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LIPSCHITZ ALGEBRAS AND LIPSCHITZ-FREE
SPACES OVER UNBOUNDED METRIC SPACES

FERNANDO ALBIAC, JOSÉ L. ANSORENA, MAREK CÚTH,
AND MICHAL DOUCHA

Abstract. We present a way to turn an arbitrary (unbounded)
metric spaceM into a bounded metric space B in such a way that
the corresponding Lipschitz-free spaces F(M) and F(B) are iso-
morphic. The construction we provide is functorial in a weak sense
and has the advantage of being explicit. Apart from its intrin-
sic theoretical interest, it has many applications in that it allows
to transfer many arguments valid for Lipschitz-free spaces over
bounded spaces to Lipschitz-free spaces over unbounded spaces.
Furthermore, we show that with a slightly modified point-wise mul-
tiplication, the space Lip0(M) of scalar-valued Lipschitz functions
vanishing at zero over any (unbounded) pointed metric space is a
Banach algebra with its canonical Lipschitz norm.

1. Introduction

Lipschitz spaces over metric spaces and their canonical preduals form
by now a fundamental class of Banach spaces. By a Lipschitz space over
a pointed metric space (M, 0) we understand the Banach space of all
scalar-valued Lipschitz functions vanishing at 0 with the minimal Lip-
schitz constant as a norm; further denoted by Lip0(M). We recall that
the canonical predual of Lip0(M) is the Lipschitz-free space F(M),
also known as the Arens-Eels space. The geometry of Lipschitz-free
spaces is nowadays one of the most active fields of study within Banach
space theory (see, e.g., [2,7–9,12,14,16,17,22] for a non-exhaustive list
of some recent developments).
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Although Lipschitz-free spaces can be defined over any metric space,
their theory can be developed more smoothly over bounded metric
spaces. Indeed, the space Lip0(M) is closed under pointwise multipli-
cation if and only if M is bounded, in which case Lip0(M) becomes
a topological algebra (even a Banach algebra after renorming). This
additional algebraic structure makes these spaces more interesting and
enriches their study. We refer the reader to the monograph [21] and
to the papers [10, 11, 18, 20] for some more information and recent ad-
vances on the subject. One does not face a priori such problems when
dealing with Lipschitz-free spaces over unbounded metric spaces. How-
ever, a recurring pattern in the life of a Lipschitz-free space researcher
is that proofs are often much simpler in the bounded case, where one
does not need to deal with difficulties arising from the geometry of
metric spaces at large scales.

In this article we address these problems by showing that Lipschitz-
free spaces, or more generally Lipschitz-free p-spaces for any 0 < p ≤ 1,
over bounded metric spaces are universal in a sense, and that Lip0(M)
becomes a Banach algebra when equipped with a simply defined prod-
uct for any metric space M, without needing to change the regular
norm of the space Lip0(M). Our main results are the following:

Theorem A. For an arbitrary metric space M there is a bounded
metric space B(M) such that the Lipschitz free p-spaces Fp(M) and
Fp(B(M)) are isomorphic, for 0 < p ≤ 1. Moreover, the association
M 7→ B(M) is a functor from the category of metric spaces with bi-
Lipschitz maps as morphisms.

In the literature we find classes of metric spaces whose Lipschitz-free
space is isomorphic to the Lipschitz-free space over some bounded set.
Perhaps the best-known example is the class of Banach spaces, whose
Lipschitz free spaces are isomorphic to the Lipschitz free spaces over
their unit balls (see [15]). However, in those cases the isomorphism
is not explicit because it relies on Pe lczyński’s decomposition method.
We emphasize that in our case the isomorphism between F(M) and
F(B(M)) is given by an explicit simple formula and preserves many
properties of isometric nature.

Theorem B. For an arbitrary metric spaceM there is an explicit mod-
ification of the pointwise multiplication on Lip0(M) given by a simple
formula which turns Lip0(M) with its regular norm into a Banach al-
gebra.

