� The results presented cover e�g� the results known for systems of linear Stieltjes integral

equations

x�t�

Z �

�
ds�K�t� s�x�s � g�t or x�t�

Z t

�
ds�K�t� s�x�s � g�t�

The study of such equations in the space of functions of bounded variation was initiated mainly

by �� Schwabik �see �Schw���� �Schw�
� and �STV��



Chapter �

Preliminaries

��� � Basic notions

Throughout this text we denote by N the set of positive integers� R is the space of real numbers�

R
m�n is the space of real m� n�matrices� Rn � R

n�� stands for the space of real column n�

vectors and R��� � R� � R�

For a matrix A � Rm�n � rank�A denotes its rank and AT is its transpose� Furthermore�

the elements of A are usually denoted by ai�j� i � �� �� � � � �m� j � �� �� � � � � n� and the norm jAj

of A is de�ned by

jAj � max
j���������n

mX
i��

jai�j j�

We have

A � �ai�ji���������m
j���������n

and AT � �aj�ij���������n
i���������m

for A � R
m�n

and

jxj �
nX
i��

jxij� x
T � �x�� x�� � � � � xn and jxTj � max

j�������n
jxj j for x � R

n �

Furthermore� for a matrix A � Rm�n � its columns are denoted by a�j� �A � �a�j�j���������n�

Obviously�

jAj � max
j���������n

ja�j�j for all A � R
m�n �

The symbols I and � stand respectively for the identity and the zero matrix of the proper type�

For an n� n�matrix A� det �A denotes its determinant�

If �� � a � b � �� then �a� b� and �a� b denote the corresponding closed and open

intervals� respectively� Furthermore� �a� b and �a� b� are the corresponding half�open intervals�

�
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The sets d � ft�� t�� � � � � tmg of points in the closed interval �a� b� such that a � t� � t� �

� � � � tm � b are called divisions of �a� b�� Given a division d of �a� b�� its elements are usually

denoted by t�� t�� � � � � tm� The set of all divisions of the interval �a� b� is denoted by D�a� b��

Given M � R � �M denotes its characteristic function ��M �t � � if t � M and �M �t � �

if t ��M�

Finally� if X is a Banach space and M � X� then cl�M stands for the closure of M in X�

��� � Functions

������ Regulated functions� A function F � �a� b� �� R
m�n which has limits

F �t� � lim
��t�

F �� � R
m�n and F �s� � lim

��s�
F �� � R

m�n

for all t � �a� b and all s � �a� b� is said to be regulated on �a� b�� The set of all m � n�

matrix valued regulated functions on �a� b� is denoted by G m�n �a� b�� For F � G
m�n �a� b�� we

put F �a� � F �a and F �b� � F �b� Furthermore� for any t � �a� b� we de�ne

��F �t � F �t�� F �t� ��F �t � F �t� F �t� and �F �t � F �t�� F �t��

�In particular� we have ��F �a � ��F �b � �� �F �a � ��F �a and �F �b � ��F �b� We

shall write G n �a� b� instead of G n�� �a� b�� G ��� �a� b� � G �a� b�� Obviously� F � G
m�n �a� b� if and

only if all its components fij � �a� b� �� R are regulated on �a� b� �fij � G �a� b� for i � �� �� � � � �m�

j � �� �� � � � � n�

It is known �cf� �H���� Corollary ���a� that if F � G
m�n �a� b�� then for any � � � the

set of points t � �a� b� such that j��F �tj � � or j��F �tj � � is �nite� Consequently� for

any F � G �a� b� the set of its discontinuities in �a� b� is countable� The subset of G m�n �a� b�

consisting of all functions regulated on �a� b� and left�continuous on �a� b will be denoted by

G m�n
L �a� b��

The set of all functions F � G m�n �a� b� which are regular on �a� b� i�e�

�F �t � F �t� � F �t� for all t � �a� b�

will be denoted by G m�n
reg �a� b��

We de�ne

kFk � sup
t��a�b�

jF �tj for F � G
m�n �a� b��

Clearly� kFk � � for any F � G m�n �a� b� and when endowed with this norm� G m�n �a� b�

becomes a Banach space �cf� �H���� Theorem ����� As G m�n
L �a� b� and G m�n

reg �a� b� are closed in

G m�n �a� b�� they are also Banach spaces�
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������ Functions of bounded variation� For F � �a� b� �� R
m�n its variation varbaF on

the interval �a� b� is de�ned by

varbaF � sup
d�D�a�b�

mX
j��

jF �tj� F �tj��j

�the supremum is taken over all divisions d � ft�� t�� � � � � tmg � D�a� b� of �a� b�� If varbaF ���

we say that the function F has a bounded variation on the interval �a� b�� BVm�n�a� b� denotes

the Banach space of m�n�matrix valued functions of bounded variation on �a� b� equipped with

the norm

F � BV
m�n�a� b� �� kFkBV � jF �aj� varbaF�

Similarly as in the case of regulated functions� We shall write BV n�a� b� instead of BV n���a� b�

and BV �a� b� instead of BV ����a� b�� F � BVm�n�a� b� if and only if fij � BV �a� b� for all i �

�� �� � � � �m and j � �� �� � � � � � n�

A function f � �a� b� �� R is called a �nite step function on �a� b� if there exists a division

ft�� t�� � � � � tmg of �a� b� such that f is constant on every open interval �tj��� tj� j � �� �� � � � �m�

The set of all �nite step functions on �a� b� is denoted by S�a� b�� It is known that S�a� b� is dense

in G �a� b� �cf� �H���� Theorem ����� It means that f � �a� b� �� R is regulated if and only if it

is a uniform limit on �a� b� of a sequence of �nite step functions�

A function f � �a� b� �� R is called a break function on �a� b� if there exist sequences

ftkg
�
k�� � �a� b�� fc�k g

�
k�� � R and fc�k g

�
k�� � R

such that tk �� tj for k �� j� c�k � � if tk � a� c�k � � if tk � b�

�X
k��

�jc�k j� jc
�
k j ��

and

f�t �
X
tk�t

c�k �
X
tk�t

c�k for t � �a� b�������

or equivalently

f�t �
�X
k��

c�k ��tk�b��t � c�k ��tk �b��t for t � �a� b��

Clearly� if f is given by ������� then

��f�tk � c�k and ��f�tk � c�k for k � N �

Furthermore� for any such function we have

f�a � �� f�t� � f�t � f�t� if t � �a� b� n ftkg
�
k��

and
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varbaf �
�X
k��

�jc�k j� jc
�
k j�

The set of all break functions on �a� b� is denoted by B �a� b�� Notice that neither S�a� b� nor

B �a� b� are closed in G �a� b��

It is known that for any f � BV �a� b� there exist uniquely determined functions fC � BV �a� b�

and fB � BV �a� b� such that fC is continuous on �a� b�� fB is a break function on �a� b� and

f�t � fC�t � fB�t on �a� b� �the Jordan decomposition of f � BV �a� b�� In particular� if

W � fwkgk�N is the set of discontinuities of f in �a� b�� then

fB�t �
�X
k��

�
��f�wk��wk�b��t � �

�f�wk��wk�b��t
�
on �a� b��������

Moreover� if we de�ne

fBn �t �
nX

k��

�
��f�wk��wk�b��t � �

�f�wk��wk�b��t
�

������

for t � �a� b� and n � N then

lim
n��

kfBn � fBkBV � �

�cf� e�g� �STV� the proof of Lemma I�
����� Obviously�

S�a� b�� B �a� b� � BV �a� b� � G �a� b��

For more details concerning regulated functions or functions of bounded variation see the

monographs by G� Aumann �Au�� T� H� Hildebrandt �Hi� and Ch� S� H�nig �H���� and the

papers by D� Fra�kov� �Fr�	� and �Fr	���

������ As usual� the space of m � n�matrix valued functions continuous on �a� b� is denoted

by C m�n �a� b� and the space of m� n�matrix valued functions Lebesgue integrable on �a� b� is

denoted by Lm�n� �a� b�� For given F � L
m�n
� �a� b� and G � C m�n �a� b�� the corresponding norms

are de�ned by

kFkL� �

Z b

a

jF �tj dt and kGkC � kgk � sup
t��a�b�

jG�tj�

Again� C n�� �a� b� � C n �a� b�� C ��� �a� b� � C �a� b�� Ln��� �a� b� � Ln� �a� b� and L
���
� �a� b� � L� �a� b��

Moreover� the space of m�n�matrix valued functions absolutely continuous on �a� b� is denoted

by A C m�n�a� b�� A C n���a� b� � A C n�a� b�� A C ����a� b� � A C �a� b�� and

kFkA C � jF �aj � kF �kL� for F � A C
n�n�a� b��
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������ Notation� If �a� b� � ��� ��� we write simply G instead of G ��� ��� Similar abbreviations

are used for all the other symbols for function spaces introduced in this chapter�

������ Functions of two real variables� Let �� � a � b ��� �� � c � d �� and let

F � �c� d�� �a� b� �� Rm�n � If t � �c� d� and s � �a� b� are given� then the symbols varba F �t� � and

vardc F ��� s denote the variations of the functions

F �t� � � � � �a� b� �� F �t� � � R
m�n

and

F ��� s � � � �c� d� �� F ��� s � R
m�n �

respectively� Furthermore� for s � �a� b� we put

��� F ��� s � F ��� s� F ���� s if � � �c� d�� ��� F �c� s � �

and

��
� F ��� s � F ���� s� F ��� s if � � �c� d� ��

� F �d� s � ��

Similarly� for t � �c� d� we put

��� F �t� � � F �t� �� F �t� �� if � � �a� b�� ��� F �t� a � �

and

��
� F �t� � � F �t� ��� F �t� � if � � �a� b� ��

� F �t� b � ��

The symbol v�c�d���a�b� �F  stands for the Vitali variation of F on �c� d�� �a� b� de�ned by

v �c�d���a�b� �F  � sup
D

mX
i�j��

jF �ti� sj� F �ti��� sj� F �ti� sj�� � F �ti��� sj��j ���

where the supremum is taken over all net subdivisions

D �
�
c � t� � t� � � � � � tm � d� a � s� � s� � � � � � sm � b

�
of the interval �c� d� � �a� b�� We say that the function F has a bounded Vitali variation on

�c� d� � �a� b� if v�c�d���a�b� �F  ��� Moreover� F is said to be of strongly bounded variation

on �c� d� � �a� b� if

v �c�d���a�b� �F  � var
b
aF �c� � � var

d
cF ��� a ���

The set of n�n�matrix valued functions of strongly bounded variation on �c� d���a� b� is denoted

by SBVn�n��c� d� � �a� b��

If no misunderstanding can arise� instead of v�c�d���a�b� �F  we shall write simply v �F  and

instead of SBVn�n���� ��� ��� �� we shall write SBVn�n� �For the basic properties of the Vitali

variation and of the set SBV� see �Hi� Section III�
� and �STV� Section I����
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��� � Integrals and operators

������ Perron�Stieltjes integral� The integrals which occur in this text are Perron � Stieltjes

integrals� We will work with the following de�nition which is a special case of the de�nition

due to J� Kurzweil �Ku����

Let �� � a � b � �� The couples D � �d� �� where d � ft�� t�� � � � � tmg � D�a� b� is

a division of �a� b� and � � ���� ��� � � � � �m � Rm is such that

tj�� 	 �j 	 tj for all j � �� �� � � � �m

are called partitions of �a� b�� The set of all partitions of the interval �a� b� is denoted by

P�a� b�� An arbitrary positive valued function 	 � �a� b� �� ���� is called a gauge on �a� b��

Given a gauge 	 on �a� b�� the partition �d� � of �a� b� is said to be 	��ne if

�tj��� tj � � ��j � 	��j� �j � 	��j for any j � �� �� � � � �m�

For given functions f� g � �a� b� �� R and a partition D � �d� � � P�a� b� of �a� b� let us de�ne

SD�f �g �
mX
j��

f��j �g�tj� g�tj����

We say that I � R is the Kurzweil integral of f with respect to g from a to b and denote

I �

Z b

a

f�t d�g�t� or I �

Z b

a

f dg

if for any � � � there exists a gauge 	 on �a� b� such that

jI � SD�f �gj � � for all 	 � �ne partitions D of �a� b��

For the de�nition of the Kurzweil integral it is necessary to mention the fundamental fact

that given an arbitrary gauge 	 on �a� b�� the set of all 	��ne partitions of �a� b� is non�empty

�Cousin�s lemma� The Perron�Stieltjes integral with respect to a function not necessarily

of bounded variation was de�ned by A� J� Ward �Wa� �cf� also S� Saks �Sa� Chapter VI��

It can be shown that the Kurzweil integral is equivalent to the Perron�Stieltjes integral �cf�

�Schw��� Theorem ����� where the assumption g � BV �a� b� is not used in the proof and may

be omitted� Consequently� the Riemann�Stieltjes integral �both of the norm type and of the

��type� cf� �Hi� is its special case� The relationship between the Kurzweil integral� the ��

Young�Stieltjes integral and the Perron�Stieltjes integral was described by �� Schwabik �cf�

�Schw��� and �Schw��a��
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It is well known �cf� e�g� �STV� Theorems I�
���� I�
��	 and Corollary I�
���� that if

f � G �a� b� and g � BV �a� b�� then the integralZ b

a

f dg

exists and the inequality

�� Z b

a

f dg
�� 	 kfk varbag

is true� The Kurzweil integral is an additive function of interval and possesses the usual linearity

properties� For the proofs of these assertions and some more details concerning the Kurzweil

integral with respect to functions of bounded variation see e�g� �Ku���� �Ku���� �Schw��� and

�STV��

For matrix valued functions F � �a� b� �� Rp�q and G � �a� b� �� Rq�n such that all integralsZ b

a

fi�k�t d�gk�j�t� �i � �� �� � � � � p� k � �� �� � � � � q� j � �� �� � � � � n

exist �i�e� they have �nite values� the symbolZ b

a

F �t d�G�t� �or more simply
Z b

a

F dG

stands for the p� n�matrix M with the entries

mi�j �
qX

k��

Z b

a

fi�k d�gk�j� �i � �� �� � � � � p� j � �� �� � � � � n�

The integrals Z b

a

d�F �G and

Z b

a

F d�G�H

for matrix valued functions F� G and H of proper types are de�ned analogously�

������ Linear operators� For linear spaces X and Y� the symbols L�X�Y and K�X�Y denote

the linear space of linear bounded mappings of X into Y and the linear space of linear compact

mappings of X into Y� respectively� If X � Y we write L�X and K�X� If A � L �X�Y�

then R �A � N �A  and A � denote its range� null space and adjoint operator� respectively� For

P � Y and A � L�X�Y� the symbol A ���P  denotes the set of all x � X for which A x � P�





Chapter �

Regulated Functions and the

Perron�Stieltjes Integral

��� � Introduction

This chapter deals with the space G �a� b� of regulated functions on a compact interval �a� b�� It is

known that when equipped with the supremal norm G �a� b� becomes a Banach space� and linear

bounded functionals on its subspace G L �a� b� of functions regulated on �a� b� and left�continuous

on �a� b can be represented by means of the Dushnik�Stieltjes �interior� integral � This

result is due to H� S� Kaltenborn �Ka�� cf� also Ch� S� H�nig �H���� Theorem ����� Together

with the known relationship between the Dushnik�Stieltjes integral� the ��Young�Stieltjes

integral and the Perron�Stieltjes integral �cf� Ch� S� H�nig �H���� and �� Schwabik �Schw����

�Schw��a� this enables us to see that 
 is a linear bounded functional on G L �a� b� if and only

if there exists a real number q and a function p�t of bounded variation on �a� b� such that


�x � q x�a �

Z b

a

p�t d�x�t� for any x � G L �a� b��

where the integral is the Perron�Stieltjes integral� We will give here the proof of this fact based

only on the properties of the Perron�Stieltjes integral� To this aim� the proof of existence of

the integral Z b

a

f�t d�g�t�

for any function f of bounded variation on �a� b� and any function g regulated on �a� b� is

crucial� Furthermore� we will prove extensions of some theorems �e�g� integration�by�parts and

substitution theorems needed for dealing with generalized di�erential equations and Volterra�

Stieltjes integral equations in the space G �a� b�� Finally� a representation of a general linear

bounded functional on the space of regular regulated functions on a compact interval is given�

��
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Since we will make use of some of the properties of the ��Riemann�Stieltjes integral �

let us indicate here the proof that this integral is included in the Kurzweil integral� �For the

de�nition of the ��Riemann�Stieltjes integral� see e�g� �Hi� Sec� II�	��

��� � Preliminaries

������ Proposition� Let f� g � �a� b� �� R and let I � R be such that the ��Riemann�Stieltjes

integral

�

Z b

a

f dg exists and equals I�

Then the Perron�Stieltjes integralZ b

a

f dg exists and equals I�

as well�

Proof� Let

�

Z b

a

f dg � I � R �

i�e�� for any � � � there is a division d� � fs�� s� � � � � sm�g � D�a� b� of �a� b� such that

jSD�f �g� Ij � �

is true for any partition D � �d� � � P�a� b� of �a� b� such that d � D�a� b� is a re�nement of

d�� Let us de�ne

	��t �

���
�
� minfjt� sjj� j � �� �� � � � �m�g if t �� d��

� if t � d��

Let a partition D � �d� � � P�a� b�� d � ft�� t�� � � � � tmg� � � ���� ��� � � � � �mT� be given� Then

D is 	���ne only if for any j � �� �� � � � �m� there is an index ij such that sj � �ij � Furthermore�

we have

SD�f �g �
mX
j��

�
�f��j �g�tj� g��j� � f��j �g��j� g�tj���

	
�

Consequently� for any 	���ne partition D � �d� � of �a� b� the corresponding integral sum

SD�f �g equals the integral sum SD��f �g corresponding to a partition D� � �d�� ��� where

d� is a division of �a� b� such that d� � d�� Hence

jSD��f �g� Ij � ��
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This means that the Kurzweil integral
R b
a
f dg exists andZ b

a

f dg � �

Z b

a

f dg � I

is true�

To prove the existence of the Perron�Stieltjes integral
R b
a
f dg for any f � BV �a� b� and

any g � G �a� b� in Theorem ����� the following assertion is helpful�

������ Proposition� Let f � BV �a� b� be continuous on �a� b� and let g � G �a� b�� then both the

��Riemann�Stieltjes integrals �

Z b

a

f dg and �

Z b

a

g df exist�

Proof� Let f � BV �a� b� which is continuous on �a� b� and g � G �a� b� be given� According to the

integration�by�parts formula �Hi� II������ for ��Riemann�Stieltjes integrals� to prove the lemma

it is su�cient to show that the integral �
R b
a
g df exists�

First� let us assume that an arbitrary � � �a� b� is given and g � ��a�� �� Let us put

d� �



fa� bg if � � a or � � b�

fa� �� bg if � � �a� b�

It is easy to see that then for any partition D � �d� � such that

d� � d � ft�� t�� � � � � tmg

we have � � tk for some k � f�� �� � � � �mg and

SD�g�f �

��� f��� f�a if �k�� � ��

f�tk��� f�a if �k�� � ��

Since f is assumed to be continuous� it is easy to show that for a given � � � there exists

a division d� of �a� b� such that d� � d� and

jSD�g�f� �f��� f�a�j � �

is true for any partition D � �d� � of �a� b� with d� � d� i�e�

�

Z b

a

��a�� � df � f��� f�a for all � � �a� b��

By a similar argument we could also show the following relations�

�

Z b

a

��a��� df � f��� f�a for all � � �a� b��

�

Z b

a

����b� df � f�b� f�� for all � � �a� b��

and
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�

Z b

a

����b� df � f�b� f�� for all � � �a� b�

Since any �nite step function is a linear combination of functions ����b� �a 	 � 	 b and

