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Continuous problem

o Let Q C RY be polygonal domain, @r = Q x (0, T), we seek
u: Q1 — R such that
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Continuous problem

o Let Q C RY be polygonal domain, @r = Q x (0, T), we seek
u: Q1 — R such that

0
5:+V'F(u) = eAu+g inQr,
u ‘BQX(O,T) = Uup,

u(x,0) = UO(X)7 x €1,
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elements K, hx = diam(K), h = maxg hyk
edges 'y, = J, OK
arbitrary but fixed normals n to edges I,

V), p be the space of piecewise polynomials up to degree p

for v.e Vyp, x € ', we set v (x) = lims_,04 v(x — dn) and
vk = lims_ o4 v(x + dn)

for v € Vi p, x € T we set [v] = v, — vg and (v) = 43R

o My : L%(Q) — Vi, be L2—orthogonal projection
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Diffusive form A,

Ap(u, w) /Vu Vw dx

- /r h<<v”> -n[w] = (Vw) - n[u]) dS + /r olu] [w]ds,




Diffusive form A,

Ap(v,w) be linear and nonsymmetric

VI = An(v.v)

Anlv,w) < IV Il v, w € Vi

Ap(v = Npv, w) < ChPv]penqliwl]  Yw € Vi,

Kutera, Vlasik



Convective form by,

bp(u, w) = /r H(up, ug,n)[w]dS — Z/K F(u)- Vwdx,
h K
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Numerical fluxes

e H(v,w,n) be Lipschitz continuous
e H(v,v,n)=F(v)-n
e H(v,w,n) = —H(w,v,n)
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Numerical fluxes

H(v,w,n) be Lipschitz continuous
H(v,v,n)=F(v)-n

H(v,w,n) = —H(w,v,n)

(H(v,w,n) — F(q) -n)(v—w) >0 Vg€ [v,w]
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Convective form by,

@ bp(v,w) be nonlinear in v and linear in w
o by(u,w) — bp(v,w) < Cllu—v| [|w]] Yu,v,we Vi,
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Convective form by,

@ bp(v,w) be nonlinear in v and linear in w
o by(u,w) — bp(v,w) < Cllu—v| [|w]] Yu,v,we Vi,

Let u e HPTY(Q), U € Vip and € = U — Muu € Vyp. Then there
exists a constant C independent of h, such that

bu(u, &) — ba(U,$)

u— U||%oo(s2) 2p+1, 12 2
<C|l1+————=|(h ’U’Hp+1(Q)+H§H )

h2
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Source form ¢,

lh(w) (t) = (g(t),w) + 5/69 (—=Vw-nup+oupw)dS.
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Semi-discrete problem

e find up € C([0, T]; Vi) such that

<%¥’(t), v> + eAp(un(t), v) + bu(up(t), v) = €n(v) (t)
Vve V, Vtelo, T],
(up(0),v) = (uo, v) Yve Vy,
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Time discretization

o Let t,,=mr m=0,...,r be a partition of [0, T] with a
time step 7= T/r,

Kutera, Vlasik



Time discretization

o Let t,,=mr m=0,...,r be a partition of [0, T] with a
time step 7= T/r,

o let up(tm) =uf = U™ € Vppform=0,...,r
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Euler method

@ Backward Euler method

(U™ — U™ V) + 12 Ap(U™, v) + 7hy(U™, v) = T4(v)
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Euler method

@ Backward Euler method

(U™ — U™ V) + 12 Ap(U™, v) + 7hy(U™, v) = T4(v)

@ continuation of U™

(Us — UL v) + seAp(Us, v) + sbp(Us, v) = st(v)
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Continued discrete solution — Euler method

e U, is continuous with respect to s, Uy = U™ 1, U, = U™
o If Ju(tm—1+5) — Uslloo < h
and [[u(t)) = Ul < hi=0,....m—1
then |[u(tm_1 4 s) — Us|| < C(7 + hPT1/2 4 1/2pp)
o If |lu(tm_1+5) — Us|| < C(r 4 hPH/2 4 c1/2pp),
then ||u(tm—1+ 5+ 0) — Usislloo < h
e assumption C(7 4 hPTL/2 1 1/2pp) < pl+d/2