Both Theorems A and B hold in the context of real as well as com-
plex (p-)Banach spaces. Usually in the literature on the subject, it is
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considered the case of real spaces only, but in the context of Banach
algebras the complex field is more natural.

Let us now describe the contents of the paper in some detail. Sec-
tion 2 is devoted to the proof of Theorem A. We prove the isomorphism
between Fp(M) and Fp(B(M)) with a quantitative estimate of 31/p,
and we have dBp(M)(x, 0) ≤ 1 for x ∈ Bp(M). The functoriality of B is
shown at the end of the section. In Section 3, we compare the topology
and geometry of the metric spacesM and B(M), which will be helpful
for applications.

In Section 4 we prove Theorem B, that is, we define a product on
Lip0(M) so that Lip0(M) becomes a Banach algebra whenM is an un-
bounded metric space, and we study the duality with respect to F(M).
In Section 5 then use our construction to transfer well-known results
about the Lipschitz algebra Lip0(B), for a bounded metric space B, to
Lip0(M) whenM is unbounded. For instance, we deal with w∗-closed
ideals in Lip0(M) (see Theorem 5.3 and Theorem 5.7), with the fact
that the algebraic structure of Lip0(M) determines the linear topolog-
ical structure of F(M) (see Proposition 5.9 and Theorem 5.14), and
we identify the spectrum of the Banach algebra Lip0(M) (see Theo-
rem 5.12 and Theorem 5.13).

Finally, in Section 6 we present a small selection of known results
where the proofs for bounded metric spaces are much easier than for
unbounded ones. The usefulness of our techniques has to be seen in
that they allow an easy transfer of the simpler proofs to the unbounded
case.

1.1. Terminology. Let (M, d) and (N , d′) be metric spaces, and let
f : M→N be Lipschitz. The Lipschitz norm of f is given by

Lip(f) = sup
x6=y

d′(f(x), f(y))

d(x, y)
<∞.

If (M, 0) is a pointed metric space, the linear space Lip0(M) with
Lip(·) as a norm is a Banach space (real or complex, depending on the
scalar field F = R or F = C). The choice of the distinguished point
0 ∈M does not affect the linear isometric structure of Lip0(M).

We say thatM and N are Lipschitz isomorphic, and we putM'Lip

N , if there is a bi-Lipschitz bijection from M onto N .
Given a pointed metric space (M, d, 0), we can construct F(M),

the (real or complex) Lipschitz-free space over M, and a natural iso-
metric enbedding δM : M → F(M). It is well-known that F(M) is
the canonical predual of Lip0(M). By µ(f), f(µ) or 〈µ, f〉 we denote
the evaluation of the functional given by f ∈ Lip0(M) on µ ∈ F(M).
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The definition of Lipschitz-free spaces and their basic properties in the
general setting of p-metric spaces are summarized in Subsection 2.1.

2. Universality of Lipschitz free p-spaces over bounded
metric spaces for 0 < p ≤ 1

The aim of this section is to build a bounded metric space B from an
unbounded metric space M and to prove that F(M) ' F(B). The
main result here is Theorem 2.9. Since all our results hold true for
real and complex p-Banach spaces (p ∈ (0, 1]) we decided to describe
everything in this general setting and gather everything the reader
needs to know about p-Banach spaces, Lipschitz-free p-spaces, and the
complex-scalar case in Subsection 2.1. Those who are not interested in
p-metric and p-Banach spaces can safely skip the next subsection and
replace p with 1 in the sequel; just keep in mind that 1-metric space
means metric space.