����b� �a 	 � � b� it follows that the integral

�

Z b

a

g df

exists for any f � BV �a� b� continuous on �a� b� and any g � S�a� b��

Now� if g � G �a� b� is arbitrary� then there exists a sequence fgng�k�� � S�a� b� such that

lim
n��

kgn � gk � ��

Since by the preceding part of the proof of the lemma all the integrals �
R b
a
gn df have a �nite

value� by means of the convergence theorem �Hi� Theorem II������ valid for ��Riemann�Stieltjes

integrals we obtain that the integral �
R b
a
g df exists and the relation

lim
n��

�

Z b

a

gn df � �

Z b

a

g df � R

holds� This completes the proof�

A direct corollary of Proposition ����� and of �Hi� Theorem II������� is the following assertion

which will be helpful for the proof of the integration�by�parts formula� Theorem ������� �Of

course� we could prove it as well by an argument similar to that used in the proof of Proposition

������

������ Corollary� Let f � BV �a� b� and g � G �a� b�� Let

��f�t��g�t � ��f�t��g�t � � for all t � �a� b�

Then both the ��Riemann�Stieltjes integrals

�

Z b

a

f dg and �

Z b

a

g df

exist�
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��� � Perron�Stieltjes integral with respect to regulated functions

In this section we deal with the integralsZ b

a

f�t d�g�t� and

Z b

a

g�t d�f�t��

where f � BV �a� b� and g � G �a� b�� We prove some basic theorems �integration�by�parts for�

mula� convergence theorems� substitution theorem and unsymmetric Fubini theorem needed

in the theory of Stieltjes integral equations in the space G �a� b�� However� our �rst task is the

proof of existence of the integral
R b
a
f dg for any f � BV �a� b� and any g � G �a� b�� First� we

will consider some simple special cases�

������ Proposition� Let g � G �a� b� and � � �a� b�� ThenZ b

a

��a�� � dg � g���� g�a�������

Z b

a

��a��� dg � g���� g�a�������

Z b

a

����b� dg � g�b� g����������

Z b

a

����b� dg � g�b� g��������


and Z b

a

��� � dg � g���� g����������

where ��a��t 
 ��b��t 
 � and the convention g�a� � g�a� g�b� � g�b is used�

Proof� Let g � G �a� b� and � � �a� b� be given�

a Let f � ��a�� �� It follows immediately from the de�nition thatZ �

a

f dg � g�� � g�a�

In particular� ������ holds in the case � � b� Assume � � �a� b� Let � � � be given and let

	��t �

���
�
� j� � tj if � � t 	 b�

� if t � ��

It is easy to see that any 	���ne partition D � �d� � of ��� b� must satisfy

�� � t� � �� t� � � � � and SD�f �g � g�t�� g���
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Consequently� Z b

�

f dg � g��� � g��

and Z b

a

f dg �

Z �

a

f dg �

Z b

�

f dg

� g�� � g�a � g��� � g�� � g���� g�a�

i�e� the relation ������ is true for every � � �a� b��

b Let f � ��a���� If � � a� then f 
 �� g����g�a � � and ������ is trivial� Let � � �a� b��

For a given � � �� let us de�ne a gauge 	� on �a� � � by

	��t �

���
�
� j� � tj if a 	 t � ��

� if t � ��

Then for any 	���ne partition D � �d� � of �a� � � we have

tm � �m � �� tm�� � � � � and SD�f �g � g�tm��� g�a�

It follows immediately that Z �

a

f dg � g���� g�a

and in view of the obvious identity Z b

�

f dg � ��

this implies �������

c The remaining relations follow from ������� ������ and from the equalities

����b� � ��a�b� � ��a���� ����b� � ��a�b� � ��a�� � and ��� � � ��a�� � � ��a����

������ Remark� Since any �nite step function is a linear combination of functions ����b� �a 	

� 	 b and ����b� �a 	 � � b� it follows immediately from Proposition ����� that the integralR b
a
f dg exists for any f � S�a� b� and any g � G �a� b��

Other simple cases are covered by
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������ Proposition� Let � � �a� b�� Then for any function f � �a� b� �� R the following relations

are true

Z b

a

f d��a�� � �

��� �f�� if � � b�

� if � � b�
������

Z b

a

f d��a��� �

��� �f�� if � � a�

� if � � a�
������

Z b

a

f d����b� �

��� f�� if � � a�

� if � � a�
������

Z b

a

f d����b� �

��� f�� if � � b�

� if � � b
�����	

and

Z b

a

f d��� � �

���������
�f�a if � � a�

� if a � � � b�

f�b if � � b�

�������

where ��a��t 
 ��b��t 
 � and the convention g�a� � g�a� g�b� � g�b is used�

For the proof see �STV� I�
��� and I�
�����

������ Corollary� Let W � fw�� w�� � � � � wng � �a� b�� c � R and h � �a� b� �� R be such that

h�t � c for all t � �a� b� nW��������

Then Z b

a

f dh � f�b �h�b� c�� f�a �h�a � c��������

is true for any function f � �a� b� �� R �

Proof� A function h � �a� b� �� R ful�ls ������� if and only if

h�t � c�
nX

k��

�h�wj� c���wj ��t on �a� b��

Thus the formula ������� follows from ������ �with � � b and from ��������
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������ Remark� It is well known �cf� �STV� I�
���� or �Schw��� Theorem ����� that if g �

BV �a� b�� h � �a� b� �� R and hn � �a� b� �� R� n � N � are such that
R b
a
hn dg exist for any n � N

and limn�� khn � hk � �� then
R b
a
h dg exists and

lim
n��

Z b

a

hn dg �

Z b

a

h dg�������

is true� To prove an analogous assertion for the case g � G �a� b� we need the following auxiliary

assertion�

����
� Lemma� Let f � BV �a� b� and g � G �a� b�� Then the inequality

jSD�f �gj 	
�
f�aj� jf�bj� varba f

�
kgk������


is true for an arbitrary partition D of �a� b��

Proof� For an arbitrary partition D � �d� � of �a� b� we have �putting �� � a and �m�� � b

jSD�f �gj � jf�b g�b � f�a g�a�
m��X
j��

�f��j� f��j��� g�tj��j

	
�
jf�bj� jf�aj�

m��X
j��

jf��j� f��j��j
�
kgk

	
�
jf�aj� jf�bj� varba f

�
kgk�

������ Theorem� Let g � G �a� b� and let hn� h � �a� b� �� R be such thatZ b

a

hn dg exists for any n � N and lim
n��

khn � hkBV � ��

Then
R b
a
h dg exists and ������� is true�

Proof� Since

jf�bj 	 jf�aj� jf�b� f�aj 	 jf�aj� varba f�

we have by ������


jSD��hm � hk�gj 	 � khm � hkkBV kgk

for all m� k � N and all partitions D of �a� b�� Consequently�

�� Z b

a

�hm � hk dg
�� 	 � khm � hkkBV kgk
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holds for all m� k � N � This immediately implies that there is an I � R such that

lim
n��

Z b

a

hn dg � I�

It remains to show that

I �

Z b

a

h dg��������

For a given � � �� let n� � N be such that

�� Z b

a

hn� dg � I
�� � � and khn� � hkBV � ���������

and let 	� be such a gauge on �a� b� that

��SD�hn� �g� Z b

a

hn� dg
�� � ��������

for all 	���ne partitions D of �a� b�� Given an arbitrary 	���ne partition D of �a� b�� we have

by �������� ������� and Lemma �����

jI � SD�h�gj 	
��I � Z b

a

hn� dg
��� �� Z b

a

hn� dg � SD�hn� �g
��

�
��SD�hn� �g� SD�h�g

�� 	 � � � jSD��hn� � h��gj

	 � �� � khn� � hkBV kgk 	 � � �� � kgk

wherefrom the relation ������� immediately follows� This completes the proof of the theorem�

Now we can prove

������ Theorem� Let f � BV �a� b� and g � G �a� b�� Then the integral

Z b

a

f dg exists and the

inequality

�� Z b

a

f dg
�� 	 �

jf�aj� jf�bj� varba f
�
kgk�������

is true�

Proof� Let f � BV �a� b� and g � G �a� b� be given� LetW � fwkgk�N be the set of discontinuities

of f in �a� b� and let f � fC � fB be the Jordan decomposition of f �i�e�� fC is continuous on

�a� b� and fB is given by ������� We have

lim
n��

kfBn � fBkBV � �
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for fBn � n � N � given by ������� By ������ and �����
�Z b

a

fBn dg �
nX

k��

���f�wk �g�b � g�wk� ��
�f�wk �g�b � g�wk��������	

holds for any n � N � Thus according to Theorem ����� the integral
R b
a
fB dg exists andZ b

a

fB dg � lim
n��

Z b

a

fBn dg��������

The integral
R b
a
fC dg exists as the ��Riemann�Stieltjes integral by Proposition ������ This

means that
R b
a
f dg exists andZ b

a

f dg �

Z b

a

fC dg �

Z b

a

fB dg �

Z b

a

fC dg � lim
n��

Z b

a

fBn dg�

The inequality ������� follows immediately from Lemma ������

������ Remark� Since

�X
k��

�����f�wk �g�b � g�wk� ��
�f�wk �g�b � g�wk��

��
	 � kgk

�X
k��

�j��f�wkj� j�
�f�wkj 	 � kgk �var

b
a f ���

we have in virtue of ������	 and �������Z b

a

fB dg �
�X
k��

���f�wk �g�b � g�wk� ��
�f�wk �g�b � g�wk����������

As a direct consequence of Theorem ����� we obtain

�����	� Corollary� Let hn � G �a� b�� n � N � and let h � G �a� b� be such that

lim
n��

khn � hk � ��

Then for any f � BV �a� b� the integralsZ b

a

f dh and

Z b

a

f dhn� n � N

exist and

lim
n��

Z b

a

f dhn �
Z b

a

f dh�
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������� Lemma� Let h � �a� b� �� R � c � R and W � fwkgk�N � �a� b� be such that �������

and

�X
k��

jh�wk� cj ���������

hold� Furthermore� for n � N � let us put Wn � fw�� w�� � � � � wng and

hn�t �

��� c if t � �a� b� nWn�

h�t if t �Wn�
�������

Then hn � BV �a� b� for any n � N � h � BV �a� b� and

lim
n��

khn � hkBV � ��������


Proof� The functions hn� n � N � and h evidently have a bounded variation on �a� b�� For a

given n � N � we have

hn�t� h�t �

��� � if t �Wn or t � �a� b� nW

c� hn�t if t � wk for some k � n�

Thus�

lim
n��

hn�t � h�t on �a� b��������

and� moreover�

mX
j��

���hn�tj� h�tj� �hn�tj��� h�tj��
�� 	 � �X

k�n��

jh�wk� cj

holds for any n � N and any division ft�� t�� � � � � tmg of �a� b�� Consequently�

varba �hn � h 	 �
�X

k�n��

jh�wk� cj�������

is true for any n � N � In virtue of the assumption ������� the right�hand side of ������� tends

to � as n��� Hence ������
 follows from ������� and ��������

������� Proposition� Let h � �a� b� �� R � c � R and W � fwkgk�N be such that ������� and

������� hold� Then Z b

a

h dg �
�X
k��

�h�wk� c��g�wk � c �g�b � g�a�

is true for any g � G �a� b��
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Proof� Let g � G �a� b� be given� Let Wn � fw�� w�� � � � � wng for n � N and let the functions hn�

n � N � be given by �������� Given an arbitrary n � N � then ������ �with � � b and ������

from Proposition ����� implyZ b

a

hn dg �
nX

k��

�h�wk� c��g�wk � c �g�b � g�a��

Since ������� yields

nX
k��

j�h�wk� c��g�wkj 	 � kgk
�X
k��

jh�wk� cj ��

and Lemma ������ implies

lim
n��

khn � hkBV � ��

we can use Theorem ����� to prove thatZ b

a

h dg � lim
n��

Z b

a

hn dg �
�X
k��

�h�wk� c��g�wk � c �g�b � g�a��

������� Proposition� Let h � �a� b� �� R � c � R and W � fwkgk�N ful�l �������� ThenZ b

a

f dh � f�b �h�b� c�� f�a �h�a � c��������

is true for any f � BV �a� b��

Proof� Let f � BV �a� b�� For a given n � N � let Wn � fw�� w�� � � � � wng and let hn be given by

�������� Then

lim
n��

khn � hk � ���������

Indeed� let � � � be given and let n� � N be such that k � n� implies

jh�wk� cj � ��������	

�Such an n� exists since jh�wk � cj � j��h�wkj � j��h�wkj for any k � N and the set of

those k � N for which the inequality ������	 does not hold may be only �nite� Now� for any

n � n� and any t � �a� b� such that t � wk for some k � n �t �W nWn we have

jhn�t� h�tj � jhn�wk� h�wkj � jc� h�wkj � ��

Since hn�t � h�t for all the other t � �a� b� �t �
�
�a� b�nW

�
�Wn� it follows that jhn�t�h�tj �

� on �a� b�� i�e�

khn � hk � ��
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This proves the relation ��������

By Corollary ����
 we have for any n � NZ b

a

f dhn � f�b �h�b� c�� f�a �h�a � c��

Making use of ������� and Corollary ������ we obtainZ b

a

f dh � lim
n��

Z b

a

f dhn � f�b �h�b � c�� f�a �h�a � c��

������� Corollary� Let h � BV �a� b�� c � R and W � fwkgk�N ful�l �������� Then �������

is true for any f � G �a� b��

Proof� By Proposition ������� ������� is true for any f � BV �a� b�� Making use of the density

of S�a� b� � BV �a� b� in G �a� b� and of the convergence theorem mentioned in Remark ����� we

complete the proof of this assertion�

������� Theorem� �Integration�by�parts Let f � BV �a� b� and g � G �a� b�� Then both the

integrals

Z b

a

f dg and

Z b

a

g df exist and

Z b

a

f dg �
Z b

a

g df � f�b g�b � f�a g�a�������

�
X
t��a�b�

���f�t��g�t���f�t��g�t��

Proof� The existence of the integral
R b
a
g df is well known and the existence of

R b
a
g df is

guaranteed by Theorem ������ Furthermore�Z b

a

f dg �

Z b

a

g df �

Z b

a

f�t d�g�t � ��g�t� �

Z b

a

g�t d�f�t���f�t�

�

Z b

a

f�t d���g�t� �

Z b

a

g�t d���f�t��

It is easy to verify that the function h�t � ��g�t ful�ls the relation ������� with c � � and

h�b � �� Consequently� Proposition ������ yieldsZ b

a

f�t d���g�t� � �f�a��g�a�

Similarly� by Corollary �����
 we haveZ b

a

g�t d���f�t� � ��f�b g�b�
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Hence Z b

a

f dg �
Z b

a

g�t df �
Z b

a

f�t d�g�t�� �
Z b

a

g�t d�f�t���������

� f�a��g�a � ��f�b g�b�

The �rst integral on the right�hand side can be modi�ed in the following way�Z b

a

f�t d�g�t�� �
Z b

a

f�t� d�g�t�� �
Z b

a

��f�t d�g�t����������

Making use of Proposition ������ and taking into account that �g��t � �g�t on �a� b� for the

function g� de�ned by g��t � g�t� on �a� b�� we further obtainZ b

a

��f�t d�g�t�� �
X
t��a�b�

��f�t�g�t��������

Similarly� Z b

a

g�t d�f�t�� �

Z b

a

g�t� df�t��

Z b

a

��g�t d�f�t��������


�
Z b

a

g�t� d�f�t���
X
t��a�b�

��g�t�f�t�

The function f�t� is left�continuous on �a� b�� while g�t� is right�continuous on �a� b� It

means that both the integralsZ b

a

f�t� d�g�t�� and

Z b

a

g�t� d�f�t��

exist as ��Riemann�Stieltjes integrals �cf� Corollary ������ and making use of the integration�

by�parts theorem for these integrals �cf� �Hi� Theorem II������ we getZ b

a

f�t� d�g�t�� �

Z b

a

g�t� d�f�t�� � f�b� g�b� f�a g�a���������

Inserting ��������������� into ������� we obtainZ b

a

f dg �

Z b

a

g df � f�b� g�b� f�a g�a�

�
X
t��a�b�

��f�t ���g�t � ��g�t��
X
t��a�b�

���f�t � ��f�t���g�t

� f�a��g�a � ��f�b g�b

� f�b g�b � f�a g�a �
X
t��a�b�

���f�t��g�t���f�t��g�t�

and this completes the proof�
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The following proposition describes some properties of inde�nite Perron�Stieltjes integrals�

�����
� Proposition� Let f � �a� b� �� R and g � �a� b� �� R be such that
R b
a
f dg exists�

Then the function

h�t �

Z t

a

f dg

is de�ned on �a� b� and

�i if g � G �a� b�� then h � G �a� b� and

��h�t � f�t��g�t� ��h�t � f�t��g�t on �a� b���������

�ii if g � BV �a� b� and f is bounded on �a� b�� then h � BV �a� b��

Proof� The former assertion follows from �Ku��� Theorem ������� The latter follows immedi�

ately from the inequality

mX
j��

�� Z tj

tj��

f dg
�� 	 mX

j��

�
kfk �var

tj
tj��

g
	
b � kfk �varba g

which is valid for any division ft�� t�� � � � � tmg of �a� b��

In the theory of generalized di�erential equations the substitution formulaZ b

a

h�t d
� Z t

a

f�s d�g�s�
	
�

Z b

a

h�tf�t d�g�t��������

is often needed� In �Hi� II��	����� this formula is proved for the ��Young�Stieltjes integral under

the assumption that g � G �a� b�� h is bounded on �a� b� and the integral
R b
a
f dg as well as one

of the integrals in ������� exist� In �STV� Theorem I�
���� this assertion was proved for the

Kurzweil integral� Though it was assumed there that g � BV �a� b�� this assumption was not

used in the proof� We will give here a slightly di�erent proof based on the Saks�Henstock

lemma �cf�e�g��Schw��� Lemma ������

������� Lemma� �Saks�Henstock Let f� g � �a� b� �� R be such that the integral
R b
a
f dg

exists� Let � � � be given and let 	 be a gauge on �a� b� such that

��SD�f �g� Z b

a

f dg
�� � �

is true for any 	��ne partition D of �a� b�� Then for an arbitrary system f���i� �i�� �i� i �

�� �� � � � � kg of intervals and points such that

a 	 �� 	 �� 	 �� 	 �� 	 � � � 	 �k 	 �k 	 �k 	 b�������

and
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��i� �i� � ��i � 	��i� �i � 	��i�� i � �� �� � � � � k�

the inequality �� kX
i��

�
f��i �g��i� g��i��

Z �i

�i

f dg
	�� � �������	

is true�

Making use of Lemma ������ we can prove the following useful assertion�

������� Lemma� If f � �a� b� �� R and g � �a� b� �� R are such that
R b
a
f dg exists� then for

any � � � there exists a gauge 	 on �a� b� such that

mX
j��

��f��j �g�tj� g�tj����

Z tj

tj��

f dg
�� � ������
�

is true for any 	��ne partition �d� � of �a� b��

Proof� Let 	 � �a� b� �� ���� be such that

��SD�f �g� Z b

a

f dg
�� � �� mX

j��

f��j �g�tj� g�tj����
Z tj

tj��

f dg
�� � �

�

for all 	��ne partitions D � �d� � of �a� b�� Let us choose an arbitrary 	��ne partition D �

�d� � of �a� b�� Let �i � tpi and �i � tpi��� i � �� �� � � � � k� be all the points of the division d

such that

f��pi �g��i� g��i��
Z �i

�i

f dg � ��

Then the system f���i� �i�� �i� i � �� �� � � � � kg� where �i � �pi � ful�ls ������� and ������	 and

hence we can use Lemma ������ to prove that the inequality

kX
i��

��f��pi �g��i� g��i��

Z �i

�i

f dg
�� � �

�

is true� Similarly� if i � tqi and �i � tqi��� i � �� �� � � � � r are all points of the division d such

that

f��qi �g�i� g��i��
Z �i

�i

f dg 	 ��

then the inequality

rX
i��

��f��qi �g�i� g��i��

Z �i

�i

f dg
�� � �

�
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follows from Lemma ������� as well� Summarizing� we conclude that

mX
j��

��f��j �g�tj� g�tj����

Z tj

tj��

f dg
��

�
kX
i��

��f��pi �g��i� g��i��
Z �i

�i

f dg
��� rX

i��

��f��qi �g�i� g��i��
Z �i

�i

f dg
��

�
�

�
�
�

�
� ��

This completes the proof�

������� Theorem� �Substitution Let h � �a� b� �� R be bounded on �a� b� and let f� g � �a� b� ��

R be such that the integral

Z b

a

f dg exists� Then the integral

Z b

a

h�t f�t d�g�t�

exists if and only if the integral Z b

a

h�t d
� Z t

a

f�s d�g�s�
	

exists� and in this case the relation ������� is true�

Proof� Let jh�tj 	 C �� on �a� b�� Let us assume that the integralZ b

a

h�tf�t d�g�t�

exists and let � � � be given� There exists a gauge 	� on �a� b� such that

�� mX
j��

h��kf��j �g�tj� g�tj����

Z b

a

h�tf�t d�g�t�
�� � �

�

is satis�ed for any 	���ne partition �d� � of �a� b�� By Lemma ������ there exists a gauge 	 on

�a� b� such that 	�t 	 	��t on �a� b� and

mX
j��

��f��j �g�tj� g�tj����
Z tj

tj��

f dg
�� � �

�C

is true for any 	��ne partition �d� � of �a� b�� Let us denote

k�t �
Z t

a

f dg for t � �a� b��
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Then for any 	��ne partition D � �d� � of �a� b� we have

��SD�h�k� Z b

a

h�tf�t d�g�t�
��

�
�� mX
j��

h��j
Z tj

tj��

f dg �
mX
j��

h��jf��j �g�tj� g�tj���

�
mX
j��

h��jf��j �g�tj� g�tj����

Z b

a

h�tf�t d�g�t�
��

	
�� mX
j��

h��j
� Z tj

tj��

f dg � f��j �g�tj� g�tj���
	��

�
�� mX
j��

h��j f��j �g�tj� g�tj����

Z b

a

h f dg
�� � ��

This implies the existence of the integral

Z b

a

h dk and the relation �������� The second impli�

cation can be proved in an analogous way�

The convergence result ������ enables us to extend the known theorems on the change of

the integration order in iterated integralsZ d

c

g�t d
� Z b

a

h�t� s d�f�s�
	
�

Z b

a

� Z d

c

g�t dt�h�t� s�
�
d�f�s�������
�

where �� � c � d �� and h is of strongly bounded variation on �c� d� � �a� b� �cf� ������

�����	� Theorem� �Unsymmetric Fubini Theorem Let h � �c� d� � �a� b� �� R be such that

v �h � varba h�c� � � var
d
ch��� a ���

Then for any f � BV �a� b� and any g � G �c� d both the integrals �����
� exist andZ d

c

g�t d
� Z b

a

h�t� s d�f�s�
	
�

Z b

a

� Z d

c

g�t dt�h�t� s�
�
d�f�s�������
�

Proof� Let us notice that by �STV� Theorem I������ our assertion is true if g is also supposed

to be of bounded variation� In the general case of g � G �a� b� there exists a sequence fgng�n�� �

S�a� b� such that limn�� kg � gnk � �� Then� since the function

v�t �

Z b

a

h�t� s d�f�s�

is of bounded variation on �c� d� �cf� the �rst part of the proof of �STV� Theorem I������� the

integral on the left�hand side of �����
� exists and by Corollary ������ and �STV� Theorem
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I������ we have Z d

c

g�t d
� Z b

a

h�t� s d�f�s�
	
� lim

n��

Z d

c

gn�t d
� Z b

a

h�t� s d�f�s�
	

�����
�

� lim
n��

Z b

a

� Z d

c

gn�t dt�h�t� s�
�
d�f�s��

Let us denote

wn�t �

Z d

c

gn�t dt�h�t� s� for s � �a� b� and n � N �

Then wn � BV �a� b� for any n � N �cf� �STV� Theorem I������ and by �STV� Theorem I�
����

mentioned here in Remark ����� we obtain

lim
n��

wn�s � lim
n��

Z d

c

gn�t dt�h�t� s� �� w�s on �a� b��

As

jwn�s� w�sj 	 kgn � gk
�
vardch��� s

�
	 kgn � gk

�
v �h � vardch��� a

�
for any s � �a� b� �cf� �STV� Lemma I������ we have

lim
n��

kwn � wk � ��

It means that w � G �a� b� and by Theorem ����� the integralZ b

a

w�s d�f�s� �

Z b

a

� Z d

c

g�t dt�h�t� s�
�
d�f�s�

exists as well� Since obviously

lim
n��

Z b

a

� Z d

c

gn�t dt�h�t� s�
�
d�f�s� � lim

n��

Z b

a

wn�s d�f�s�

�

Z b

a

w�s d�f�s� �

Z b

a

� Z d

c

g�t dt�h�t� s�
�
d�f�s��

the relation �����
� follows from �����
��

��� � Linear bounded functionals on the space of left�continuous

regulated functions

By Theorem ����� the expression


	�x � q x�a �

Z b

a

p dx���
��
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is de�ned for any x � G �a� b� and any � � �p� q � BV �a� b� � R � Moreover� for any � �

BV �a� b�� R � the relation ���
�� de�nes a linear bounded functional on G L �a� b��

Proposition ����� immediately implies

������ Lemma� Let � � �p� q � BV �a� b�� R � Then


	���a�b� � q����
��


	�����b� � p�� for all � � �a� b�


	���b� � p�b�

������ Corollary� Let � � �p� q � BV �a� b� � R and 
	�x � � for all x � S�a� b� which are

left�continuous on �a� b� Then p�t 
 � on �a� b� and q � ��

������ Lemma� Let x � G �a� b� and � � �p� q � BV �a� b�� R� Then


	�x � x�a if p 
 � on �a� b� and q � �����
��


	�x � x�b if p 
 � on �a� b� and q � ��


	�x � x��� if p � ��a��� on �a� b�� � � �a� b� and q � ��


	�x � x��� if p � ��a�� � on �a� b�� � � �a� b and q � ��

Proof follows from Proposition ������

������ Corollary� Let x � G �a� b� and 
	�x � � for all � � �p� q � BV �a� b�� R � Then

x�a � x�a� � x��� � x��� � x�b� � x�b���
�


holds for any � � �a� b� In particular� if x � G L �a� b� �x is left�continuous on �a� b� and


	�x � � for all � � �p� q � BV �a� b�� R � then x�t 
 � on �a� b��

������ Remark� The space BV �a� b� � R is supposed to be equipped with the usual norm

�k�kBV�R � jqj � kpkBV for � � �p� q � BV �a� b� � R� Obviously� BV �a� b� � R is a Banach

space with respect to this norm�
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����
� Proposition� The spaces G L �a� b� and BV �a� b� � R form a dual pair with respect to

the bilinear form

x � G L �a� b�� � � BV �a� b�� R �� 
	�x����
��

i�e�


	�x � � for all x � G L �a� b� � � � � � BV �a� b�� R

and


	�x � � for all � � BV �a� b�� R � x � � � G L �a� b��

Proof follows from Corollaries ��
�� and ��
�
�

On the other hand� we have

������ Lemma� Let 
 be a linear bounded functional on G L �a� b� and let

p�t �

��� 
���t�b� if t � �a� b�


���b� if t � b�
���
��

Then p � BV �a� b� and

jp�aj� jp�bj� varba p 	 � k
k����
��

where

k
k � sup
x�G L �a�b��kxk��

j
�xj�

Proof is analogous to that of part c �i of �H���� Theorem ����� Indeed� for an arbitrary

division ft�� t�� � � � � tmg of �a� b� we have

sup
jcj j���cj�R

��p�a c� � p�b cm�� �
mX
j��

�p�tj� p�tj��� cj
��

� sup
jcj j���cj�R

��
�c� ��a�b� � cm�� ��b� �
m��X
j��

cj ��tj���tj � � cm ��tm���b�
��

	 sup
khk���h�G L �a�b�

j
�hj � � k
k�

In particular� for c� � sgn p�a� cm�� � sgn p�b and cj � sgn�p�tj� p�tj��� j � �� �� � � � �m�

we get

jp�aj � jp�bj �
mX
j��

jp�tj� p�tj��j 	 � k
k�

and the inequality ���
�� immediately follows�
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Using the ideas from the proof of �H���� Theorem ���� we may now prove the following

representation theorem�

������ Theorem� 
 is a linear bounded functional on G L �a� b� �
 � G �
L
�a� b if and only if

there is an � � �p� q � BV �a� b�� R such that


�x � 
	�x
�
�� q x�a �

Z b

a

p dx
�

for any x � G L �a� b�����
��

The mapping

� � � � BV �a� b�� R �� 
	 � G
�
L
�a� b

is an isomorphism�

Proof� Let a linear bounded functional 
 on G L �a� b� be given and let us put

q � 
���a�b� and p�t �

��� 
���t�b� if t � �a� b�


���b� if t � b�
���
�	

Then Lemma ����� implies � � �p� q � BV �a� b�� R and by Lemma ��
�� we have


���a�b� � 
	���a�b�� 
���b� � 
	���b� and 
���t�b� � 
	���t�b� for all t � �a� b�

Since all functions from S�a� b��G L �a� b� obviously are �nite linear combinations of the functions

��a�b�� ����b�� � � �a� b� ��b��

it follows that 
�x � 
	�x is true for any x � S�a� b�� G L �a� b�� Now� the density of S�a� b��

G L �a� b� in G L �a� b� implies that


�x � 
	�x for all x � G L �a� b��

This completes the proof of the �rst assertion of the theorem�

Lemma ����� yields that

j
	�xj 	
�
jp�aj� jp�bj� varba p� jqj

�
kxk

is true for any x � G L �a� b� and� consequently�

k
	k 	 jp�aj� jp�bj� varba p� jqj 	 �
�
kpkBV � jqj

�
� � k�kBV�R �

On the other hand� according to Lemma ��
�� we have

kpkBV 	 �jp�aj� jp�bj � varba p 	 � k
k�
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Furthermore� in virtue of ���
�	 we have jqj 	 k
k and hence

k�kBV�R � kpkBV � jqj 	 � k
k�

It means that

�

�
k
k 	 k�kBV�R 	 � k
k

and this completes the proof of the theorem�

��� � Linear bounded functionals on the space of regular regu�

lated functions

Recall that the subspace of G �a� b� consisting of all functions regulated on �a� b� and such that

f�t �
�

�
�f�t� � f�t�� for all t � �a� b

is denoted by G reg �a� b� and the functions belonging to G reg �a� b� are usually said to be regular

on �a� b�

In this section we shall show that linear bounded functionals on G reg �a� b� may be represented

in the form ���
��� as well� To this aim the following lemmas will be helpful�

������ Lemma� A function f � �a� b� �� R is a �nite step function on �a� b� which is regular

on �a� b �f � S�a� b� � G reg �a� b� if and only if there are real numbers ��� ��� � � � � �m and a

division d � ft�� t�� � � � � tmg of �a� b� such that

f�t �
NX
j��

�j hj�t on �a� b��

where

h� � �� h� � ��a�b�� hj �
�

�
��tj � � ��tj �b� for j � �� �� � � � �m� � and hm � ��b��

Proof� Obviously a function f � �a� b� �� R belongs to S�a� b�� G reg �a� b� if and only if there are

real numbers c�� c�� � � � � cN�� and a division d � ft�� t�� � � � � tNg of �a� b� such that

f�t �

�����������
c� if t � a�

cj if t � �tj��� tj for some j � �� �� � � � �m�
cj�cj��

� � if t � tj for some j � �� �� � � � �m� ��

cm�� if t � b�
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i�e�

f�t � c� ��a��t �
mX
j��

cj ��tj�� �tj��t������

�
�
�

�m��X
j��

�cj � cj����tj ��t
�
� cm�� ��b��t for t � �a� b��

It is easy to verify that the right�hand side of ������ may be rearranged as

f � c� ��a�b� � c� ��a�b� �
mX
j��

cj ��tj���b� �
m��X
j��

cj ��tj �b�

�
�

�

m��X
j��

cj ��tj � � cm ��b� �
�

�

m��X
j��

cj�� ��tj � � cm�� ��b�

� c� ��a�b� � c� ��a�b� �
m��X
j��

cj�� ��tj �b� �
m��X
j��

cj ��tj �b�

�
�

�

m��X
j��

cj ��tj � �
�

�

m��X
j��

cj�� ��tj � � cm�� ��b� � cm ��b�

� c� ��a�b� � �c� � c���a�b� �
m��X
j��

�cj�� � cj
�
��tj �b� �

�

�
��tj �

�
� �cm�� � cm��b��

wherefrom the assertion of the lemma immediately follows�

������ Lemma� The set S�a� b�� G reg �a� b� is dense in G reg �a� b��

Proof� Let x � G reg �a� b� and � � � be given� Since cl�S�a� b� � G �a� b�� there exists a � � S�a� b�

such that jx�t� ��tj � � is true for any t � �a� b�� Consequently� we have

jx�t�� ��t�j � � and jx�s�� ��s�j � � for t � �a� b� s � �a� b��������

Let us put

���t �

���������
��a if t � a�

�
�

�
��t� � ��t�

�
if t � �a� b�

��b if t � b�

Obviously ���t� � ��t� and ���s� � ��s� for all t � �a� b� and s � �a� b� respectively� In

particular� ���t � ��t for any point t of continuity of �� It follows that �� � S�a� b�� G reg �a� b��

Furthermore� in virtue of ������ we have for any t � �a� b

jx�t� ���tj �
�

�

���x�t�� ��t�� � �x�t�� ��t��
�� � ��
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wherefrom the assertion of the lemma immediately follows�

������ Lemma� Let 
 be an arbitrary linear bounded functional on G reg �a� b�� Let us de�ne

p�t �

���������

���a�b�� if t � a�


��� ��t� � ��t�b�� if t � �a� b�


���b�� if t � b�

������

Then

varba p 	 k
k � sup
x�G reg �a�b��kxk��

j
�xj

�i�e� p � BV �a� b��

Proof� Let d � ft�� t�� � � � � tmg be an arbitrary division of �a� b� and let �j � R � j � �� �� � � � �m�

be such that j�j j 	 � for all j � �� �� � � � �m� Then

mX
j��

�j �p�tj� p�tj��� � ��

�

�
�

�
��t�� � ��t��b�� 
���a�b�

	
�����


�
m��X
j��

�j
�

�
�

�
��tj � � ��tj �b�� 
�

�

�
��tj��� � ��tj�� �b�

	
� �m

�

���b�� 
�

�

�
��tm��� � ��tm���b�

	
� 
�h�

where

h � ��

��
�
��t�� � ��t��b� � ��a�b�

	
� �m

�
��b� �

�

�
��tm��� � ��tm���b�

	
�

m��X
j��

�j
��
�
��tj � � ��tj �b� �

�
�
��tj��� � ��tj�� �b�

	
� ��

��
�
��t�� � ��a�t��

	
� �m

��
�
��tm��� � ��tm���b�

	
�

m��X
j��

�j
��
�
��tj � � ��tj���tj � �

�

�
��tj���

	
� � ��

��
�
��t�� � ��a�t��

	
� �m

��
�
��tm��� � ��tm���b�

	
�
�

�

m��X
j��

�j ��tj � �
�

�

m��X
j��

�j ��tj��� �
m��X
j��

�j ��tj���tj�

� �
�

�

m��X
j��

�j ��tj � �
�

�

mX
j��

�j ��tj��� �
mX
j��

�j ��tj�� �tj�
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� �
m��X
j��

�j � �j��

�
��tj � �

mX
j��

�j ��tj���tj�

� � �� ��a�t�� �
m��X
j��

��j � �j��

�
��tj � � �j ��tj���tj�

�
� �m ��tm���b��

It is easy to see that h � S�a� b� � G reg �a� b� and jh�tj 	 � for all t � �a� b�� Consequently� by

�����
� we have that

sup
j
j j���j���������m

�� mX
j��

�j �p�tj� p�tj���
�� 	 sup

x�G reg �a�b��kxk��
k
�xk

is true for any division d � ft�� t�� � � � � tmg of �a� b�� In particular� choosing

�j � sgn�p�tj� p�tj��� for j � �� �� � � � �m�

we get

mX
j��

jp�tj� p�tj��j 	 sup
x�G reg �a�b��kxk��

k
�xk ��

and this yields varba p 	 k
k ���

������ Lemma� Let 
 be an arbitrary linear bounded functional on G reg �a� b� and let � �

�p� q � BV �a� b�� R be given by ������ and q � 
���a�b�� Let us de�ne


	�x � q x�a �
Z b

a

p dx for x � G �a� b��������

Then 
	 is a linear bounded functional on G �a� b��


	�x � 
�x for all x � G reg �a� b�������

and

sup
x�G �a�b��kxk��

j
	�xj 	 jqj� � �jp�aj � varba p�������

Proof� By Theorem ������ 
	�x is de�ned and

j
	�xj 	
�
jqj� jp�aj� jp�bj� varba p

�
kxk for all x � G �a� b��������

It means that 
	 is a linear bounded functional on G �a� b� and the inequality ������ is true� It

is easy to verify that the relation ������ holds for any function h from the set�
��a�b�� ��a�b��

�

�
��� � � ����b�� ��b�� � � �a� b


�

According to Lemmas ����� and ����� this implies that ������ holds for all x � G reg �a� b��
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������ Lemma� Let � � �p� q � BV �a� b�� R � Then 
	�x � � for all x � S�a� b�� G reg �a� b� if

and only if q � � and p�t 
 � on �a� b��

Proof� Let � � �p� q � BV �a� b� � R and let 
	�x � � for all x � S�a� b� � G reg �a� b�� Then


���a�b� � q � �� Furthermore� by Proposition ����� we have


	���a�b� � p�a � ��


	�
�

�
��� � � ����b� � p�� � � for � � �a� b

and


	���b� � p�b � ��

By Lemma ����� this completes the proof�

����
� Remark� Let us notice that if x � G reg �a� b�� then 
	�x � � for all � � �p� q �

BV �a� b� � R if and only if x�t 
 � on �a� b�� In fact� let x � G �a� b� and let 
	�x � � for all

� � �p� q � BV �a� b� � R � Then by Corollary ��
�
 we have

x�a � x�a� � x�t� � x�t� � x�b� � x�b � � for all t � �a� b�

In particular� if x � G reg �a� b�� then x�t � � for any t � �a� b��

������ Theorem� A mapping 
 � G reg �a� b� �� R is a linear bounded functional on G reg �a� b�

�
 � G
�
reg
�a� b� if and only if there is an � � �p� q � BV �a� b��R such that 
 � 
	� where 
	 is

given by ������� The mapping � � � � BV �a� b��R �� 
	 � G �
reg �a� b� generates an isomorphism

between BV �a� b�� R and G �
reg
�a� b��

Proof� By Lemmas ����
 and ����� and by the inequality ������ the mapping � is a bounded

linear one�to�one mapping of BV �a� b��R onto G �reg �a� b�� Consequently� by the Bounded Inverse