Kutera, Vlasik



Midpoint rule

e Midpoint rule

ym Um—l
oo, (S )
m m—1
+7bp <U+2U, v> =T7l(v)
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Midpoint rule

e Midpoint rule

ym Um—l
vt (S )
m m—1
+T7bp, <U +2U ,v> =T7l(v)
@ continuation of U™
U Um—l
(Us — umt v) + seAp (5+2, v)
m—1
1 sbp <U+2U v) — st(v)
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Midpoint rule

s U, + Um-1
by (u(tmfl +2), v) — by <2, v)
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Midpoint rule

s U, + Um-1
by (u(tmfl +2), v) — by <2, v)

tm— m—1
by, (U(tm71+£),v) b, <u( 1+s)+u ,v>

2 2
< Cr?|v||

m—1 m—1
bh<u(tm_1+25)+u ,v)—bh <U+2UV>
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Midpoint rule

Let u be sufficiently smooth weak solution and U be its discrete
solution defined by midpoint rule. Let T < cmax(e, h). Let
C(7% + hPHY/2 4 V/2hP) < p1H4/2 (p > 14 d/2). Then

lu™ — U™ < C(r2 + hP+I/2 4 12y,
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BDF

@ second order BDF

3 1
—um—2umt 4+ Zym?
(sum-2um s om )

+7eAp(U™, v) + by (U™, v) = 7l(v)
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BDF

@ second order BDF

3 1
—um—2umt 4+ Zym?
<2 T2 ’V>

+7eAp(U™, v) + by (U™, v) = 7l(v)

@ continuation of U™

<T+2SUS_T+SUm_1+252Um_2,V>
T+Ss T T+ TS5

+seAp(Us, v) + sbp(Us, v) = st(v)
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BDF

Let u be sufficiently smooth weak solution and U be its discrete
solution defined by BDF. Let 7 < c max(e, h). Let
C(7% + hPHY/2 4 l/2hP) < p1H4/2 (p > 14 d/2). Then

lu™ — U™ < C(r2 + hPHI/2 4 12y,
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Time discretization

o Let Iy = (tm-1,tm)
o V7 ={vel?0,T,Vpy):vl, €Pi(lm, Vn)}
o ve Vi vl =v(tpE) = limeg+ v(t), {Vim= Vvl — VT

e Radau quadrature on /p,:

s q
/ f(t)dt = Qs[f] = Z w;f(tm-1 + sv;)

i=0

Kutera, Vlasik



Time discontinuous Galerkin

@ time discontinuous Galerkin: U € V}

/(u’, V) + 2An(U, v) + by(U, v)dt

Im

+({Utm-1, VP = [ Lv)dt, Yve V)

Im
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Time discontinuous Galerkin

° ft bn(u, v) — bp(Us, v)dt
o v= US —MNu¢ Vy
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Time discontinuous Galerkin — modification

@ time discontinuous Galerkin — modification: U € V|

Q- [(U',v) + An(U,v) + by(U, V)]
F({Utm-1, v 1) = QUv)], Vve vy
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Time discontinuous Galerkin — modification

@ time discontinuous Galerkin — modification: U € V|

Q- [(U',v) + An(U,v) + by(U, V)]
F({Utm-1, v 1) = QUv)], Vve vy

@ continuation of U: Us € V[

Qs [(U’7 v) + eAnp(U, v) + bu(U, v)]
+({Ukm-1, v = Qfe(v)], Yve vy
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Time discontinuous Galerkin — modification

o Qs [bh(ua V) - bh(US7 V)]
o v=2U;—Tlu
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Semi—implicit Euler method

@ semi—implicit Euler method

(U™ — U™ L) + 7eAp(U™, v) + 7bp(U™ L, v) = 74(v)
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Semi—implicit Euler method

@ semi—implicit Euler method

(U™ — U™ L) + 7eAp(U™, v) + 7bp(U™ L, v) = 74(v)

@ continuation of U™

(Us — U™ L v) + seAp(Us, v) + sbp (U™, v) = st(v)
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Semi—implicit Euler method

by(u(tm_1+5),v) — bp(U™ 1, v) (1)
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Semi—implicit Euler method

by(u(tm_1+5),v) — bp(U™ 1, v) (1)

o v=yUm1l_nymt

o v="Us—Nu(tm-1+s)
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Thank you for your attention.

Kutera, Vlasik