2.1. Remarks about the case p < 1 and the complex scalar case.
Let 0 < p ≤ 1. Recall that (M, d) is a p-metric space if (M, dp) is a
metric space. In turn, a p-Banach space is a (real or complex) vector
space X equipped with a map ‖ · ‖X : X → [0,∞) that satisfies all
the usual properties of the norm with the exception that the triangle
inequality is replaced with

‖γ1 + γ2‖pX ≤ ‖γ1‖
p
X + ‖γ2‖pX , γ1, γ2 ∈ X,

and, moreover, (X, ‖ · ‖X) is complete.
Given a pointed metric space (M, d, 0) one can construct the so-

called Lipschitz free p-space over M as the completion of the vector
space P(M) := span{δ(x) : x ∈M\{0}} of all finitely supported scalar
valued functions on M \ {0}, where δ(x) denotes the characteristic
function of {x} with the p-norm∥∥∥∥∥

n∑
i=1

aiδ(xi)

∥∥∥∥∥ = sup

∥∥∥∥∥
n∑
i=1

ajf(xi)

∥∥∥∥∥
X

,

the supremum being taken over all p-Banach spaces (X, ‖ · ‖X) and
all choices of 1-Lipschitz maps f : M → X with f(0) = 0. In the
case p = 1, by the Hahn-Banach theorem it is enough to take the
supremum over all 1-Lipschitz maps in Lip0(M). Alternatively, the
norm on P(M) can be defined using a Kantorovich-Rubinstein type-
formula, for which we refer to [3].

Given 0 < p < q ≤ 1, there is a canonical norm-one linear map

Ep,q,M : Fp(M)→ Fq(M).
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It is known [3, Proposition 4.20] that the q-Banach envelope of Fp(M)
is Fq(M) with q-envelope map Ep,q,M. In particular the Banach en-
velope of Fp(M) is F(M). Thus, the dual space (Fp(M))∗ is isomet-
rically isomorphic to the Banach space Lip0(M) (see e.g. [3, Corol-
lary 4.23]). The duality is given 〈δ(x), f〉 = f(x) for x ∈ M and
f ∈ Lip0(M). By δ(0) we often denote the origin in P(M). Thus, we
easily infer the following well-known observation which we record for
further reference.

Lemma 2.1. Let (M, d, 0) be a pointed metric space, (fi)i∈I be a
bounded net in Lip0(M), and f ∈ Lip0(M). Then w∗– limi fi = f
if and only if limi fi = f pointwise.

2.2. Construction of the bounded metric space in Theorem A.
We start our construction of a bounded metric space from an arbitrary
metric space (in general unbounded) by introducing the main ingredi-
ents.

Definition 2.2. Let α : (0,∞)→ (0,∞) be a map and 0 < p ≤ 1. Given
a metric space (M, d) we set

Bp(M, α) = {0} ∪
{

δM(x)

α(d(x, 0))
: x ∈M \ {0}

}
and B(M, α) = B1(M, α). Once α is clear, we write Bp(M) and B(M)
instead of Bp(M, α) and B(M, α), respectively.

Convention 2.3. The map α : (0,∞) → (0,∞) from Definition 2.2
will often be Lipschitz. In this case, we will denote by α(0) the limit
limt→0+ α(t).

Let α : (0,∞)→ (0,∞) be a function and p ∈ (0, 1]. Given a pointed
metric space (M, d, 0) we consider the maps ζα : M→ [0,∞) given by

ζα(x) :=

{
0 if x = 0,

α(d(0, x)) if x 6= 0,
(2.1)

and µα : M→ Fp(M) given by

µα(x) :=

0 if x = 0,
δM(x)

ζα(x)
if x 6= 0.

(2.2)

We will write ζ instead of ζα and µ instead of µα once α is clear. We
have Bp(M, α) = µ(M).

We also need to introduce the constants

D(α) := sup
t>0

t

α(t)
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and

K(α) = Lip(α) D(α).

Note that if D(α) <∞ then limt→∞ α(t) =∞ and so

K(α) ≥ sup
t>1

t

α(t)

|α(t)− α(1)|
t− 1

≥ 1.

