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Continuous problem

Let Ω ⊂ ℝd be polygonal domain, QT ≡ Ω× (0,T ), we seek
u : QT → ℝ such that

∂u

∂t
+∇ ⋅ F (u) = "Δu + g in QT ,

u
∣∣
∂Ω×(0,T ) = uD ,

u(x , 0) = u0(x), x ∈ Ω,
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Notation

elements K , hK = diam(K ), h = maxK hK

edges Γh =
∪

K ∂K

arbitrary but fixed normals n to edges Γh

Vh,p be the space of piecewise polynomials up to degree p

for v ∈ Vh,p, x ∈ Γh we set vL(x) = lim�→0+ v(x − �n) and
vR = lim�→0+ v(x + �n)

for v ∈ Vh,p, x ∈ Γh we set [v ] = vL − vR and ⟨v⟩ = vL+vR
2

Πh : L2(Ω)→ Vh,p be L2–orthogonal projection
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Diffusive form Ah

Ah(u,w) =
∑
K

∫
K
∇u ⋅ ∇w dx

−
∫

Γh

(
⟨∇u⟩ ⋅ n[w ]− ⟨∇w⟩ ⋅ n[u]

)
dS +

∫
Γh

�[u] [w ] dS ,
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Diffusive form Ah

Ah(v ,w) be linear and nonsymmetric

∣∣∣v ∣∣∣2 = Ah(v , v)

Ah(v ,w) ≤ C ∣∣∣v ∣∣∣ ∣∣∣w ∣∣∣ ∀v ,w ∈ Vh,p

Ah(v − Πhv ,w) ≤ Chp∣v ∣Hp+1(Ω)∣∣∣w ∣∣∣ ∀w ∈ Vh,p
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Convective form bh

bh(u,w) =

∫
Γh

H(uL, uR ,n) [w ]dS −
∑
K

∫
K

F (u) ⋅ ∇w dx ,
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Numerical fluxes

H(v ,w ,n) be Lipschitz continuous

H(v , v ,n) = F (v) ⋅ n
H(v ,w ,n) = −H(w , v ,n)

(H(v ,w ,n)− F (q) ⋅ n)(v − w) ≥ 0 ∀q ∈ [v ,w ]
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Convective form bh

bh(v ,w) be nonlinear in v and linear in w

bh(u,w)− bh(v ,w) ≤ C∥u − v∥ ∣∣∣w ∣∣∣ ∀u, v ,w ∈ Vh,p

Lemma

Let u ∈ Hp+1(Ω), U ∈ Vh,p and � = U − Πhu ∈ Vh,p. Then there
exists a constant C independent of h, such that

bh(u, �)− bh(U, �)

≤ C

(
1 +
∥u − U∥2

L∞(Ω)

h2

)
(h2p+1∣u∣2Hp+1(Ω) + ∥�∥2)
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Source form ℓh

ℓh(w) (t) = (g(t),w) + "

∫
∂Ω

(−∇w ⋅ n uD + �uD w) dS .
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Semi-discrete problem

find uh ∈ C 1([0,T ]; Vh,p) such that(
∂uh

∂t
(t), v

)
+ "Ah(uh(t), v) + bh(uh(t), v) = ℓh(v) (t)

∀ v ∈ Vh,p, ∀ t ∈ [0,T ],

(uh(0), v) = (u0, v) ∀ v ∈ Vh,p
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Time discretization

Let tm = m� m = 0, . . . , r be a partition of [0,T ] with a
time step � = T/r ,

let uh(tm) = um
h ≈ Um ∈ Vh,p for m = 0, . . . , r
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Euler method

Backward Euler method

(Um − Um−1, v) + �"Ah(Um, v) + �bh(Um, v) = �ℓ(v)

continuation of Um

(Us − Um−1, v) + s"Ah(Us , v) + sbh(Us , v) = sℓ(v)
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Continued discrete solution – Euler method