Theorem� the mapping ��� is bounded� as well�





Chapter �

Initial Value Problems for Linear

Generalized Di�erential Equations

��� � Introduction

This chapter deals with the initial value problem for the linear homogeneous generalized

di�erential equation

x�t� x���

Z t

�
d�A�s�x�s � �� t � ��� ��� x�� � ex�������

where A � BV
n�n and ex � R

n are given and solutions are functions x � ��� �� �� R
n with

bounded variation on ��� �� �x � BV n�

The basic properties of the Perron�Stieltjes integral with respect to scalar regulated func�

tions were described in Chapter �� The extension of these results to vector or matrix valued

functions is obvious and hence for the basic facts concerning integrals we shall refer to the

corresponding assertions from Chapter ��

Let Pk � L
n�n
� for k � N � f�g and let Xk � A C n�n be the corresponding fundamental

matrices� i�e�

Xk�t � I�

Z t

�
Pk�sXk�s ds on ��� �� for k � N � f�g�

The following two assertions are representative examples of theorems on the continuous

dependence of solutions of linear ordinary di�erential equations on a parameter�

������ Theorem� If

lim
k��

Z �

�
jPk�s� P��sj ds � ��

then


�
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lim
k��

Xk�t � X��t uniformly on ��� ���

������ Theorem� �Kurzweil  Vorel� �KV� Let there exist m � L� such that

jPk�tj 	 m�t a�e� on ��� �� for all k � N������

and let

lim
k��

Z t

�
Pk�s ds �

Z t

�
P��s ds uniformly on ��� ���

Then

lim
k��

Xk�t � X��t uniformly on ��� ���

������ Remark� For t � ��� �� and k � N � f�g denote

Ak�t �
Z t

�
Pk�s ds�

Then the assumptions of Theorem ����� can be reformulated for Ak as follows�

Ak � A C
n�n for all k � N � f�g�

sup
k�N

kA�kkL� ���

lim
k��

Ak�t � A��t uniformly on ��� ���

Besides� the assumption ������ means that there exists a nondecreasing function h� � A C such

that

jAk�t��Ak�t�j 	 jh��t�� h��t�j for all t�� t� � ��� ���

In fact� we can put

h��t �

Z t

�
m�sds on ��� ���

��� � A survey of known results

The following basic existence result for the initial value problem ������ may be found e�g� in

�STV� �cf� Theorem III���
 or in �Schw	�� �cf� Theorem �����

������ Theorem� Let A � BV n�n be such that

det�I���A�t� �� � for all t � ��� ���������

Then there exists a unique X � BV n�n such that

X�t � I�

Z t

�
d�A�s�X�s on ��� ���������
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������ Denition� For a given A � BV
n�n� the n � n�matrix valued function X � BV

n�n

ful�lling ������ is called the fundamental matrix corresponding to A�

When restricted to the linear case� Theorem ��� from �Schw	��� which describes the depen�

dence of solutions of generalized di�erential equations on a parameter� reads as follows�

������ Theorem� Let A� � BV
n�n satisfy ������ and let X� be the corresponding fundamental

matrix� Let Ak � BV
n�n� k � N � and scalar nondecreasing and left�continuous on ��� ��

functions hk� k � N � f�g� be given such that h� is continuous on ��� �� and

lim
k��

Ak�t � A��t on ��� ���������

jAk�t��Ak�t�j 	 jhk�t�� hk�t�j for all t�� t� � ��� �� and k � N � f�g������


lim sup
k��

�hk�t�� hk�t�� 	 h��t�� h��t� whenever � 	 t� 	 t� 	 ��������

Then for any k � N su�ciently large the fundamental matrix Xk corresponding to Ak exists

and

lim
k��

Xk�t � X��t uniformly on ��� ���

������ Lemma� Under the assumptions of Theorem ����� we have

sup
k�N

varAk ��������

and

lim
k��

�Ak�t�Ak��� � A��t�A��� uniformly on ��� ���������

Proof� � i By ������ there is k� � N such that

hk��� hk�� 	 h��� � h��� � � for all k � k��

Hence for any k � N we have

varAk 	 �� � max
��
varAk� k 	 k�

�
�
�
h��� � h��� � �

��
���

Thus we conclude that ������ is true�

ii Suppose that

lim
k��

Ak�t � A��t uniformly on ��� ��������

�The author is indebted to Ivo Vrko� for his suggestions which led to a considerable simpli�cation of this

proof�
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is not valid� Then there is e� � � such that for any � � N there exist m� � � and t� � ��� �� such

that

jAm�
�t��A��t�j � e�������	

We may assume that m��� � m� for any � � N and

lim
���

t� � t� � ��� ����������

Let t� � ��� � and � � � be given� Since h� is continuous� we may choose � � � in such a

way that t� � � � ��� ��� t� � � � ��� �� and

h��t� � �� h��t� � � � ���������

Furthermore� by ������ there is �� � N such that

jAm�
�t��A��t�j � � for all � � ��

and by �����
� ������ and ������� there is �� � N � �� � ��� such that

jAm�
����Am�

���j 	 h��t� � �� h��t� � � � � � � ��������

whenever ��� �� � �t� � �� t� � � and � � ���

The relations ������ and ������� imply immediately that

jA�����A����j � lim
���

jAm�
����Am�

���j 	 � ��������

whenever ��� �� � �t� � �� t� � ��

Finally� let �	 � N be such that �	 � �� and

jt� � t�j � � for all � � �	�������


then in virtue of the relations ��������������
 we have

jAm�
�t��A��t�j

	 jAm�
�t��Am�

�t�j� jAm�
�t��A��t�j� jA��t��A��t�j 	 � ��

Hence� choosing � � �

 e�� we obtain by �����	 that

e� � jAm�
�t��A��t�j � e��

This being impossible� the relation ������ has to be true� The modi�cation of the proof in the

cases t� � � or t� � � and the extension of ������ to ������ is obvious�
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Lemma ����
 shows that Theorem ����� is a special case of the following result due to

M� Ashordia �cf� �As	���

������ Theorem� Let A� � BV n�n satisfy ������� let X� be the corresponding fundamental

matrix and let fAkg
�
k�� � BV

n�n be such that ������ and ������ are true� Then for any k � N

su�ciently large the fundamental matrix Xk corresponding to Ak exists and

lim
k��

Xk�t � X��t uniformly on ��� ���

����
� Remark� Under the assumptions of Theorem ����� we have

lim
k��

Ak�t� � A��t� and lim
k��

Ak�s� � A��s�

for all t � ��� �� and all s � ��� �� respectively� Thus Theorem ����� cannot cover the case when

there is t� � ��� �� such that

Ak�t�� � Ak�t� for all k � N while A��t�� �� A��t��

In particular� Theorem ����� does not apply to the following simple example�

������ Example� Consider the sequence of initial value problems

x�k � a�k�txk on ���� ��� x��� � ex�
where

ak�t �

���������
� if t 	 �k�

t� �k

�k � �k
if t � ��k� �k�

� if t � �k�

f�kg
�
k�� is an arbitrary increasing sequence in ���� � tending to �� f�kg

�
k�� is an arbitrary

decreasing sequence in ��� �� tending to � and

lim
k��

�k

�k � �k
� � � ��� ��

For the corresponding solutions we have

xk�t �

�����������
ex if t 	 �k�

e
t��k
�k��k ex if t � ��k� �k�

e ex if t � �k�

�����������
and x��t � lim

k��
xk�t �

���������
ex if t � ��

e� ex if t � ��

e ex if t � ��
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while the unique solution x�t of the !limit! equation

x�t � ex� Z t

��
d�a�s�x�s� t � ���� ��� where a�t � lim

k��
ak�t �

���������
� if t � ��

� if t � ��

� if t � �

is given by

x�t �

�������������

ex if t � ��

�

�� �
ex if t � ��

�� �

�� �
ex if t � ��

i�e� x�t �� x��t on ���� ���

On the other hand� x� is a solution to

x��t � ex� Z t

��
d�a��t�x��s t � ���� ��� where a��t �

���������
� if t � ��

�� e�� if t � ��

�e�� e�� if t � �

and ak tends to a� in the following sense�

�a given arbitrary � � ���� � and � � ��� �� limk�� ak�t � a��t uniformly on ���� ��

and limk���ak�t� ak��� � a��t� a��� uniformly on ��� ���

�b limk�� ak�t � a��t � ea��t� where
ea��t �

���������
� if t � ��

� � e�� � � if t � ��

�� e��� � e�� if t � ��

�c for any z � R and � � �� there is 	 � � such that for any 	� � ��� 	 there is k� � N such

that for any k � k� we have �k � �	�� �k 	 	� and the relations���yk��� yk��	
��

��a��� z

����a���

��� � � and jzk�	
�� zk����

�a��� zj � �

are satis�ed for any solution yk on ��	�� �� of

y�k � a�k�t yk with yk��	
� � �z � 	� z � 	

and any solution zk on ��� 	�� of

z�k � a�k�t zk with zk�� � �z � 	� z � 	�
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In fact� for given z � R � 	� � � and k � N such that �k � �	� we have

yk�t � e
t��k
�k��k yk��	

� on ��k� ��

and thus ���yk��� yk��	
��

��a��� z

����a���

��� � ����e ��k
�k��k � �

�
yk��	

��
�
e� � �

�
z
���

	
���e ��k

�k��k � e�
��� jzj� ���e ��k

�k��k � �
��� ��z � yk��	

�
���

where

lim
k��

���e ��k
�k��k � e�

��� � �� ���e ��k
�k��k � �

��� 	 � and
��z � yk��	

�
�� 	 	�

Analogously� if k � N is such that �k 	 	�� we have

zk�	
� � zk��k � e

�k
�k��k zk��

and thus ���zk�	�� zk����
�a��� z

��� � ����e �k
�k��k � �

�
zk��	

��
�
e��� � �

�
z
���

	
���e �k

�k��k � e���
��� jzj� ���e �k

�k��k � �
��� ��z � zk��

���
where

lim
k��

���e �k
�k��k � e���

��� � �� ���e �k
�k��k � �

��� 	 � and
��z � zk��

�� 	 	�

Notice that if

x��t � ex� Z t

��
d�a��t�x��s on ���� ���

then

��x��� �
� �

����a���
� �

�
x���� �

��a���

����a���
x�����

The convergence described in Example ����� is closely related to the notion of the emphatic

convergence introduced by J� Kurzweil �cf� �Ku��� De�nition 
����

������ Denition� A sequence fAkg
�
k�� � BV n�n converges emphatically to A� � BV n�n on

��� �� if

�i there exist nondecreasing functions hk � ��� �� �� R � k � N �f�g� which are left�continuous

on ��� �� and such that

jAk�t��Ak�t�j 	 jhk�t�� hk�t�j

for all k � N � f�g and t�� t� � ��� ���
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�ii lim supk��
�
hk�t� � hk�t�

	
	
�
h��t� � h��t�

	
whenever � 	 t� 	 t� 	 � and h� is

continuous at t� and t��

�iii there is eA� � BV
n�n such that limk��Ak�t � A��t � eA��t whenever h��t � h��t�

and j eA��t� � eA��t�j 	 jeh��t� � eh��t�j for all t�� t� � ��� ��� where eh� stands for the
break part of h��

�iv if h��t�� � h��t�� then for any z � R
n and any � � � there exists 	 � � such that for

any 	� � ��� 	 there is k� � N such that

jyk�t� � 	�� yk�t� � 	����A��t� zj 	 �

holds for any k � k�� any eyk � R
n such that jz � eykj 	 	 and any solution yk of the

equation

yk�t � eyk � Z t

t����
d�Ak�s� yk�s on �t� � 	�� t� � 	���

The following assertion is a restriction of Theorem 
�� from �Ku��� to the linear case�

������ Theorem� Let Ak converge emphatically on ��� �� to A� and let the sequence fXkg
�
k�� �

BV n�n of the fundamental matrices corresponding respectively to Ak� k � N � be uniformly

bounded on ��� �� and such that

lim
k��

Xk�t � Z��t on ��� �� whenever h��t� � h��t�

Then Z� � BV n�n and the function X� de�ned by

X��t �



Z��t if h��t� � h��t�

Z��t� otherwise

is the fundamental matrix corresponding to A��

�����	� Remark� Let us notice that necessary and su�cient conditions ensuring the uniform

convergence of fundamental matrices Xk corresponding to Ak� k � N � to the fundamental

matrix X� corresponding to A� may be found in the paper �As	�� by M� Ashordia�

Results related to Theorem ����	 obtained by the method of !prolongation! of functions

of bounded variation to continuous functions along monotone functions and using the concept

of convergence under substitution instead of the emphatic convergence were also obtained by

D� Fra�kov� in �Fr�	� �cf� also �Fr	���
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��� � Emphatic convergence

������ Notation� For a given function F � BV n�n� the symbol S �F  stands for the set of

the points of discontinuity of F in ��� ��� while

S
��F  � ft � ��� ����F �t �� �g and S

��F  � ft � ��� ����F �t �� �g�

If the set S �F  � S ��F  � S ��F  is �nite� then for an arbitrary compact set M such

that

M �
m�
j��

��j � �j � � ��� �� nS �F  and ��j� �j � � ��k� �k� � � for j �� k�������

we de�ne

FM �t � F �t� F ��j if t � ��j� �j ��

Provided the set S �A� contains at most a �nite number of elements� we can extend

Theorem ����	 to the case that the functions Ak� k � N � f�g� need not be left�continuous on

��� �� in the following way�

������ Theorem� Let A� � BV n�n� S �A� � f�jg
m
j���

det
�
I���A��t

	
�� � on ��� ��

and let X� be the fundamental matrix corresponding to A�� Assume that the sequence fAkg
�
k��

� BV n�n is such that

�i supk varAk �� and det
�
I���Ak�t

	
�� � on ��� �� for all k � N �

�ii limk��AM
k �s � AM

� �s uniformly on M for any M � ��� �� nS �A� ful�lling �������

�iii if � � S �A� then for any z � Rn and any � � � there exists 	 � � such that for any

	� � ��� 	 there is k� � N such that the relations��yk��� yk�� � 	����A���
�
I���A���

	��
z
�� 	 ����zk�� � 	�� zk����

�A��� z
�� 	 �

are satis�ed for any k � k� and yk and zk such that jz � yk�� � 	�j 	 	� jz � zk��j 	 	

and

yk�t � yk�� � 	� �

Z t

����
d�Ak�s� yk�s on �� � 	�� � ��

zk�t � zk�� �

Z t

�

d�Ak�s� zk�s on ��� � � 	���
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Then for any k � N su�ciently large the fundamental matrix Xk corresponding to Ak is

de�ned on ��� �� and

lim
k��

Xk�t � X��t on ��� ���

Proof� Without any loss of generality we can restrict ourselves to the case that m � �� i�e� let

S �A� � f�g� where � � ��� �� Assume that ex � R
n is given and let xk for any k � N � f�g

denote the solution to the equation

xk�t � ex� Z t

�
d�Ak�s�xk�s on ��� ���

By Theorem ������ our assumptions �i and �ii imply that for any � � ��� � we have

lim
k��

xk�t � x��t uniformly on ��� ���

Consequently�

lim
k��

xk�t � x��t for all t � ��� ��������

Furthermore� for any 	� � ��� � and k � N we have

jx���� xk��j 	
��x���� x��� � 	����A��� �I��

�A����
�� x����

��������

�
����A��� �I��

�A����
�� x����� �xk��� xk�� � 	�

��
� jx��� � 	�� xk�� � 	�j�

Let an arbitrary � � � be given� By the assumption �iii there exists 	 � ��� � such that

for all 	� � ��� 	 there exists k� � k��	� � N such that for any k � k� and for any solution yk
of the equation

yk�t � yk�� � 	� �

Z t

����
d�Ak�s� yk�s on �� � 	�� � �

such that jyk�� � 	�� x����j � 	 we have��yk��� yk�� � 	����A��� �I��
�A����

�� x����
�� � �������


Let us choose 	� � ��� 	 in such a way that

jx����� x�� � 	�j �
	

�

is true� Furthermore� according to ������ there is k� � N such that k� � k� and

jx��� � 	�� xk�� � 	�j �
	

�
for all k � k��������
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In particular� for k � k� we have

jx����� xk�� � 	�j � 	�

Thus� if we put yk�t � xk�t on �� � 	�� � �� then the relation �����
 will be satis�ed for any

k � k�� i�e�� we have���xk��� xk�� � 	����A��� �I��
�A����

�� x����
��� � �������

for all k � k�� Now� inserting ������������� into ������� we obtain that

jxk��� x���j �
	

�
�
	

�
� � � � �

is satis�ed for any k � k�� i�e�

lim
k��

xk�� � x����������

Further� we will prove that there is � � � such that

lim
k��

xk�t � x��t

is true on ��� � � � as well� To this aim� let � � � be given and let �� � ��� � be such that

jx��s� x����j � � for all s � ��� � � ���������

By the assumption �iii there exists � � ��� �� such that for any �� � ��� � there is �� �

����� � N such that for any k � �� and for any solution zk of the equation

zk�t � zk�� �

Z t

�

d�Ak�s� zk�s on ��� � � ���

such that jzk��� x���j � � we have��zk�� � ��� zk����
�A���x���

�� � �������	

Let us choose �� � ��� � arbitrarily� By ������� we have

jx��� � ��� x����j � ���������

Furthermore� by ������ there is �� � N such that �� � �� and

jxk��� x���j � � for all k � ���

Thus� by �����	� for any k � �� we have

jxk�� � ��� xk����
�A���x���j � ���������
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Making use of ��������������� we �nally get for any k � k�

jxk�� � ��� x��� � ��j

	 jxk�� � ��� xk��� x���� � x���j� jx��� � ��� x����j� jxk��� x���j

� jxk�� � ��� xk����
�A���x���j� jx����� x��� � ��j� jxk��� x���j � � ��

i�e� limk�� xk�t � x��t for all t � ��� � � ��

The proof of the theorem can be completed by using Theorem ����� and taking into account

that ex � R
n was chosen arbitrarily� The extension to the general case m � N is obvious�

������ Remark� Obviously� if we did not restrict ourselves to the case of only a �nite num�

ber of discontinuities of A�� we should replace the assumptions �i��ii in Theorem ����� by

assumptions of the form �i��ii from De�nition ������

������ Remark� The following concept due to M� Pelant �cf� �Pe� leads to another interesting

convergence e�ect which most probably cannot be explained by Theorem ������

Let A � BV n�n and let the divisions Dk � f� � tk� � � � � � tkpk � �g� k � N � of ��� ��

be such that Dk � ft � ��� ��� t � i
�k
� i � �� �� � � � �kg � ft � ��� ��� j��A�tj � �

k
g � ft �

����� j��A�tj � �
k
g�

For a given k � N � let us put

Ak�t �

�����
A�t if t � Dk�

A�tki�� �
A�tki �A�tki��

tki � tki��
�t� tki�� if t � �tki��� t

k
i �

Then we say that the sequence fAk� Dkg
�
k�� piecewise linearly approximates A�

Furthermore� for a given A � BV n�n� let us de�ne A� on ��� �� by

A��t � A�t�
X

s�S
�

�A�

��A�s��s����t�
X

s�S
�
�A�

��A�s��s����t�������

�
X

s�S
�

�A�

�
I�
�
exp

�
��A�s

�	���
��s����t

�
X

s�S
�
�A�

�
exp

�
��A�s

�
� I

�
��s����t�

Then det
�
I���A��t

	
�� � on ��� �� and the following assertion may be proved �cf� �Pe��

Let A � BV n�n� let A� be given by �������� let fAk�Dkg
�
k�� piecewise linearly approximate

A and let for a given k � N � Xk denote the fundamental matrix corresponding to Ak� Then

lim
k��

Xk�t � X��t for all t � ��� ���
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Furthermore� if A � BV
n�n is such that the relations

det�I���A�t� �� � on ��� �� and det�I���A�t� �� � on ��� ��������

are true� then for t � ��� �� we can de�ne

A���t � A�t�
X

s�S
�

�A�

��A�s��s����t�
X

s�S
�
�A�

��A�s��s����t������


�
X

s�S
�

�A�

ln
�
I���A�s

	��
��s����t

�
X

s�S
�
�A�

ln
�
I���A�s

i
��s����t

and the following assertion is an immediate corollary of the above mentioned result of M� Pelant�

������ Theorem� Let A � BV n�n be such that ������� holds and let X be the fundamental

matrix corresponding to A� Let A�� be given by ������
� let fAk�Dkg
�
k�� piecewise linearly

approximate A�� and let for a given k � N � Xk denote the fundamental matrix corresponding

to Ak� Then

lim
k��

Xk�t � X�t for all t � ��� ���





Chapter �

Linear Boundary Value Problems

for Generalized Di�erential

Equations

��� � Introduction

This chapter is devoted to linear boundary value problems for generalized linear di�erential

equations

x�t� x���
Z t

�
d�A�s�x�s � f�t� f��� t � ��� ����
����

M x�� �

Z �

�
K�s d�x�s� � r �� R

m �
����

and the corresponding controllability problems� In particular� we obtain the adjoints to these

problems in such a way that the usual duality theory can be extended to them� In contrast

to the earlier papers �cf� e�g� �VT���� �Tv���� �Tv�
�� �ST�
�� �ST�	� and the monograph

�STV� the right�hand side of the equation �
���� can be in general a regulated function �not

necessarily of bounded variation� Similar problems in the space of regulated functions were

treated e�g� by Ch� S� H�nig �H����� �H����� �H����� L� Fichmann �Fi� and L� Barbanti �Ba��

where the interior �Dushnik integral was used� Let us notice that by Theorem ��
�� the left�

hand side of the additional condition �
���� represents the general form of a linear bounded

mapping of the space of functions regulated on the closed interval ��� �� and left�continuous on

its interior ��� �� equipped with the supremal norm� into Rn �

The basic properties of the Perron�Stieltjes integral with respect to scalar regulated func�

tions were described in Chapter �� The extension of these results to vector valued or matrix

valued functions is obvious �they are used componentwise in these situations and hence for

��
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the basic facts concerning integrals with respect to regulated functions we shall refer to the

corresponding assertions from Chapter ��

��� � Auxiliary lemma

The following property of the functions of strongly bounded variation �cf� ����� will be helpful

later�

������ Lemma� Let W � ��� �� � ��� �� �� R
n�n be such that

v�W  � var��W ��� � ����
����

Then for any g � G n � the function

w�t �
Z �

�
ds�W �t� s� g�s� t � ��� ���
����

is de�ned and has a bounded variation on ��� �� and

w�t� �

Z �

�
ds�W �t�� s� g�s if t � ��� ���
����

w�t� �

Z �

�
ds�W �t�� s� g�s if t � ��� ���

Proof� Let g � G n be given� Since �
���� implies that var��W �t� � � � for any t � ��� ��

�cf� e�g� Lemma I���� in �STV�� the function �
���� is de�ned for any t � ��� ��� Furthermore�

let an arbitrary division d � ft�� t�� � � � � tkg of ��� �� be given� Then by Lemmas I�
��� and

I����� of �STV� we have

kX
j��

jw�tj� w�tj��j 	
kX

j��

var���W �tj � ��W �tj��� � kgk 	 v�W  kgk�

and consequently

var�� w 	 v�W  kgk ���

In particular� w � G n � Moreover� by �STV� Lemma I����
� all the functions

W �t�� � and W �s�� �� t � ��� �� s � ��� ��

are of bounded variation on ��� ��� Thus the integrals on the right�hand sides of �
���� are well

de�ned� As g is on ��� �� a uniform limit of a sequence of �nite step functions and any �nite

step function on ��� �� is a linear combination of simple jump functions on ��� ��

������ ������ � � ��� ����
���
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it is su�cient to verify the relations �
���� for the case that g is a simple jump function of the

type �
���
� Let g � ������ where � � ��� ��� Then for any t � ��� �� we have

w�t �

Z 

�
ds�W �t� s� � �W �t� ���W �t� � �W �t� ���W �t� ��

Consequently�

w�t� �W �t�� ���W �t�� � if t � ��� �

and

w�t� �W �t�� ���W �t�� � if t � ��� ���

On the other hand� we haveZ �

�
ds�W �t�� s� g�s �W �t�� ���W �t�� � if t � ��� �

and Z �

�
ds�W �t�� s� g�s �W �t�� ���W �t�� � if t � ��� ���

This means that the function g � ����� satis�es the relations �
���� for any � � ��� �� Similarly

we could verify that the function g � ����� satis�es �
���� for any � � ��� ��� and this completes

the proof�

��� � Boundary value problem

We will consider the boundary value problem of determining a function x � ��� �� �� Rn

ful�lling the generalized di�erential equation �
���� and the additional condition �
�����

Throughout this chapter we assume

A � BV
n�n� A��� � A��� A�t� � A�t on ��� ����
����

det�I ���A�t �� � on ��� ���
����

M � R
m�n � K � BV

m�n��
����

f � G
n
L and r � R

m ��
���


������ Remark� The assumptions �
���� and �
���� ensure that

L � x � G
n
L �� x�t� x�� �

Z t

�
d�A�s�x�s�
����
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de�nes a linear bounded operator on G n
L �cf� Proposition ������ and Theorem ����� and

K � x � G
n
L ��M x�� �

Z �

�
K�s d�x�s��
����

de�nes a linear bounded mapping of G n
L into R

m �cf� Theorem ��
��� Hence� by

A � x � G
n
L ��

�
L x

K x

�
� G

n
L � R

m�
����

we de�ne a linear bounded mapping of G n
L into G

n
L � R

m �

Moreover� notice that according to Theorem ��
��� any linear continuous mapping K of G n
L

into Rm can be expressed in the form �
����� where M � R
m�n and K � BV

m�n�

������ Remark� It is well�known �cf� �STV� Theorem III������ that under the assumptions

�
������
���� there exists a unique n� n�matrix valued function U�t� s such that

U�t� s � I�

Z t

�
d�A���U��� s for t� s � ��� ����
����

It is called the fundamental matrix of the homogeneous equation

x�t� x�� �

Z t

�
d�A�s�x�s � � on ��� ���
���	

and possesses the following properties

jU�t� sj � var��U�t� � � var
�
�U��� s � v �U 	M �� for t� s � ��� ���

U�t� �U��� s � U�t� s for t� s� � � ��� ���

detU�t� s �� � for t� s � ��� ���

U�t�� s � �I ���A�t�U�t� s for t � ��� �� s � ��� ���

U�t�� s � U�t� s for t � ��� ��� s � ��� ���

U�t� s� � U�t� s �I ���A�t��� for t � ��� ��� s � ��� ��

U�t� s� � U�t� s for t � ��� ��� s � ��� ���

For a given c � Rn � the equation �
���	 possesses a unique solution x � ��� �� �� Rn on ��� ��

such that x�� � c and this solution is given by �cf� �STV� Theorem III���
�

x�t � U�t� � c� t � ��� ���

It is well�known �cf� �STV� Theorem III������ that for any f � ��� �� �� Rn of bounded variation

on ��� �� �f � BV n and any c � Rn there exists a unique solution x of �
���� on ��� �� such

that x�� � c� This solution has a bounded variation on ��� �� and is given on ��� �� by

x�t � U�t� � c � f�t� f�� �

Z t

�
ds�U�t� s� �f�s � f���
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To extend this assertion also to equations �
���� with right�hand sides f � G
n
L � the following

lemma will be helpful�

������ Lemma� Assume �
���� and �
����� Then for any f � G n
L the function

��t � f�t� f���

Z t

�
ds�U�t� s� �f�s� f���
�����

is de�ned and regulated on ��� �� and left�continuous on ��� �� The operator

" � f � G
n
L �� � � G

n
L�
�����

is linear and bounded�

Proof� The function � is obviously de�ned on ��� ��� Let us put

W �t� s � U�t� s if t � s and W �t� s � U�t� t if t � s��
�����

Then Z t

�
ds�U�t� s� �f�s � f�� �

Z t

�
ds�W �t� s� �f�s� f���
�����

holds for any t � ��� �� and f � G
n
L � Since obviously

v �W  � var��W ��� � ����
����


we may use Lemma 
���� to show that � � G n
L for any f � G n

L � The boundedness of the

operator " follows from the inequality

j��tj 	 � �var��W �t� � kfk 	 � �v �W  � var
�
�W ��� � kfk

�cf� �STV� Lemma I������

������ Proposition� Assume �
���� and �
����� Then for any f � G n
L and any c � Rn the

equation �
���� possesses on ��� �� a unique solution x � G n
L such that x�� � c� This solution

belongs to G n
L and is given by

x � � c�"f��
�����

where " is the linear bounded operator on G n
L given by �
����� and �
����� and � is the linear

bounded mapping of Rn into G n
L given by

� � c � R
n �� U�t� � c�
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Proof� Let f � G
n
L and c � R

n be given� By Lemma 
���� the function x given by �
����� is

de�ned on ��� �� and belongs to G n
L � Hence the integralZ t

�
d�A�s�x�s

is de�ned for any t � ��� ��� Inserting �
����� into this integral and taking into account �
����

and �
�������
����
 we obtain by Theorems �����	 �substitution and ������ �change of the

integration orderZ t

�
d�A�s�x�s � �U�t� � � I� c�

Z t

�
d�A�s� �f�s� f��

�

Z t

�
d
� Z t

�
d�A���W ���s

	
�f�s� f��

� �U�t� � � I� c�

Z t

�
ds�U�t� s� �f�s� f��

� x�t� x��� f�t � f��

for any t � ��� ��� Hence x is a solution of �
���� on ��� ��� Obviously� x�� � c� The uniqueness

of this solution follows from the uniqueness of the zero solution to the equation

u�t �
Z t

�
d�A�s�u�s

on ��� �� �cf� �STV� Theorem III���
�� The boundedness of the operator � is evident and the

boundedness of " was shown in Lemma 
�����

Now� by a standard technique due to D�Wexler �cf� �We� we can prove the normal solvability

of the operator A given by �
�����

������ Proposition� Assume �
������
����� Then the operator A has a closed range in G n
L�

Rm �

Proof� By �
����� a couple �f� r � G n
L �Rm belongs to the range R �A  of the operator A if

and only if there exists a c � Rn such that

�K� c � r � �K " f�

i�e� R �A  � #���R �K�� where

# � �f� r � G
n
L � R

m �� r � �K"f � R
m

is obviously a continuous operator� R �K� being �nite dimensional� it is closed and conse�

quently R �A  is closed as well�
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By Theorem ��
�� the dual space to G n may be represented by the space BV n � R
n � while

for �y� 	 � BV
n � R

n the corresponding linear bounded functional on G n
L is given by

x � G
n
L �� hx� �y� 	i �� 	T x�� �

Z �

�
yT�s d�x�s� � R ��
�����

Thus� the adjoint operator to A may be represented by the operator

A
� � BV n � R

n � R
m �� BV

n � R
m

de�ned by the relation

hA x� �y� �� 	i � � hL x� �y� �i � 	T �K x � hx�A ��y� �� 	i�
�����

for x � G
n
L � y � BV

n� � � R
n and 	 � R

m �

����
� Denition� The operator A � � BV n � Rn � Rm �� BV n � Rm ful�lling �
����� is

called the adjoint operator to A �

The next theorem provides an explicit form of the adjoint operator to A �

������ Theorem� Assume �
������
����� Then the adjoint operator A � is de�ned by

A
� � �yT� �T� 	T � BV

n � R
n � R

m ���
����� �
yT�t � 	TK�t�

Z �

t

yT�t d� eA�s��� 	TM �

Z �

�
yT�s d� eA�s�� � BV

n � R
n �

where

eA�t � 
 A�t� if t � ��

A�� if t � ��
�
����	

Proof� Let x � G n
L � y � BV n� � � Rn and 	 � Rm � Inserting �
���� and �
���� into the

left�hand side of �
����� we obtain

hA x� �y� �� 	i �
Z �

�
yT�s d

�
x�t�

Z t

�
d�A�s�x�s

	
�
�����

� 	T
�
M x�� �

Z �

�
K�t d�x�t�

�
�

Z �

�

�
yT�t � 	TK�t

�
d�x�t� � 	TM x�� �

Z �

�
yT�t d

� Z t

�
d�A�s�x�s

	
�

Furthermore� by the Substitution Theorem �cf� Theorem �����	 we haveZ �

�
yT�td

� Z t

�
d�A�s�x�s

	
�

Z �

�
yT�t d�A�t�x�t � �

Z �

�
d
� Z �

t

yT�s d�A�s�
	
x�t�
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Now� integrating by parts �cf� Theorem ������ we obtainZ �

�
yT�t d

� Z t

�
d�A�s�x�s

	
�
�����

�
� Z �

�
yT�s d�A�s�

�
x�� �

Z �

�

� Z �

t

yT�s d�A�s�
�
d�x�s�

�
X

��t��

��wT�t��x�t�
X

��t��

��wT�t��x�t�

where

wT�t �
Z �

t

yT�s d�A�s� for t � ��� ���

As

��wT�� � �yT����A�� � �� ��wT�t � �yT�t��A�t for t � ��� �

and

��wT�t � �yT�t��A�t � � for t � ��� ���

the relation �
����� reduces toZ �

�
yT�td

� Z t

�
d�A�s�x�s

	
�
� Z �

�
yT�s d�A�s�

�
x�� �

Z �

�

� Z �

t

yT�s d�A�s�
�
d�x�t�

�
X

��t��

yT�t��A�t��x�t�

Let us put zT�t � yT�t��A�t for t � ��� � and zT�� � �� Then zT�t� � zT�t� � � for

t � ��� �� zT�� � zT��� � zT��� � zT�� � � and zT�t � � if and only if ��A�t � ��

Hence� using Proposition ������ we getZ �

�
zT�t d�x�t� �

X
��t��

zT�t�x�t �
X

��t��

yT�t��A�t��x�t

andZ �

�
yT�t d

� Z t

�
d�A�s�x�s

	
�
� Z �

�
yT�s d�A�s�

�
x��

�

Z �

�

� Z �

t

yT�s d�A�s�
�
d�x�t��

Z �

�
zT�t d�x�t��

If we de�ne B�t � ��A�t on ��� �� �i�e� B�� � �� then B�t � � if and only if ��A�t �

� and� moreover� B�� � B��� � B�t� � B�t� � B��� � B�� for any t � ��� ��

Consequently�Z �

t

yT�s d�B�s� � yT�t��B�t � �yT�t��A�t � �zT�t on ��� �
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�cf� Corollary �����
� Thus�Z �

�
yT�td

� Z t

�
d�A�s�x�s

	
�
�����

�
� Z �

�
yT�s d�A�s�

�
x�� �

Z �

�

� Z �

t

yT�s d�A�s�
�
d�x�t�

�
Z �

�

� Z �

t

yT�s d�B�s�
�
d�x�t�

�
� Z �

�
yT�t d�A�t�

�
x�� �

Z �

�

� Z �

t

yT�s d�A�s��
�
d�x�t��

where the convention A��� � A�� is used� Finally� inserting �
����� into �
����� we obtain

hA x� �y� �� 	i �

Z �

�

�
yT�t � 	TK�t�

Z �

t

yT�s d�A�s��
�
d�x�t�

�
�
	TM �

Z �

�
yT�s d�A�s�

�
x���

������ Theorem� Assume �
������
���� and let y � BV
n� � � R

n and 	 � R
m � Then

�y� �� 	 � N �A � if and only if

yT�t � yT�� �
Z �

t

yT�s d� eA�s�� 	T �K�t�K�� on ��� ����
�����

yT�� � 	T �K���M � �� yT�� � 	TK�� � ���
����


where eA is de�ned by �
����	�

Proof� By �
������ �y� �� 	 � N �A  if and only if

yT�t �

Z �

t

yT�s d� eA�s�� 	TK�t on ��� ���
�����

and

	TM �

Z �

�
yT�sd�A�s���
�����

For t � � the relation �
����� yields yT�� � 	TK�� � �� Thus� �
����� may be rewritten as

�
������ Furthermore� for t � � we get from �
�����

yT�� �
Z �

�
yT�s d�A�s� � 	TK����
�����

Since Z �

�
yT�s d� eA�s�A�s� � � for all y � BV

n�

the relation �
����� reduces by �
����� to yT�� � 	T �M�K��� This completes the proof�
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������ Denition� The problem of determining a function y � ��� �� �� R
n of bounded varia�

tion on ��� �� and 	 � R
m such that �
����� and �
����
 are true is called the adjoint problem

to the problem �
����� �
�����

By �
������ Proposition 
���� and Theorem 
���� the linear operator equation

A x �

�
h

r

�
�

where h � G n
L is given by h�t � f�t�f�� on ��� ��� ful�ls the assumptions of the fundamental

theorem on the Fredholm alternative for linear operator equations �cf� e�g� �Ru� Theorem


����� Thus� we have�

�����	� Theorem� Assume �
������
���
� Then the problem �
����� �
���� possesses a so�

lution if and only if Z �

�
yT�t d�f�t� � 	T r � �

holds for any solution �y� 	 of the adjoint problem �
������ �
����
�

������� The adjoint problem� For any 	 � R
m �xed� the equation �
����� is a generalized

linear di�erential equation which was treated in detail in Section III�
 in �STV�� Let us recall

here some basic facts� For given 	 � Rm and � � Rn � the equation �
����� possesses a unique

solution y on ��� �� such that y�� � �� This solution is given on ��� �� by

yT�t � �T V ��� t � 	T �K�t�K��� 	T
Z �

t

�K�s�K�� ds�V �s� t���
�����

where V is an n�n�matrix valued function uniquely determined on ��� ������ �� by the relation

V �t� s � I�

Z t

s

V �t� � d� eA���� t� s � ��� ���

The relationship of the matrix valued functions U and V is given by Theorem III�
�� of �STV��

Under our assumptions �
���� and �
���� we have according to this theorem

U�t� s � V �t� s � V �t� s��A�s � ��A�tU�t� s for t� s � ��� ���
����	

�where ��A�� � �� It is easy to verify that a couple �y� 	 � BV n � Rm is a solution to the

adjoint problem �
������ �
����
 if and only if y is given by �
������ where �T � �	TK��

and 	 satis�es the algebraic equation

	T
�
M �

Z �

�
K�s ds�V �s� ��

�
� ���
�����
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Let us put W �t � V �t� ��U�t� �� Then by �
����	 W �t � ��A�tU�t� � and consequently

W �� �W ��� �W �t� �W �t� �W ��� �W �� � �

holds for any t � ��� �� This implies thatZ �

�
K�s ds�V �s� �� �

Z �

�
K�s ds�U�s� ��

holds� i�e� the equation �
����� may be rewritten as

	T
�
M �

Z �

�
K�s ds�U�s� ��

�
� ���
�����

Inserting �T � �	TK�� andZ �

t

K�� ds�V �s� t� � K�� �V ��� t � I

into �
����� we may now easily complete the proof of the following characterization of the

adjoint problem to �
����� �
�����

������� Proposition� Assume �
������
����� Then a couple �y� 	 � BV n�Rm is a solution

to the problem �
������ �
����
 �i�e� �y� 	 � N �A � if and only if

yT�t � �	T
�
K�t �

Z �

t

K�s ds�V �s� t�
�

for t � ��� ��

and 	 veri�es the equation �
������ Moreover� for the dimension dimN �A � of the null space

N �A � of the operator A the relation

dim N �A � � m� rank
�
M �

Z �

�
K�s ds�U�s� ��

�
�
�����

is true�

Since� on the other hand� x � G n
L is a solution of the homogeneous boundary value problem

�
���	�

M x�� �
Z �

�
K�s d�x�s� � �

�i�e� x � N �A  if and only if x�t � U�t� � c and

� Z �

�
K�s ds�U�s� ��

�
c � ��

the following assertion follows immediately from �
������
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������� Theorem� Assume �
������
����� Then

dim N �A � dim N �A � � n�m�

������� Remark� Let us note that the main assertions of this section �Propositions 
���
� 
���


and 
����� and Theorems 
����� 
����� 
����� and 
����� remain valid when the assumptions