Lemma 2.6 below provides estimates for the distance in the p-metric
space Bp(M, α) in terms of D(α), Lip(α), and the distance d in M.
Prior to proving it we give a couple of auxiliary results. With the
convention 0/0 = 0 we set

dα(x, y) =
d(x, y)

max{ζα(x), ζα(y)}
, x, y ∈M. (2.3)

Lemma 2.4. Let α : (0,∞)→ (0,∞) be a map, (M, d, 0) be a pointed
metric space, and 0 < p ≤ 1. Let ζ and µ be as in (2.1) and (2.2),
respectively.

(i) If D(α) < ∞, then Bp(M, α) is a bounded subset of Fp(M). In
fact, if f ∈ Lip0(M) is given by f(z) = d(0, z) for all z ∈M,

‖µ(x)‖Fp(M) = µ(x)(f) =
d(0, x)

ζ(x)
≤ D(α), x ∈M \ {0}.

(ii) If α is Lipschitz, then ζ is Lipschitz on M\ {0}. Quantitatively,

|ζ(x)− ζ(y)| ≤ Lip(α) d(x, y), x, y ∈M \ {0}.

Proof. (i) is clear from the definition, and (ii) follows by combining the
Lipschitz condition with the triangle inequality. �

Lemma 2.5. Let α : (0,∞) → (0,∞) be a map and (M, d, 0) be a
pointed metric space. Let ζ, µ and dα be as in (2.1), (2.2), and (2.3)
respectively. Then, for every y ∈ M \ {0} there are f , g ∈ Lip0(M)
with Lip(f) ≤ 1 such that:

(i) |(µ(x)−µ(y))(f)| ≥ dα(x, y) whenever x ∈M\{0} satisfies ζ(x) ≥
ζ(y); and

(ii) for every x ∈ M \ {0} either |(µ(x) − µ(y))(f)| ≥ dα(x, y) or
|(µ(x)− µ(y))(g)| ≥ dα(x, y).

Proof. For z ∈M put f(z) = d(z, y)− d(0, y). Then

(µ(x)− µ(y))(f) =
d(x, y)− d(0, y)

ζ(x)
+
d(0, y)

ζ(y)

for all x ∈ M \ {0}. We infer that (µ(x) − µ(y))(f) ≥ dα(x, y) in
the case when ζ(y) ≤ ζ(x) or d(x, y) ≥ d(0, y). This proves (i). To
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conclude the proof of (ii), we set

g1 =
ζ

ζ(y)
∧ 1, g2 = |f | ∧ d(0, y), and g = g1g2.

Since g1 is bounded and g2 is continuous with g2(0) = 0, we deduce
that g is continuous at 0 with g(0) = 0. By Lemma 2.4 (ii), g1|M\{0}
is Lipschitz and so is g2|M\{0}. Taking into account that g1 and g2
are bounded we infer that g|M\{0} is Lipschitz. Hence, g ∈ Lip0(M).
Let x ∈ M \ {0} be so that ζ(x) < ζ(y) and d(x, y) < d(0, y). Then
g1(x) = ζ(x)/ζ(y), g1(y) = 1, g2(x) = d(0, y) − d(x, y), and g2(y) =
d(0, y). Therefore,

(µ(x)− µ(y))(g) =
ζ(x)(d(0, y)− d(x, y))

ζ(y)ζ(x)
− d(0, y)

ζ(y)
= −dα(x, y). �

Lemma 2.6. Let α : (0,∞)→ (0,∞) be a Lipschitz map with D(α) <
∞, (M, d, 0) be a pointed metric space, and 0 < p ≤ 1. Let ζ and µ be
as in (2.1), (2.2), and (2.3) respectively. Then

dα(x, y) ≤ ‖µ(x)− µ(y)‖Fp(M) ≤ (1 + Kp(α))1/pdα(x, y), x, y ∈M.