Us is continuous with respect to s, U0 = Um−1, U� = Um

If ∥u(tm−1 + s)− Us∥∞ ≤ h
and ∥u(ti )− U i∥∞ ≤ h i = 0, . . . ,m − 1
then ∥u(tm−1 + s)− Us∥ ≤ C (� + hp+1/2 + "1/2hp)

If ∥u(tm−1 + s)− Us∥ ≤ C (� + hp+1/2 + "1/2hp),
then ∥u(tm−1 + s + �)− Us+�∥∞ < h

assumption C (� + hp+1/2 + "1/2hp) < h1+d/2
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Midpoint rule

Midpoint rule

(Um − Um−1, v) + �"Ah

(
Um + Um−1

2
, v

)
+�bh

(
Um + Um−1

2
, v

)
= �ℓ(v)

continuation of Um

(Us − Um−1, v) + s"Ah

(
Us + Um−1

2
, v

)
+sbh

(
Us + Um−1

2
, v

)
= sℓ(v)
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Midpoint rule

bh

(
u(tm−1 +

s

2
), v
)
− bh

(
Us + Um−1

2
, v

)

bh

(
u(tm−1 +

s

2
), v
)
− bh

(
u(tm−1 + s) + um−1

2
, v

)
≤ C�2∥v∥

bh

(
u(tm−1 + s) + um−1

2
, v

)
− bh

(
Us + Um−1

2
, v

)
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Midpoint rule

Theorem

Let u be sufficiently smooth weak solution and U be its discrete
solution defined by midpoint rule. Let � ≤ c max(", h). Let
C (�2 + hp+1/2 + "1/2hp) < h1+d/2 (p > 1 + d/2). Then

∥um − Um∥ ≤ C (�2 + hp+1/2 + "1/2hp).
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BDF

second order BDF(
3

2
Um − 2Um−1 +

1

2
Um−2, v

)
+�"Ah(Um, v) + �bh(Um, v) = �ℓ(v)

continuation of Um(
� + 2s

� + s
Us −

� + s

�
Um−1 +

s2

�2 + �s
Um−2, v

)
+s"Ah(Us , v) + sbh(Us , v) = sℓ(v)
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Time discretization

Let Im = (tm−1, tm)

V �
h = {v ∈ L2(0,T ,Vh) : v ∣Im ∈ Pq(Im,Vh)}

v ∈ V �
h : vm

± = v(tm±) = limt→tm± v(t), {v}m = vm
+ − vm

−

Radau quadrature on Im:∫ s

tm−1

f (t)dt ≈ Qs [f ] =

q∑
i=0

wi f (tm−1 + s#i )
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Time discontinuous Galerkin

time discontinuous Galerkin: U ∈ V �
h∫

Im

(U ′, v) + "Ah(U, v) + bh(U, v)dt

+({U}m−1, v
m−1
+ ) =

∫
Im

ℓ(v)dt, ∀v ∈ V �
h
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Time discontinuous Galerkin

∫ s
tm−1

bh(u, v)− bh(Us , v)dt

v = Us − Πu /∈ V �
h
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Time discontinuous Galerkin – modification

time discontinuous Galerkin – modification: U ∈ V �
h

Q�

[
(U ′, v) + "Ah(U, v) + bh(U, v)

]
+({U}m−1, v

m−1
+ ) = Q� [ℓ(v)], ∀v ∈ V �

h

continuation of U: Us ∈ V �
h

Qs

[
(U ′, v) + "Ah(U, v) + bh(U, v)

]
+({U}m−1, v

m−1
+ ) = Qs [ℓ(v)], ∀v ∈ V �

h
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Time discontinuous Galerkin – modification

Qs [bh(u, v)− bh(Us , v)]

v = Us − Πu
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Semi–implicit Euler method

bh(u(tm−1 + s), v)− bh(Um−1, v) (1)

v = Um−1 − Πum−1

v = Us − Πu(tm−1 + s)
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Thank you for your attention.
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