�
����� �
���� and �
���
 are respectively replaced by

A � BV
n�n� ��A�� � �� ��A�t � ��A�t on ��� ����A�� � ���
�����

det�I � ���A�t� �� � on ��� ���
�����

and

f � G
n
reg and r � R

m ��
���
�

the space G n
L is replaced by the space G

n
reg and eA�t 
 A�t on ��� �� �see �Tv���� where also

some more details concerning the periodic problem �
����� x�� � x�� can be found� Notice

that by virtue of Theorem ����� the left�hand side of �
���� represents also a general linear

bounded mapping of G n
reg into R

m �

Finally� let us note that it is known �cf� �PT� Proposition ���� that if A and f ful�l the

assumptions �
������ �
����� and �
���
�� then the equation �
���� reduces to the distributional

di�erential equation

x� �A� x � f ��

where the product A� x is the functional on the usual �cf� �Halp� and �PT� Sec� ���� space D n

of n�dimensional test functions given by�

A� x � � � D n ��

Z �

�
�T�s d

� Z t

�
d�A�s�x�s

�
� R �

For related results concerning linear periodic problems or linear di�erential equations with

distributional coe�cients� see also �Wy�� �BS�� �BPS� or �Li��

��� � Controllability type problem

Let us assume that

U is a linear space and B � L �U� G n
L��
�
��

In this section we will consider the problem �
�
��� �
���� of determining x � G n
L and u � U

such that

x�t� x���

Z t

�
d�A�s�x�s � �B u�t� �B u�� � f�t� f�� on ��� ���
�
��

and �
���� are satis�ed�
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������ Remark� If m � n�

M �

�
I

I

�
�K�t �

�
�

I

�
and r �

�
x�

x�

�
�

then the condition �
���� reduces to the couple of conditions

x�� � x�� x�� � x��

Furthermore� if U � L
n
� �the space of n�vector valued functions square integrable on ��� ���

P and q are Lebesgue integrable on ��� ��� Q is square integrable on ��� ���

A�t �

Z t

�
P �s ds� f�t �

Z t

�
q�s ds on ��� ��

and

B � u � L
n
� ��

Z t

�
Q�su�s ds�

then the equation �
�
�� reduces to the ordinary di�erential equation

x� � P �tx�Q�tu� q�t

on ��� ��� Thus� the given problem �
�
��� �
���� is a generalization of the controllability

problem for linear ordinary di�erential equations� The problem �
�
��� �
���� could be also

viewed as a �possibly in�nite dimensional perturbation of the boundary value problem �
�����

�
�����

To obtain necessary and su�cient conditions for the solvability of the problem �
�
���

�
���� in the form of the Fredholm alternative the following abstract scheme will be applied�

������ Abstract controllability type problem� Let X� Y� Y� and U be linear spaces and

let

h � Y� y � Y
� �� hh� yiY � R

be a bilinear form on Y � Y�� For M � Y and N � Y�� let us denote

�M � fy � Y
� � hm� yiY� � for all m �Mg

and

N� � fh � Y � hh� yiY � � for all y � Ng�

Let A � L �X�Y� Q � L �U�Y and h � Y be given and let us consider the operator

equation for �x� u � X � U

A x�Q u � h��
�
��
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Let us denote

N
�
A
� �

R �A  and N
�
Q
� �

R �Q ��
�
�


�Obviously N �
A
and N �

Q are linear subspaces of Y
��

Let us assume that

��R �A � � R �A  and dimN �
A

����
�
��

In particular� we have �cf� �
�
�


R �A  � �N �
A
���
�
��

Furthermore� let k � dim N �
A
and let fy�� y�� � � � � ykg be a basis of N �

A
� In virtue of �
�
���

the equation �
�
�� possesses a solution in X � U if and only if there exists a solution u � U

to the equation

C u � b��
�
��

where C � L �U�R k  and b � R
k are given by

C � u � U �� �hQ u� yjiYj���������k � R
k

and

b � �hh� yiY j���������k � R
k �

Since dimR �C  	 k ��� it follows that ��R �C � � R �C  �cf� �Ru� or� in other words� the

equation �
�
�� possesses a solution in U if and only if

vT b � � for all v � R
k such that vT �Cu � � for all u � U��
�
��

It is easy to verify that the condition �
�
�� is equivalent to the condition

hh� yiY � � for all y � N �
A
�N �

Q
��
�
�	

Summarizing the above considerations we get the following proposition�

������ Proposition� Assume A � L �X�Y� Q � L �U�Y� h � Y and �
�
��� Then the

equation �
�
�� possesses a solution in X � U if and only if �
�
�	 is satis�ed�

Let us notice that up to now no assumptions on topologies in X� Y� Y� and U and on

the boundedness of the operators A � B have been needed� Of course� the assumptions of the

above proposition are ful�lled if X and Y are Banach spaces� Y� is the dual space of Y� �h�� yiY
for y � Y� are linear bounded functionals on Y� the range R �A  of A is closed in Y and
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the null space N �A � of the adjoint operator A � to A has a �nite dimension� �In this case

N
�
A
� N �A ��

The problem �
�
��� �
���� reduces to the operator equation �
�
�� if we put

X � G
n
L � Y � G

n
L � R

n � Y
� � BV

n � R
n � R

m �

h�f� r� �y� �� 	iY � 	T r � �T f�� �
Z �

�
yT�s d�f�s�

for f � G
n
L � r � R

m � y � BV
n� � � R

n and 	 � R
m �

Q � u � U ��

�
�B u�t�B u��

�

�
� G

n
L � R

m and h�t �

�
f�t� f��

�

�
� G

n
L � R

m

and if we make use of �
���� again� By Propositions 
���� and 
����� the assumptions of the

above proposition are ful�lled and hence the following assertions are true �cf� Theorem 
�����

������ Theorem� Assume �
������
���
 and �
�
��� Then the problem �
�
��� �
���� pos�

sesses a solution in G n
L � U if and only ifZ �

�
yT�t d�f�t� � 	T r � ��
�
���

holds for any solution �y� 	 of the system �
������ �
����
 such thatZ �

�
yT�t d��B u�t� � � for all u � U��
�
���

������ Corollary� Assume �
������
���� and �
�
��� Then the problem �
�
��� �
���� pos�

sesses a solution in G n
L � U for any f � G n

L and any r � Rm if and only if the only solution

�y� 	 of �
������ �
����
 which ful�ls �
�
��� is the zero solution �i�e� y�t 
 � on ��� ���

	 � ���

����
� Remark� In accordance with the usual terminology the system �
�
��� �
���� is called

completely controllable �or more precisely completely �B �M�K�controllable if it pos�

sesses a solution in G n
L � U for any f � G n

L and any r � Rm �cf� �Hala�� �Ma�� �La�� The

problem �
������ �
����
� �
�
��� adjoint to �
�
��� �
���� in the sense of Theorem 
�
�


is a generalization of classical observability problems for linear ordinary di�erential equations

and Corollary 
�
�� is a generalization of the well known theorem �cf� e�g� �Russ�� �Ro� on

the duality between controllability and observability problems for linear ordinary di�erential

equations� Controllability is often considered for homogeneous di�erential equations� In an
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analogous situation for the problem �
�
��� �
���� �i�e� f�t 
 f�� on ��� �� we obtain that

the system

x�t� x���

Z t

�
d�A�s�x�s � �B u�t� �B u�� � � on ��� ����
�
���

�
���� possesses a solution in G n
L � U for any r � Rm if and only if the only couple �y� 	 �

BV
n�Rm ful�lling �
������ �
����
 and �
�
��� is the zero one� In fact� it follows immediately

from �
�
��� that �
�
���� �
���� has a solution in G n
L�U for any r � R

m if and only if 	 � �

holds for any couple �y� 	 � BV
n �R

m ful�lling �
������ �
����
 and �
�
���� By 
����� this

implies that y�t 
 � on ��� �� for any such couple� of course�

������ Corollary� Assume �
������
���� and let U � G
h
L
and

B � u � G
h
L ��

Z t

�
d�B�s�u�s� t � ��� ���

where B�s is an n�h�matrix valued function of bounded variation on ��� ��� right�continuous

at � and left�continuous on ��� ��� Then the problem �
�
��� �
���� has a solution if and only

if �
�
��� holds for any solution �y� 	 of the system �
������ �
����
 such thatZ �

t

yT�s d�B�s�� � � for all t � ��� ���

Proof follows from Theorem 
�
�
 and from the relationZ �

�
yT�t d

� Z t

�
d�B�s�u�s

	
�

�
� Z �

�
yT�t d�B�t�

�
u�� �

Z �

�

� Z �

t

yT�s d�B�s��
�
d�u�t�

for all u � G
h
L and y � BV

n�

which can be veri�ed analogously to the corresponding relation for the n � n�matrix valued

function A�t in the proof of Theorem 
�����

������ Corollary� Assume �
������
���� and let U � G h
L and

B � u � G
h
L
��

Z t

�
B�s d�u�s��

where B�s� is an n�h�matrix valued function of bounded variation on ��� ��� Then the problem

�
�
��� �
���� has a solution if and only if �
�
��� holds for any couple �y� 	 � BV n � Rm

ful�lling �
������ �
����
 and yT�tB�t � � on ��� ���
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Proof� Since by the Substitution Theorem �cf� Theorem �����	 the relationZ �

�
yT�t d��Bu�t� �

Z �

�
yT�t d

� Z t

�
B�s d�u�s�

	
�
Z �

�
yT�tB�t d�u�t�

holds for all y � BV n and u � Gh
L� the proof follows immediately from Theorem 
�
�
�

������ Denition� Let T � ft�� t�� � � � � t�g be such that

� � t� � t� � � � � � t� � ���
�
���

Then we denote by UT the subset of G n
L consisting of all functions u � G

n
L which are constant

on each of the intervals

��� t� �� �t�� ��� �tk��� tk�� k � �� �� � � � � � � ��

�����	� Proposition� Let T � ft�� t�� � � � � t�g ful�l �
�
��� and let UT be de�ned by De�nition


�
�	� Then UT is a linear space� Furthermore� if y � BV n� thenZ �

�
yT�t d�u�t� � � for all u � UT�
�
��


holds if and only if

yT�� � � for any � � UT ��
�
���

Proof� The �rst part of the proposition is evident� Let us suppose that �
�
��
 holds� Then

for a given � � T� the function ������ belongs to UT and �cf� Proposition �����Z �

�
yT�t d��������t� � yT�� � ��

Analogously� ���� � UT � while Z �

�
yT�t d������t� � yT�� � ��

i�e�� �
�
��� is true�

On the other hand� since obviously UT � BV n� it follows from �STV� Lemma I�
���� that

�
�
��
 holds for any y � BV n satisfying �
�
��� and any u � UT �



�
 Milan Tvrd�

������� Corollary� Assume �
������
���
 and let U � UT and

B � u � U �� u � G
n
L �

where T � ftkg
�
k�� � ��� � and UT satisfy the assumptions of Proposition 
�
���� Then the

problem �
�
��� �
���� has a solution if and only if �
�
��� holds for any couple �y� 	 �

BV
n � R

m ful�lling �
������ �
����
 and such that y�� � � for any � � T�

Proof follows immediately from Theorem 
�
�
 and Proposition 
�
����

������� Example� Let P � L
n�n
� � q � L

n
� � K � BV

m�n� Mk� Nk � R
m�n �k � �� �� � � � � ��

r � Rm and let T � ftkg
�
k�� � ��� � satisfy �
�
���� Consider the problem �P of determining

a function x � G
n
L which is absolutely continuous on every interval �tk��� tk�� k � �� �� � � � � ��

and satis�es

x��t� P �tx�t � q�t a�e� on ��� ��

and

K x ��M� x�� �N� x�� �
�X

k��

�Mk x�tk� �Nk x�tk�� �

Z �

�
K��s d�x�s� � r�

Such problems are usually called interface boundary value problems �cf� e�g� �Br�� �Co��

�Schw��� or �Ze��

Let UT and B have the same meaning as in Proposition 
�
��� and let us put

A�s �

Z t

�
P �� d�� f�t �

Z t

�
q�� d� for t � ��� ��� M �

�X
k��

�Mk �Nk�

and

K�t �K��t �
�X
i��

�Mk ����tk��t �Nk ����tk��t� �N� for t � ��� ���

Then

K x �M x�� �
Z �

�
K�s d�x�s� for all x � G

n
L

and the function x � G n
L is a solution of the interface problem �P if and only if there is u � U

such that the couple �x� u � G n
L � U is a solution to the controllability type problem �
�
���

�
����� Now� Corollary 
�
��� yields that �P has a solution if and only if �
�
��� is true for

all couples �y� 	 � BV n � Rm satisfying the equation �
����� together with the conditions

yT�� � 	T
�
K����M�

�
� �� yT�� � 	T

�
K��� �N�

�
� ���
�
���

yT�tk � �� k � �� �� � � � � ���
�
���
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Finally� let us notice that for any t � ��� �� we have

K�t�K�� � K��t�K��� �
�X

k��

�Mk ����tk��t �Nk ����tk��t��

This implies that a couple �y� 	 � BV
n�Rm solves the system �
������ �
�
���� �
�
��� if and

only if yT � 	TK� is absolutely continuous on every interval ��� �� such that ��� �� � ��� �� n T

and the relations

� �yT � 	TK�
��t � yT P �t � � a�e� on ��� ���

���yT � 	TK��tk � 	TMk� ���yT � 	TK��tk � 	TNk� i � �� �� � � � � �

�
�
��� and �
�
��� are satis�ed�





Chapter �

Linear Integral Equations in the

Space of Regulated Functions

��� � Introduction

This chapter is devoted to linear operator equations of the form

x�L x � f�������

where L is a linear compact operator on the space G n
L and f � G n

L � Due to Schwabik �cf�

�Schw	�a� Theorem �� it is known that L is a linear compact operator on G n
L if and only if

there are functions A � G
n�n
L and B � ��� ��� ��� �� �� R

n�n such that B�t� � � BV
n�n for any

t � ��� ���

�L x�t � A�tx�� �
Z �

�
B�t� s d�x�s� for x � G

n
L and t � ��� ���������

and the mapping

MB � t � ��� �� ��MB�t � B�t� � � BV
n�n

is regulated on ��� �� and left�continuous on ��� � �i�e� B � K n�n
L � see De�nitions ����� and

������

In Sections ��
 and ��� we prove basic existence and uniqueness results for the equation

������ and obtain the explicit form of its adjoint equation� An important tool for the proofs

of our main results is in particular the theorem on the interchange of the integration order for

Stieltjes type integrals �i�e� the Bray Theorem � Its proof for the Perron�Stieltjes integral is

given in Sec� ��� �cf� Theorem �������

Special attention �cf� Sec� ��� is paid to the causal case� i�e� to the Volterra�Stieltjes

integral equations of the form

x�t�A�tx�� �
Z t

�
B�t� s d�x�s� � f�t� t � ��� ���

��
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where A�� � ��

Similar problems in the space of regulated functions were treated e�g� by Ch� S� H�nig

�H����� �H����� L� Fichmann �Fi� and L� Barbanti �Ba�� where the interior �Dushnik�Stieltjes

integral was used�

��� � Auxiliary lemma

By Theorem ��
��� 
 � L�G n
L �R

m  �i�e� 
 is a linear bounded mapping of G n
L into R

m � cf�

����� if and only if there exist M � R
m�n and K � BV

m�n such that


x �M x�� �

Z �

�
K�t d�x�t� for all x � G

n
L �

Furthermore� for any M � Rm�n and any K � BVm�n the relation

M x�� �

Z �

�
K�t d�x�t� � � for all x � G

n
L

holds if and only if

M � � and K�t 
 � on ��� ���

By a slight modi�cation of Corollary � from �Schw	�a� we can obtain an analogous result also

for linear bounded mappings of G n
L into G

n �

������ Lemma� L � L�G n
L � G

n if and only if there exist A � G n�n and B � ��� �� � ��� �� ��

Rn�n such that

B��� s � G
n�n for all s � ��� ���������

B�t� � � BV
n�n for all t � ��� ���������

there is a � �� such that var��B�t� � 	 � for all t � ��� ��������

and L is given by ������� Furthermore� for given functions A � G n�n and B�t� s ful�lling

������������� the relation

A�tx�� �

Z �

�
B�t� s d�x�s� 
 � on ��� ��

holds for all x � G n
L if and only if

A�t 
 � on ��� �� and B�t� s 
 � on ��� �� � ��� ���
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��� � Functions of the class K n�n and the Bray Theorem

In this section we will study the properties of the class K n�n of n�n�matrix valued functions

which will play a crucial role in our investigations of equations of the form �������

������ Notation� For K � ��� �� � ��� �� �� Rn�n such that K�t� � � BV n�n for any t � ��� ��

we denote by MK the mapping of ��� �� into BV n�n de�ned by

MK � t � ��� �� ��MK�t � K�t� � � BV
n�n�������

������ Denition� We say that a matrix�valued function K � ��� �� � ��� �� �� R
n�n belongs

to the class K n�n if it satis�es the following hypotheses�

�H� K�t� � � BV n�n for any t � ��� ���

�H��i for any t � ��� � there exists a function K
�
t �MK�t� � BV n�n such that

lim
��t�

kMK���K�
t kBV � ��

�H��ii for any t � ��� �� there exists a function K
�
t �MK�t� � BV n�n such that

lim
��t�

kMK���K�
t kBV � ��

������ Denition� We say that a matrix�valued function K � ��� �� � ��� �� �� Rn�n belongs

to the class K n�n
L if K � K n�n and the mapping MK � ��� �� �� BV n�n given by ������ is

left�continuous on ��� �� i�e�

lim
��t�

kK��� � �K�t� �kBV � �

holds for any t � ��� ��

������ Remark� Let a matrix�valued functionK � ��� ��� ��� �� �� Rn�n be such that K�t� � �

BV n�n for any t � ��� �� and let the mapping MK � ��� �� �� BV n�n be de�ned by ������� We

say that MK is regulated on ��� �� if the condition �H� from De�nition ����� is satis�ed�

Obviously� �H� is satis�ed if and only if the following assertions are true�

�H��i� for any t � ��� � and any � � � there exists 	 � � such that t� 	 � � and

kK���� � �K���� �kBV � � for all ��� �� � �t� t� 	�

�H��ii� for any t � ��� �� and any � � � there exists 	 � � such that t� 	 � � and

kK���� ��K���� �kBV � � for all ��� �� � �t� 	� t�
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The following assertion due to Schwabik �cf� �Schw	�a� Theorem 
� has been already

mentioned in the introduction to this chapter�

������ Theorem� L is a linear compact mapping of G n
L into G

n if and only if there exist

n� n�matrix valued functions A � G
n�n and B � ��� �� � ��� �� �� R

n�n such that B � K n�n

and L is given by ������� Furthermore� L is a linear compact mapping of G n
L into G n

L if and

only if there exist n � n�matrix valued functions A � G
n�n
L and B � ��� �� � ��� �� �� R

n�n

such that B � K n�n
L and L is given by �������

Let us summarize some of the other properties of functions of the class K n�n�

����
� Lemma� If K � K n�n� then K��� s � G n�n for any s � ��� ���

Proof� Let t � ��� � and � � � be given� By �H��i� �cf� Remark ����
 there exists 	 � � such

that t� 	 � � and

kK���� � �K���� �kBV � � for all ��� �� � �t� t� 	�

Consequently� if s � ��� �� and ��� �� � �t� t� 	� then

jK���� s�K���� sj

	 jK���� ��K���� �j � jK���� s�K���� s�K���� � � jK���� �j

	 kK���� ��K���� �kBV � ��

This implies that K��� s possesses a limit lim��t�K��� s � K�t�� s � Rn for any t � ��� �

and any s � ��� ��� Analogously� K��� s possesses a limit lim��t�K��� s � K�t�� s � Rn for

any t � ��� �� and any s � ��� ���

������ Lemma� If K � K n�n� then

� �� sup
t������

kK�t� �kBV ���

Proof follows directly from De�nition ����� by means of the Vitali Covering Theorem �cf� also

Remark ����
�

������ Lemma� If K � K n�n and MK is given by ������� then

MK�t� � K�t�� � � BV
n�n for all t � ��� �������

and

MK�t� � K�t�� � � BV
n�n for all t � ��� ���������
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Proof� Let t � ��� � be given� By �H��ii there exists H � BV
n�n such that

lim
��t�

kK��� � �HkBV � ��

i�e� H �MK�t�� In particular� in virtue of Lemma ����� we have

K�t�� s � lim
��t�

K��� s � H�s for all s � ��� ��

wherefrom the relation ������ immediately follows� Analogously we can prove that the relation