Proof. It suffices to consider the case when x, y ∈M\{0} and ζ(x) ≥
ζ(y). The left hand-side inequality follows from Lemma 2.5 (i). Using
Lemma 2.4, the expression

µ(x)− µ(y) =
1

ζ(x)
(δM(x)− δM(y)) +

ζ(y)− ζ(x)

ζ(x)
µ(y),

yields

‖µ(x)− µ(y)‖pFp(M) ≤
dp(x, y)

ζp(x)
+ Dp(α) Lipp(α)

dp(x, y)

ζ p(x)

= (1 + Kp(α))dpα(x, y). �

Proposition 2.8 below exhibits that, up to Lipschitz isomorphism, it
suffices to consider Bp(M, α) in the case when p = 1 and α is either
the identity map on (0,∞), which we will denote by α(0), or the map
α(1) = 1 + α(0). Let us mention that by the very recent paper [8], the
set of extreme points of B+

F(M) coincides with our space B(M, α(0))

(see [8, Theorem 3.8]).
Given two real-valued functions f and g we write f ≈ g to denote

that there are constants C,D > 0 such that Cf ≤ g ≤ Df .

Lemma 2.7. Let α : (0,∞)→ (0,∞) be a Lipschitz map with D(α) <
∞. If α(0) = 0, then α ≈ α(0); and, if α(0) > 0, then α ≈ α(1).
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Proof. If α(0) = 0 we have α(t) ≈ t for 0 < t ≤ 1. If α(0) > 0 we have
α(t) ≈ 1 for 0 < t ≤ 1. Since α(t) ≈ t for t ≥ 1 we are done. �

Proposition 2.8. Let (M, d, 0) be a pointed metric space, let 0 < p ≤
1, and let α : (0,∞) → (0,∞) be a Lipschitz map with D(α) < ∞.
Then:

(i) Bp(M, α) 'Lip B(M, α). To be precise, the identity map is a
bi-Lipchitz map with distortion at most (1 + Kp(α))1/p.

(ii) Either α(0) = 0, in which case B(M, α) 'Lip B(M, α(0)), or
α(0) > 0, in which case B(M, α) 'Lip B(M, α(1)).

(iii) If 0 is an isolated point, B(M, α(0)) 'Lip B(M, α(1)).

Proof. Let ζ and dα be as in (2.1) and (2.3), respectively. Let µq denote
the function µ defined as in (2.2) corresponding to an index q ∈ {p, 1}.
Let x, y ∈M. By lemma 2.6,

(1+Kp(α))−1/p‖µp(x)−µp(y)‖Fp(M) ≤ dα(x, y) ≤ ‖µ1(x)−µ1(y)‖F(M).

Since ‖m‖F(M) ≤ ‖m‖Fp(M) for every molecule m, (i) holds. Moreover,

‖µ1(x)− µ1(y)‖F(M) ≈ dα(x, y), x, y ∈M. (2.4)

(ii) follows from combining Lemma 2.7 with (2.4). If d := d(0,M\
{0}) > 0, then dα only depends on the values of α in the interval [d,∞].
Therefore, since α(0)(t) ≈ α(1)(t) for t ≥ d, dα(0)(x, y) ≈ dα(1)(x, y) for
all x, y ∈M. Applying (2.4) yields (iii). �

Theorem 2.9. Let (M, d) be a metric space. There exists a bounded
metric space B with Fp(M) ' Fp(B) for all p ∈ (0, 1]. To be more
specific, if α : (0,∞)→ (0,∞) is a Lipschitz function with D(α) <∞,
and ζ and µ are as in (2.1) and (2.2) respectively, then the linear
operator P F

α : Fp(M)→ Fp(B(M, α)) defined by

P F
α (δM(x)) = ζ(x)δB(µ(x)), x ∈M \ {0},

induces an isomorphism with inverse QF
α : Fp(B(M, α)) → Fp(M)

given by

QF
α (δB(µ(x))) = µ(x), x ∈M \ {0}.