������ is true� as well�

As a direct consequence of Lemma ����� we have the following

������ Corollary� If K � K n�n� then the relations

lim
��t�

kK��� ��K�t�� �kBV � � for all t � ��� �

and

lim
��t�

kK��� ��K�t�� �kBV � � for all t � ��� ��

are true�

�����	� Lemma� Let K � K n�n� Then for any x � G n the integralsZ �

�
K�t� s d�x�s�� t � ��� ��������
 Z �

�
K�t�� s d�x�s�� t � ��� �������

and Z �

�
K�t�� s d�x�s�� t � ��� ��������

exist and the relations

lim
��t�

Z �

�
K��� s d�x�s� �

Z �

�
K�t�� s d�x�s� for t � ��� �������

and

lim
��t�

Z �

�
K��� s d�x�s� �

Z �

�
K�t�� s d�x�s� for t � ��� ��������

are true�

Proof� All the integrals �����
 � ������ have values in Rn according to Theorem ������ The

relations ������ and ������ follow by Theorem ����� and by Corollary ����	�
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������� Corollary� Let K � K n�n� Then the function

h�t �

Z �

�
K�t� s d�x�s�

is for any x � G
n
L de�ned and regulated on ��� ���

Moreover� if K � K n�n
L � then h is left�continuous on ��� ��

������� Lemma� Let K � K n�n� Then the function

hT�t �
Z �

�
yT�s ds�K�s� t�

is for any y � BV
n de�ned on ��� �� and has a bounded variation on ��� ���

Proof� a The existence of the integrals h�t� t � ��� ��� follows by Theorem ������

b To prove that h � BV n� let us �rst assume that n � �� k � K n�n and

d � ft�� t�� � � � � tmg � D��� ���

Then for all xi � R� i � �� �� � � � �m such that jxij 	 � we have by Theorem ����� and Lemma

����� ��� mX
i��

�h�ti� h�ti���xi
��� � ��� Z �

�
y�s ds

h� mX
i��

�k�s� ti� k�s� ti��
�i
xi

���
	 � kykBV

�
sup
s������
jxij��

��� mX
i��

�k�s� ti� k�s� ti��xi
����

	 � kykBV
�
sup
s������
jxij��

� mX
i��

jk�s� ti� k�s� ti��j jxij
��

	 � kykBV sup
s������

var��k�s� � � � kykBV � ���

In particular� if we put

xi � sgn�h�ti� h�ti���

for i � �� �� � � � �m we obtain that the inequality

S�h� d �
mX
i��

jh�ti� h�ti��j 	 �� kykBV

holds for any division d � ft�� t�� � � � � tmg � D��� �� of the interval ��� �� and any y � BV � i�e�

var��h 	 �� kykBV �� for any y � BV �
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c In the general case of n � N� n � �� we have for any j � �� �� � � � � n� any y � BV
n and

any t � ��� ��

hj�t �
nX
i��

Z �

�
yi�s ds�ki�j�s� t��

Consequently� by the second part of the proof of this lemma the inequalities

var��hj 	 �
� nX
i��

kyikBV
�
� � � kykBV �

are true� It follows easily that h � BV n for any y � BV n�

������� Theorem� �Bray Theorem If K � K n�n� then for any x � G
n and any y � BV

n

the relation Z �

�
yT�tdt

h Z �

�
K�t� s d�x�s�

i
�

Z �

�

�Z �

�
yT�tdt�K�t� s�

�
d�x�s������	

is true�

Proof� a Both the iterated integrals occurring in �����	 exist by Corollary ������� Lemma

������ and by Theorem ������

b Let us �rst assume n � �� k � K n�n and y � BV � Let f � G be a �nite step function� i�e��

there is a division ft�� t�� � � � � tmg of the interval ��� �� such that f on ��� ��is a linear combination

of the functions �
��tr���� r � �� �� � � � �m� ��tj ���� j � �� �� � � � �m� �

�
�

To show that the relationZ �

�
y�t dt

h Z �

�
k�t� s d�f�s�

i
�

Z �

�

� Z �

�
y�t dt�k�t� s�

�
d�f�s��������

is true for any �nite step function f on ��� ��� it is su�cient to show that ������� is true for

any function from the setn
������� � � ��� ��

o
�

n
������ � � ��� �

o
�

If f � ������� i�e� f�t 
 � on ��� ��� then obviously both sides of ������� equal �� Furthermore�

let � � ��� �� and f � ������� Then by Proposition ������Z �

�
k�t� s d�f�s� � k�t� ��
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i�e� Z �

�
y�t dt

h Z �

�
k�t� s d�f�s�

i
�

Z �

�
y�t dt�k�t� ���

On the other hand� by Proposition ����� we haveZ �

�

� Z �

�
y�t dt�k�t� s�

�
d�f�s� �

Z �

�
y�tdt�k�t� ���

as well�

Analogously we would prove that ������� holds also for f � ������ � � ��� �� Now� if x � G �

let fxrg�r�� be a sequence of �nite step functions on ��� �� such that xr tends to x uniformly on

��� �� as r ��� By the previous part of the proof� we haveZ �

�
y�t dt

h Z �

�
k�t� s d�xr�s�

i
�

Z �

�

�Z �

�
y�t dt�k�t� s�

�
d�xr�s�

for any r � N� According to Corollary ������ it follows that

lim
r��

�Z �

�

�Z �

�
y�t dt�k�t� s�

�
d�xr�s�

�
�

Z �

�

�Z �

�
y�t dt�k�t� s�

�
d�x�s��

On the other hand� by Lemma ����� and by Theorem ����� we have for any r � N and any

t � ��� �� ��� Z �

�
k�t� s d�xr�s��

Z �

�
k�t� s d�x�s�

��� � ��� Z �

�
k�t� s d�xr�s� x�s�

���
	 � kk�t� �kBV kxr � xk 	 �� kxr � xk

and consequently

lim
r��

� Z �

�
k�t� s d�xr�s�

�
�

Z �

�
k�t� s d�x�s�

uniformly with respect to t � ��� ��� Thus� making use of Corollary ������ once more� we obtain

that the relation

lim
r��

Z �

�
y�t dt

h Z �

�
k�t� s d�xr�s�

i
�

Z �

�
y�t dt

h Z �

�
k�t� s d�x�s�

i
is true� It follows immediately that the relation ������� is true for any y � BV and any f � G �

c The proof can be extended to the general case n � N� n � �� similarly as it was done at

the end of the proof of Lemma �������

������� Remark� For the proof of the Bray Theorem in the case of the interior integral see

�H���� Theorem II������
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������� Lemma� Assume K � K n�n and

H�t� s �



K�t� s� for t � ��� �� and s � ��� ��

K�t� �� for t � ��� �� and s � ��

Then H � K n�n� Moreover� if K � K n�n
L � then H � K n�n

L � as well�

Proof� Analogously to the proofs of Lemma ������ and of Theorem ������ it is su�cient to

show that the assertion of the lemma is true in the scalar case n � ��

Let n � �� k � K n�n and

h�t� s �



k�t� s� for t � ��� �� and s � ��� ��

k�t� �� for t � ��� �� and s � ��

a Let d � fs�� s�� � � � � smg be an arbitrary division of the interval ��� �� �d � D��� ��� Then

S�h� d �
mX
j��

jh�t� sj� h�t� sj��j

�
m��X
j��

jk�t� sj�� k�t� sj���j� jk�t� �� � k�t� sm���j�

Let 	 � � be such that sm�� � 	 � �� 	 and let us denote

�� � �� �j � sj�� � 	 for j � �� �� � � � �m� �m�� � �� 	� �m�� � ���������

Then

d� � f��� ��� � � � � �m��g � D��� ���������

and according to �H�� for any 	 � � su�ciently small we have

S�k� d� � jk�t� 	 � k�t� �j �
m��X
j��

jk�t� sj � 	 � k�t� sj�� � 	j

� jk�t� � � 	 � k�t� sm�� � 	j � jk�t� � � k�t� �� 	j 	 var��k�t� � ���

Thus

� � lim
����

S�k� d� � S�h� d � j��
� k�t� �j � j�

�
� k�t� �j

and consequently the inequality

S�h� d 	 var��k�t� �� j��
� k�t� �j � j��� k�t� �j

holds for any division d � D��� ��� Hence

kh�t� �kBV � jk�t� ��j � var��h�t� �

	 jk�t� �j � j��
� k�t� �j � var

�
�k�t� � � j��

� k�t� �j � j��� k�t� �j 	 kk�t� �kBV �
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i�e�� h ful�ls �H��

b Let t � ��� � and � � � be given� According to �H��i� there is a 	� � � such that

t� 	� � � and

kk���� �� k���� �kBV � �

holds for any couple ��� �� � �t� t� 	�� In particular�

S�k���� �� k���� ��� � ��������

for any division � � D��� �� and any couple ��� �� � �t� t � 	�� Now� let an arbitrary division

d � fs�� s�� � � � � smg � D��� �� be given and let 	 � � be such that 	 � 	� and sm�� � 	 � �� 	�

Let us de�ne a division d� � f��� ��� � � � � �mg � D��� �� as in ������� and �������� Making use

of ������� we obtain

S�h���� �� h���� �� d

� jk���� s��� k���� s��� k���� �� � k���� ��j

�
m��X
j��

jk���� sj�� k���� sj�� k���� sj��� � k���� sj���j

� jk���� �� � k���� ��� k���� sm��� � k���� sm���j

� lim
����

� mX
j��

jk���� �j��� k���� �j��� k���� �j � k���� �jj
�

� lim
����

�
S�k���� �� k���� �� d�

�
� j��

� �k���� �� k���� �j � j��� �k���� �� k���� �j � ��

This means that for any couple ��� �� � �t� t� 	 we have

kh���� �� h���� �kBV � e�

i�e�� h ful�ls �H��i�� Similarly we could show that h ful�ls also �H��ii� Thus h � K ����

c Let Mk � t � ��� �� �� k�t� � � BV be left�continuous on ��� � and let � � � be given�

Then there is a 	� � � such that t� 	� � � and

S�k�t� � � k��� ��� � �������


holds for any � � �t� 	�� t and any � � D��� ��� Let an arbitrary division

d � fs�� s�� � � � � smg � D��� ��

be given and let

d� � f��� ��� � � � � �m��g � D��� ��
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be given for 	 � ���minf	��
��sm��

� g by ������� and �������� Then making use of ������
 we

obtain similarly as in part b of this proof

S�h�t� ��h��� �� d

� lim
����

� mX
j��

jk�t� �j��� k��� �j��� k�t� �j � k��� �jj
�

� lim
����

�
S�k�t� � � k��� �� d�

�
� j��

� �k�t� � � k��� �j � j��� �k�t� � � k��� �j � ��

wherefrom the desired relation

lim
��t�

kh�t� � � h��� �kBV � �

easily follows�

�����
� Remark� Analogously we could show that if K � K n�n and if

H�t� s �



K�t� �� for t � ��� �� and s � ��

K�t� s� for t � ��� �� and s � ��� ���

then H � K n�n� Moreover� if K � K n�n
L � then H � K n�n

L � as well�

������� Lemma� Let K � K n�n and let

H�t� s �



K�t�� s for t � ��� � and s � ��� ���

K���� s for t � � and s � ��� ��

and

G�t� s �



K���� s for t � � and s � ��� ���

K�t�� s for t � ��� �� and s � ��� ���

Then H � K n�n and G � K n�n
L �

Proof� We shall prove that under the assumptions of the lemma� H � K n�n� The proof of the

latter relation would be quite similar�

Let t � � and let d � D��� �� be an arbitrary division of ��� ��� Then for any 	 � ��� � � t

we have by Lemma �����

S�K�t� 	� �� d 	 var��K�t� 	� � 	 � ���

Letting 	 � �� we immediately obtain that the inequality

S�H�t� �� d 	 � ��
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is true for any d � D��� ��� It means that

var��H�t� � 	 � ���

Now� let an arbitrary � � � be given� By �H��i� there is a 	 � � such that

kK���� ��K���� �kBV �
�

�

holds whenever t � �� � �� � t � 	� It means that for all t�� t� � �t� t �
�
� and any � � ���

�
�

we have

kK�t� � �� ��K�t� � �� �kBV �
�

�
�

In particular� for any division d � D��� �� we have

jK�t� � �� � �K�t� � �� �j �
�

�
and S�K�t� � �� ��K�t� � �� �� d �

�

�
�

wherefrom we get that the relation

kH�t�� ��H�t�� �kBV � �

is true whenever t � t� � t� � t� �
� �

Analogously we would prove that if t � �� then for any � � � there is a 	 � � such that

kH�t�� ��H�t�� �kBV � �

is true whenever t� �
� � t� � t� � t�

������� Lemma� Let K � K n�n� t�� s� � ��� � and t�� s� � ��� ��� Then all the limits

K�t��� s�� � lim
������t� �s��
��t���s�

K��� �� K�t��� s�� � lim
������t� �s��
��t���s�

K��� ��

K�t��� s�� � lim
������t� �s��
��t���s�

K��� �� K�t��� s�� � lim
������t� �s��
��t���s�

K��� �

exist in Rn�n �

Proof� We will restrict ourselves to proving the existence of the limits

K�t��� s�� � R
n�n for t�� s� � ��� ��

The modi�cations of the proofs in the other cases are obvious�

Let t� � ��� � and s� � ��� � be given� By Lemma ������ there exists M � Rn�n such that

lim
�s�

K�t��� � � lim
�s�

�
lim

��t��
K��� �

�
�M�
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Furthermore� since in virtue of Corollary ����	 we have lim��t�� kK��� ��K�t��� �k � �� i�e�

lim
��t��

K��� � � K�t��� � uniformly with respect to � � ��� ���

it follows that

lim
������t��s��
��t���s�

K��� � �M�

������� Lemma� Assume K � K n�n� s � ��� �� and t � ��� �� Then

lim
��t�

K��� �� � lim
��t�

K��� �� � K�t�� t��

lim
��t�

K���� � � lim
��t�

K���� � � K�t�� t��

lim
��s�

K��� �� � lim
��s�

K��� �� � K�s�� s�

and

lim
��s�

K���� � � lim
��s�

K���� � � K�s�� s��

Proof� We will restrict ourselves to the proof of the relations

lim
��t�

K��� �� � K�t�� t�� t � ��� ��

The proofs of the other assertions of the lemma would be quite analogous� By Lemma ������

there exists 	 � ��� �� t such that

jK��� ��K�t�� t�j �
�

�

holds whenever t � � � t � 	 and t � � � t � 	� Furthermore� for any � � �t� t � 	 we can

choose a �� � �t� � such that

jK��� ���K��� �� j �
�

�

is true� Thus for any � � �t� t� 	 we have

jK��� ���K�t�� t�j 	 jK��� ���K��� �� j� jK��� �� �K�t�� t�j � ��

�����	� Remark� Notice that by �STV� Corollaries I����� and I������ the set SBVn�n of n�

n�matrix valued functions of strongly bounded variation on ��� ��� ��� �� �cf� ����� is a subset

of K n�n�

On the other hand� the functions of the form

K�t� s � F �tG�s� �t� s � ��� �� � ��� ���

where F � G n�n and G � BV n�n� provide the simplest examples of the kernels which satisfy

the assumptions of this paper� but do not belong in general to SBVn�n�



	� Milan Tvrd�

��� � Fredholm�Stieltjes integral equations in G
n

L

In this section we will consider linear integral equations of the form

x�t�A�tx�� �
Z �

�
B�t� s d�x�s� � f�t� t � ��� ������
��

where

A � G
n�n
L and B � K n�n

L �

������ Remark� Let us recall that the operator L given by ������ is the general form of

a linear compact operator on the space G n
L �cf� Theorem ������ The equation ���
�� may be

also written as the operator equation

x�L x � f����
��

������ Remark� It is also known �cf� Theorem ��
�� that the dual space �G n
L
� to G

n
L is

isomorphic to the space BV n�Rn � while for a given couple �y� � � BV n�Rn the corresponding

linear bounded functional on G n
L is given by

x � G
n
L �� hx� �y� �i �� �T x�� �

Z �

�
yT�s d�x�s� � R ����
��

The compactness of the operator L immediately implies that the following Fredholm al�

ternative type assertions ��
�����
�� are true�

������ Proposition� Let A � G
n�n
L and B � K

n�n
L � Then the equation ���
�� possesses

a unique solution x � G n
L for any f � G n

L if and only if the corresponding homogeneous

equation x�L x � �� i�e�

x�t�A�tx�� �
Z �

�
B�t� s d�x�s� � �� t � ��� ���

possesses only the trivial solution�

������ Proposition� Let A � G
n�n
L � B � K

n�n
L and f � G n

L � Then the equation ���
��

possesses a solution in G n
L if and only if

�T f�� �
Z �

�
yT�s d�f�s� � ����
�


holds for any solution �y� � � BV n � Rn of the operator equation

�y� ��L ��y� � � � � BV
n � R

n

adjoint to ���
���
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������ Proposition� Let A � G
n�n
L and B � K n�n

L � Then the relations

dim N �I�L  � dim N �I�L � ��

hold for the dimensions of the null spaces N �I�L  and N �I�L � corresponding to the op�

erator L and its adjoint L �� respectively�

Making use of the above mentioned explicit representation ���
�� of the dual space to G n
L

and of the Bray Theorem we can derive the explicit form of the adjoint operator L � to L �

����
� Theorem� Let A � G
n�n
L and B � K n�n

L � Then the adjoint operator L � to the oper�

ator L from ���
�� is given by

L
� � �y� � � BV

n � R
n ��

�
L
�
��y� ��L

�
��y� �

�
� BV

n � R
n �

where �
L
�
��y� �

�
�t � BT��� t � �

Z t

�
ds
�
BT�s� t

	
y�s for t � ��� ��

and

L
�
��y� � � AT�� � �

Z �

�
d
�
AT�s

	
y�s�

Proof� Given x � G
n
L � y � BV

n and � � R
n � we have by ���
�� and by Theorem ������

hL x� �y� �i � �T
�
A��x�� �

Z �

�
B��� t d�x�t�

�
�

Z �

�
yT�t ds

h
A�tx�� �

Z �

�
B�t� s d�x�s�

i
�
�
�TA�� �

Z �

�
yT�s d�A�s�

�
x��

�

Z �

�

�
�TB��� t �

Z �

�
yT�s ds�B�s� t�

�
d�x�t�

� �L �
��y� �

T x�� �

Z �

�
�L �

��y� �
T�t d�x�t�

� hx� �L �
��y� ��L

�
��y� �i�

wherefrom the proof of the theorem immediately follows�

Proposition ��
�
 and Theorem ��
�� immediately yield the following assertion�

������ Theorem� Let A � G
n�n
L � B � K n�n

L and f � G n
L � Then the equation ���
�� possesses

a solution x � G n
L if and only if ���
�
 holds for any solution �y� � � BV n�Rn of the system

y�t�BT��� t � �
Z t

�
ds
�
BT�s� t

	
y�s � �� t � ��� ���

� �AT�� � �

Z �

�
d
�
AT�s

	
y�s � ��
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������ Remark� Let us notice that in virtue of Corollary ����	� for any solution x � G
n of