Moreover, ‖P F
α ‖ ‖QF

α‖ ≤ C, where

C =

{
1 + 2 K(α) if p = 1,

(1 + Kp(α))1/p(1 + 2 Kp(α))1/p if p < 1.

Proof. By Proposition 2.8 (i), we can replace B(M, α) with B :=
Bp(M, α). By Lemma 2.4 (i), B is bounded. For ζ and µ as in (2.1)
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and (2.2) respectively, consider the map f : M→ Fp(B) defined by the
formula

f(x) = ζ(x) δB(µ(x)), x ∈M.

Let us verify that f is (1 + 2 Kp(α))1/p-Lipschitz. Let x, y ∈ M, and
set D = ‖f(x)− f(y)‖Fp(B). Without loss of generality we may assume
that ζ(x) ≥ ζ(y). The expansion

f(x)− f(y) = ζ(x) (δB(µ(x))− δB(µ(y))) + (ζ(x)− ζ(y)) δB(µ(y)),

combined with Lemmas 2.4 and 2.6 gives

Dp ≤ ζp(x)‖µ(x)− µ(y)‖pFp(M) + |ζ(x)− ζ(y)|p‖µ(y)‖pFp(M)

≤ (1 + Kp(α))dp(x, y) + Lipp(α)dp(x, y) Dp(α)

= (1 + 2 Kp(α))dp(x, y).

Then, [3, Theorem 4.5] yields a bounded linear operator P F
α : Fp(M)→

Fp(B) such that

P F
α (δM(x)) = ζ(x) δB(µ(x)), x ∈M.

Further, since the inclusion of B into Fp(M) is 1-Lipschitz, appealing
again to [3, Theorem 4.5], we infer that there is a norm-one linear
operator QF

α : Fp(B)→ Fp(M) with

QF
α (δB(µ(x))) = µ(x), x ∈M.

It is clear from the definition that P F
α restricted to span{δM(x) : x ∈

M\{0}} is a linear bijection onto V = span{δB(x) : x ∈ B \ {0}} with
inverse QF

α |V . Therefore, P F
α and QF

α are inverse isomorphisms of each
other. �

We close this section with a couple of examples that we work out for
simplicity in the case of real Banach spaces, that is, F = R.

Example 2.10. Consider the metric space N ∪ {0} endowed with the
Euclidean distance. The Lipschitz-free space F(N ∪ {0}) is isometric
to `1 via the map δ(n) 7→

∑n
j=1 ej, where ej denotes the jth unit vector,

n ∈ N. Hence, if we set

B = {0} ∪

{
1

n

n∑
j=1

ej : n ∈ N

}
⊂ `1,

we have Fp(N ∪ {0}) ' Fp(B) for every 0 < p ≤ 1.

Example 2.11. Consider the metric space R+ = [0,∞) endowed with
the Euclidean distance. The Lipschitz-free space F(R+) is isometric to
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L1(R+). Namely, the map δ(x) 7→ χ[0,x) extends to an isometry. Hence,
if we consider

B0 = {0} ∪
{

1

x
χ[0,x) : x > 0

}
,

B1 =

{
1

x+ 1
χ[0,x) : x ≥ 0

}
as subsets of L1(R+), we have Fp(R+) ' Fp(B0) ' Fp(B1) for every
0 < p ≤ 1.

2.3. The functorial character of our construction. Recall that
the construction of Lipschitz-free spaces is functorial in nature. In-
deed, there is a functor F from the category of pointed metric spaces
equipped with Lipschitz maps between them preserving the base points
to the category of Banach spaces. To each pointed metric space M,
the functor F associates a Lipschitz-free space F(M) and to each Lips-
chitz map f : M→N , with f(0) = 0, it associates its linear extension
between F(M) and F(N ). Moreover, F is a left-adjoint functor to the
forgetfull functor from the category of Banach spaces to the category
of pointed metric spaces.