���
�� on ��� �� we have

x�t� � A�t�x�� �

Z �

�
B�t�� s d�x�s� � f�t� for all t � ��� ��

x�t� � A�t�x�� �

Z �

�
B�t�� s d�x�s� � f�t� for all t � ��� ���

In particular� if A � G n�n
L � B � K n�n

L and f � G n
L � then any solution x of ���
�� on ��� �� is

left�continuous on ��� �� i�e� x � G
n
L �

������ Example� Let us consider a linear Stieltjes integral equation

x�t�

Z �

�
ds�P �t� s�x�s � f�t� t � ��� �����
��

with P � K n�n
L and f � G n

L � Such equations with kernels P of strongly bounded variation on

��� �� � ��� �� �cf� Remark ������ were treated in �STV��

Let t � ��� �� and x � G n
L be given� Let us put

Q�t� s �



P �t� s� for s � ��

P �t� �� for s � �

and

Z�t� s � P �t� s�Q�t� s for �t� s � ��� �� � ��� ���

Then

Z�t� s �



���

� P �t� s for s � ��

��� P �t� � for s � ��

Since Q�t� � and Z�t� � � BV n�n�

lim
�s�

P �t� �� � P �t� s� for s � ��� �

and

lim
�s�

P �t� �� � P �t� s� for s � ��� ���

it is easy to verify that

Z�t� s� � � for all s � ��� � and Z�t� s� � � for all s � ��� ���

Since Z�t� � � BV n�n� this implies that there is an at most countable set W � ��� �� of points

in ��� �� such that Z�t� s � � holds for any s � ��� �� nW� Making use of Proposition ������ we

obtain Z �

�
ds�Z�t� s�x�s � Z�t� �x�� � Z�t� �x���
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This implies that the relationZ �

�
ds�P �t� s�x�s �

Z �

�
ds�Q�t� s�x�s � �

�
� P �t� �x�� � �

�
� P �t� �x��

is true� Furthermore� according to the integration�by�parts formula �cf� Theorem ������ we

have Z t

�
ds�P �t� s�x�s

� Q�t� �x�� �Q�t� �x�� �

Z �

�
Q�t� s d�x�s�

� �P �t� �� � P �t� ��x�� � �P �t� �� P �t� ���x��

� P �t� �x�� � P �t� �x�� �

Z �

�
Q�t� s d�x�s�

� �P �t� � � P �t� ��x�� �

Z �

�
�P �t� ��Q�t� s d�x�s�

� �P �t� � � P �t� ��x�� �

Z �

�



P �t� �� P �t� s�� s � �

P �t� � � P �t� ��� s � �

�
d�x�s��

Hence Z t

�
ds�P �t� s�x�s � C�tx�� �

Z �

�
D�t� s d�x�s��

where

C�t � I�P �t� � � P �t� �

and

D�t� s �



P �t� � � P �t� s� for s � ��� ��

P �t� � � P �t� �� for s � ��

Obviously� under our assumptions we have C � G n�n
L and D � K n�n

L �cf� Lemma �������

Thus� if P � K n�n
L and f � G n

L � then the given equation ���
�� may be transformed to an

equation of the form ���
�� with coe�cients A� B and f ful�lling the assumptions of Theorem

��
���

��� � The resolvent couple for the Fredholm�Stieltjes integral

equation

In this section we consider the special case when the equation ���
�� possesses a unique solution

x � G n
L for any f � G n

L � This means that in addition to A � G n�n
L � B � K n�n

L we assume that

dim N �I�L  � �������
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�cf� Proposition ��
���

Under these assumptions the Bounded Inverse Theorem �Sche��� Section III�
��� implies

that the linear bounded operator I�L � G n
L � G n

L possesses a bounded inverse �I�L 
�� �

G
n
L � G

n
L � Furthermore� as

�I�L �� � I��I�L ��L �

it follows immediately that the inverse operator �I�L �� may be expressed in the form

�I�L �� � I���������

where � is a linear compact operator �� � K�G n
L � G

n
L� By Theorem ����� there exist functions

U � G
n�n
L � V � K n�n

L such that � is given by

� � f � G
n
L � U�t f�� �

Z �

�
V �t� s d�f�s��������

The following assertion now follows from Lemma ����� and Theorem ������

������ Theorem� Assume A � G
n�n
L � B � K n�n

L and ������� Then there exists a unique

couple of functions U � G
n�n
L � V � K

n�n
L such that for any f � G

n
L the corresponding

solution x � G n
L to ���
�� is given by

x�t � f�t � U�t f�� �

Z �

�
V �t� s d�f�s�� t � ��� ��������


������ Theorem� Let the assumptions of Theorem ����� be satis�ed� Then the functions U�

V given by Theorem ����� satisfy the equations

U�t�A�tU�� �
Z �

�
B�t� � d�U��� � A�t� t � ��� ���������

V �t� s�A�tV ��� s�

Z �

�
B�t� � d� �V ��� s� � B�t� s� t� s � ��� ���������

Proof� Let � be a linear compact operator de�ned by ������� Inserting ������ into ���
�� we

obtain that under our assumptions � has to satisfy the relation

�f �L ��f � L f for all f � G
n
L �������

Inserting ������ into ������ and making use of the Bray Theorem �cf� Theorem ������ we

obtain furthermore that�
U�t�A�tU�� �

Z �

�
B�t� � d�U���

�
f��

�
Z �

�

�
V �t� s�A�tV ��� s�

Z �

�
B�t� � d� �V ��� s�

�
d�f�s�

� A�t f�� �

Z �

�
B�t� s d�f�s�
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has to be true for any f � G
n
L � wherefrom by Lemma ����� the assertion of the theorem follows

immediately�

������ Denition� We say that a couple of functions U � G n�n
L � V � K n�n

L is a resolvent

couple for the equation ���
�� if for any f � G
n
L the unique solution x � G

n
L of ���
�� is

given by �������

��� � Volterra�Stieltjes integral equations in G n

L

It is natural to expect that the linear operator equation ���
�� could possess a unique solution

for any f � G
n
L if the operator L is causal �

��
��� Denition� An operator L � L�G n
L is said to be causal if

�L x�� � � for any x � G
n
L �������

and for a given t � ��� �

�L x�t � � whenever x � G
n
L and x�� � � on ��� t��������

��
��� Lemma� Let A � G
n�n
L and B � K

n�n
L � Then the operator L � L�G n

L given by

������ is causal if and only if

A�� � � and B�t� s � � for all t � ��� � and s � �t� ���������

Proof� a If ������ is satis�ed� thenZ �

�
B�t� s d�x�s� �

Z t

�
B�t� s d�x�s�

holds for any x � G
n
L and any t � ��� �� whence the causality of L immediately follows�

b On the other hand� let us assume that L is causal� Then by ������ the relation

A��x�� �
Z �

�
B��� s d�x�s� � �

has to be satis�ed for any x � G n
L � By Lemma ����� this means that the relations

A�� � � and B��� s � � for all s � ��� ��

have to be satis�ed as well� Furthermore� if t � ��� �� then ������ is true if and only ifZ �

t

B�t� s d�x�s� � � for all x � G
n
L �
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An obvious modi�cation of Lemma ����� implies that this may hold only if

B�t� s � � for all s � �t� ���

wherefrom the assertion of the lemma immediately follows�

��
��� Remark� Let us notice that the condition ������ does not necessarily imply that

B��� � � �� On the other hand� it is easy to verify that the operator L � L�G n
L given

by ������ ful�ls somewhat stronger causality properties ������ and

�L x�t � � for all t � ��� �� and x � G
n
L such that x�� � � on ��� t

if and only if

A�� � � and B�t� s � � whenever � 	 t 	 s 	 ��

In fact� if x�� � � on ��� �� then

�L x�� � B��� �x�� � �

holds for any x�� � R
n if and only if B��� � � ��

��
��� Remark� As noticed in the proof of Lemma ������ if the assumptions of Lemma �����

and the conditions ������ are satis�ed� then the Fredholm�Stieltjes equation ���
�� reduces to

the Volterra�Stieltjes equation

x�t�A�tx�� �
Z t

�
B�t� s d�x�s� � f�t� t � ��� ��������


To show that the equation �����
 possesses a unique solution x � G n
L for each f � G n

L � it is by

Proposition ��
�
 su�cient to show that the corresponding homogeneous equation

x�t � A�tx�� �

Z t

�
B�t� s d�x�s�� t � ��� ��������

possesses only the trivial solution x 
 ��

Let x � G n
L be an arbitrary solution of ������ on ��� ��� Then evidently x�� � �� Further�

more� since by ������ B���� s � � whenever s � �� we have by Lemma ������

x��� � lim
t���

Z t

�
B�t� s d�x�s� � lim

t���

Z �

�
B�t� s d�x�s�

�
Z �

�
B���� s d�x�s� � B���� ���x�� � B���� �x����

i�e�

�I�B���� ��x��� � ��
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Thus we have x��� � � whenever

det�I�B���� �� �� ��

Analogously� if we assume that x�� 
 � holds on ��� t� for a given t � ��� �� then

x�t� �
Z �

t

B�t�� s d�x�s� � B�t�� tx�t��

and thus necessarily x�t� � � whenever det
�
I�B�t�� t

�
�� �� Finally� if we assume that

x�� 
 � on ��� �� then the equation ������ reduces to

�I�B��� ��x�� � x���

This indicates that it is possible to expect that the equation ������ will possess only the

trivial solution x 
 � on ��� �� if the relations

det�I�B��� �� �� � and det�I�B�t�� t� �� � for all t � ��� �������

are satis�ed� or in other words� if I�B��� � and I�B�t�� t are invertible matrices�

��
��� Theorem� Assume A � G
n�n
L � B � K n�n

L and ������� Then the equation �����
 has

a unique solution for any f � G n
L if and only if the relations ������ are satis�ed�

Proof� a Let us assume that the relations ������ are satis�ed and let x � G n
L be a solution of

������� We have x��� � x�� � � and as in Remark ����
 we getZ t

�
B���� s d�x�s� � B���� ���x�� � � for all t � ��� ���

Consequently� the equation ������ can be rewritten as

x�t �

Z t

�
�B�t� s�B���� s d�x�s��

In virtue of Theorem ������ this yields that the inequality

jx�tj 	 � kB�t� � �B���� �kBV
�
sup
s����t�

jx�sj
�

is true for any t � ��� ��� Furthermore� by Corollary ����	 there is 	 � � such that

kB�t� ��B���� �kBV �
�



whenever t � ��� 	�

and hence also

sup
t������

jx�sj �
�

�
sup
t������

jx�sj�
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which yields

x�t 
 � for t � ��� 	��

Now� let us put

t� � sup
�
	 � ��� �� � x�t � � on ��� 	�

�
�

We know that t� � ��� �� and x�t � � on ��� t�� Since x is left�continuous on ��� � �cf� Remark

��
��� it follows that if t� � �� then x�t� � x�t�� � �� as well�

Now� if we had t� � �� then taking into account the hypothesis ������ and Lemma ������

we would obtain

x�t�� � lim
t�t��

Z t

�
B�t� s d�x�s� �

Z �

�
B�t��� s d�x�s�

� B�t��� t�x�t��

and consequently

�I�B�t��� t��x�t�� � ��

Hence� according to ������ we would have x�t�� � �� By an argument analogous to that used

above for � in the place of t�� we can get that there exists 	 � � such that x�t � � on ��� t��	��

which contradicts the de�nition of t�� Moreover� as x�t 
 � on ��� �� we have x��� � � and

the equation ������ reduces to

�I�B��� ��x�� � �

and� in virtue of ������� we have x�� � �� i�e� x�t 
 � on ��� ��� By Proposition ��
�� this

implies that �����
 has a unique solution for any f � G n
L �

b Let us assume that the set

SB ��
n
t � ��� � � det

�
I�B�t�� t

	
� �

o
is nonempty� Let us denote

t� � inf SB �

Then t� is not a point of accumulation of SB � In fact� if this were not the case� then there would

exist a sequence ftkg�k�� of points in SB such that tk � t� for any k � N and limk�� tk � t��

Since in virtue of ������ we have for any � � t�

lim
��t��

B��� � � ��
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it follows by Lemma ������ that

B�t��� t�� � lim
������t��t��
��t���t�

B��� � � lim
�t��

� lim
��t��

B��� � � �

and consequently

� � lim
k��

det�I�B�tk�� tk � det�I�B�t
��� t�� � det�I � ��

a contradiction�

In particular� t� � SB and det�I�B�t��� t� � �� Hence there is a d � Rn such that there

is no c � R
n such that

�I�B�t��� t�� c � d�

Now� let us put

f�t �



� for t 	 t��

d for t � t��

By the �rst part of the proof� for any possible solution x � G n
L of the equation �����
 on ��� ��

we have x�t � � on ��� t� and thus

x�t� � lim
t�t��

x�t � ��

By an argument analogous to that used above we can further deduce that the limit x�t�� of

any possible solution x of �����
 has to verify the relation

�I�B�t��� t���x�t�� � f�t�� � d�

which contradicts the de�nition of d� Thus� SB � � and this completes the proof of the theorem�

��
�
� Corollary� Under the assumptions of Theorem ������ the homogeneous equation ������

possesses only the trivial solution x 
 � if and only if the relations ������ are satis�ed�

Proof� The su�ciency of ������ was proved in part a of the proof of Theorem ������ The

necessity follows from Proposition ��
�� and Theorem ������

Similarly� the proof of the following assertion is an easy consequence of Theorems ����� and

����� and Corollary ������
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��
��� Corollary� Let the assumptions of Theorem ����� together with ������ be satis�ed�

Then there exists a resolvent couple U � G
n�n
L � V � K

n�n
L for the equation �����
� The

functions U and V satisfy in addition the relations

U�� � � and V �t� s � � for s � ��� �� t � ��� s��������

U�t�

Z t

�
B�t� � d� �U��� � A�t for t � ��� ���������

and

V �t� s�

Z t

�
B�t� � d� �V ��� s� � B�t� s for t� s � ��� ��������	

Proof� By Theorems ����� and ����� and Corollary ����� there exists a resolvent couple U �

G
n�n
L � V � K n�n

L for the equation �����
 and the functions U� V satisfy ������ and �������

Furthermore� as in virtue of ������ we have A�� � �� it follows easily from ������ that

U�� � � holds� Consequently� the relation ������ reduces to �������

Furthermore� let s � ��� �� Since by ������ we have B�t� s � � whenever t 	 s� it follows

that the function V ��� s ful�ls the relation

V �t� s � A�tV ��� s �
Z �

�
B�t� � d� �V ��� s� for all t � ��� s��

By an argument analogous to that used in the �rst part of the proof of Theorem ����� we can

deduce that V �t� s � � for any t � ��� s�� Finally� as by ������ we have B��� s � � for any

s � ��� ��� it follows from ������ that V ��� s � � on ��� ��� as well� Consequently� ������ holds�

Hence the relation ������ reduces to �����	�

��
��� Remark� It is easy to verify that under the assumption of Corollary ����� the resolvent

couple �U� V  of �����
 satis�es in addition to the relations ������������	 also the following

relations

V �t� � 
 � on ��� � and V ��� � � �I�B��� ���� B��� ��

To show that the results of this section cover also the Volterra analogue of the equation

mentioned in Example ��
�	 the following three lemmas are essential�

��
��� Lemma� Let K � K n�n and t � ��� �� Then

for any � � � there exists 	 � ��� � � t such that vart�t� K�t�� � � ��������

holds whenever � � t � t� � t� � t� 	 	 ��
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Proof �due to I� Vrko$� Let t � ��� � be given and let us assume that there is � � � and

sequences ft�kg and ft
�
kg of points in �t� �� such that

t � t�k�� � t�k�� � t�k � t�k � � holds for any k � N�

lim
k��

t�k � lim
k��

t�k � t and var
t�k
t�
k

K�tk� � � � � ��

On the other hand� by �H��ii there is k� � N such that

var�� �K�t
k
� � � �K�tk�� � � � ��

This means that in the case that ������� does not hold we obtain

var��K�t
k�
� � � �

X
k	k�

var
tk�
tk�
K�tk�� � �

�
X
k	k�

h
var

tk�
tk�
K�tk�� � � var

tk�
tk�
�K�tk� � ��K�tk�� � �

i
�
X
k	k�

� ���

This being impossible in virtue of the assumption �H�� it follows that the assertion ������� is

true and this completes the proof of the lemma�

Analogously we could prove the following assertion�

��
��	� Lemma� Let K � K n�n and t � ��� ��� Then for any � � � there exists a 	 � ��� t

such that vart�t�K�t�� � � � holds whenever � 	 t� 	 � t� � t� � t�

��
���� Lemma� Let K � K n�n and let KM be given by

KM�t� s �



K�t� s for t � ��� �� and s � ��� t��

K�t� t for t � ��� �� and s � �t� ���
�������

Then KM � K n�n� Moreover� if K � K n�n
L and

K�t� t� � K�t� t for all t � ��� ���������

then KM � K n�n
L � as well�

Proof� Let t � ��� �� and � � �� By our assumption and by Lemma ����	 there is 	 � ��� t such

that

kK�t�� ��K�t�� �kBV �
�

�
and vart�t�K�t�� � �

�

�

whenever � 	 t� 	 � t� 	 t� � t� Now� let t�� t� � ��� �� be such that t� 	 � t� 	 t� � t� Then

by ������� we have

KM�t�� s�KM�t�� s �

�����
K�t�� s �K�t�� s for � 	 s 	 t��

K�t�� s �K�t�� t� for t� 	 s 	 t��

K�t�� t��K�t�� t� for t� 	 s
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and it is easy to see that this implies that

kKM�t�� ��KM�t�� �kBV

	 jK�t�� � �K�t�� �j � var
t�
� �K�t�� ��K�t�� �

� vart�t��K�t�� ��K�t�� t�

	 kK�t�� ��K�t�� �kBV � var
t�
t�
K�t�� � � �

holds for any couple t�� t� � ��� �� such that t � 	 � t� 	 t� � t� Analogously we would show

that for any � � � there exists a 	 � ��� t such that

kKM�t�� ��KM�t�� �kBV � �

holds for any couple t�� t� � ��� �� such that t � t� 	 t� � t � 	� wherefrom the relation

KM � K n�n follows�

Furthermore� if KM � K n�n
L and ������� holds� then we have

lim
��t�

kKM�t� ��KM��� �kBV 	 lim
��t�

kK�t� � �K��� �kBV � lim
��t�

vart�K�t� � � �

for any t � ��� ���

��
���� Remark� It follows from Lemmas ������ and �����	 that� for any K � K n�n
L and any

x � G n
L � the function

z�t �

Z t

�
ds�K�t� s�x�s� t � ��� ���

is left�continuous on ��� � if and only if ������� holds�

��
���� Example� Let us consider the linear Volterra�Stieltjes integral equation

x�t�

Z t

�
ds�K�t� s�x�s � f�t� t � ��� ���������

with K � K n�n
L ful�lling the relation ������� and f � G n

L �

Let us de�ne the function KM � ��� �� � ��� �� � Rn�n again by �������� Then by Lemma

������ we have KM � K n�n
L � Obviously�Z t

�
ds�K�t� s�x�s �

Z t

�
ds�K

M�t� s�x�s

holds for any x � G n � Let t � ��� �� and x � G n
L be given� Analogously to Example ��
�	 we

could show that thenZ �

�
ds�K

M�t� s�x�s � A�tx�� �
Z �

�
B�t� s d�x�s��
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where

A�t � I�KM�t� ��KM�t� � for t � ��� ��

and

B�t� s �



KM�t� � �KM�t� s� for t � ��� �� and s � ��� ��

KM�t� ��KM�t� �� for t � ��� �� and s � ��

It is easy to verify that A � G n�n
L and B � K n�n

L �cf� Lemma ������ and Lemma ������ and

A�t � I�K�t� t�K�t� � for t � ��� ��

and

B�t� s �

�����������
K�t� t�K�t� s� if � 	 s � t 	 ��

K�t� t�K�t� t if � 	 t 	 s � ��

K�t� t�K�t� t if � 	 t � s � ��

K��� � �K��� �� if t � s � ��

In particular� we have

A�� � � and B�t� s � � whenever � 	 t 	 s 	 � and t � ��

Furthermore� for an arbitrary t � ��� � we have

B�t�� t � lim
��t�

�K��� � �K��� t� � K�t�� t��K�t�� t� � �

�cf� Lemma ������� It means that under the above assumptions the Volterra�Stieltjes integral

equation ������� can be converted to the causal integral equation of the form �����
 whose

coe�cients A and B satisfy the assumptions of Corollary ����� if we assume in addition that

the relation

det�I��K��� � �K��� �� �� �

is satis�ed�
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