It is very natural to investigate to which extent the construction of a
bounded metric space B(M) from a metric space M is functorial too.
We shall next show that it is functorial in a weak sense - namely, when
we restrict the class of morphisms to bi-Lipschitz zero-preserving maps
only (not necessarily bijections).

For any zero-preserving Lipschitz map f : M → N between two
pointed metric spaces and any 0 < p ≤ 1 there is a canonical linear
extension Lf : Fp(M) → Fp(N ). If Pp,M and Pp,N denote the linear
isomorphisms provided by Theorem 2.9, we obtain a bounded linear
map B(f) : Fp(B(M))→ Fp(B(N )) making the diagram

Fp(M)
Lf //

PM
��

Fp(N )

PN
��

Fp(B(M))
B(f)

// Fp(B(N ))

commute. A straightforward computation yields

B(f)(δ(µ(x))) =
ζ(f(x))

ζ(x)
δ(µ(f(x))), x ∈M \ {0}.

Therefore B(f) is not a linear extension of a Lipschitz map between
B(M) and B(N ) unless ζ(f(x)) = ζ(x) for all x ∈ M \ {0}, as it
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happens for example when f is an isometric embedding, and the con-
struction is carried out with the same function α in both metric spaces.

However, when the category is restricted to the class of bi-Lipschitz
morphisms, then the construction is functorial in the regular sense. In
the proposition below, id denotes the identity map on a given metric
space.

Proposition 2.12. Let α : (0,∞) → (0,∞) be a Lipschitz map. For
any bi-Lipchitz zero-preserving map f : M→N between pointed metric
spaces let us consider B(f) : B(M)→ B(N ) defined as

B(f)(µ(x)) := µ(f(x)), x ∈M,

where µ is as in (2.2). Then for every bi-Lipchitz zero-preserving maps
f , g : M→N between pointed metric spaces we have:

(i) B(id) = id and B(f ◦ g) = B(f) ◦ B(g), and
(ii) B(f) is a bi-Lipchitz zero-preserving map.

Proof. We only verify that B(f) is a Lipschitz map between B(M) and
B(N ). By symmetry, it will follow that it is bi-Lipschitz, and it is clear
that B(id) = id and B(f ◦ g) = B(f) ◦ B(g).

Fix x, y ∈M. Let us estimate the ratio

‖B(f)(µ(x))− B(f)(µ(y))‖
‖µ(x)− µ(y)‖

=
‖µ(f(x))− µ(f(y))‖
‖µ(x)− µ(y)‖

.

By Lemma 2.6,

dα(x, y) ≤ ‖µ(x)− µ(y)‖Fp(M) ≤ (1 + Kp(α))1/pdα(x, y),

and analogously for f(x) and f(y). It follows that

‖µ(f(x))− µ(f(y))‖
‖µ(x)− µ(y)‖

≤ (1 + Kp(α))1/pdα(f(x), f(y))

dα(x, y)
,

so it is enough to provide a uniform bound for

dα(f(x), f(y))

dα(x, y)
= A(x, y)B(x, y),

where

A(x, y) =
d(f(x), f(y))

d(x, y)
and B(x, y) =

max{ζ(x), ζ(y)}
max{ζ(f(x)), ζ(f(y))}

.

Since A(x, y) ≤ Lip(f), it suffices to obtain a uniform bound for
B(x, y). To that end, without loss of generality we assume that ζ(y) ≤
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ζ(x). By Lemma 2.7 we may assume that α = α(0) or α = α(1); in
particular α is increasing. Then,

B(x, y) ≤ ζ(x)

ζ(f(x))
≤ α(d(x, 0))

α(Lip(f−1)d(x, 0))
,

and considering separately the cases α = α(0) and α = α(1) it is routine
to check that the right-hand side term is uniformly bounded. Note that
the last inequality is the only place where we used that the inverse of
f is Lipschitz. �

Remark 2.13. It is known that if M is a metric space and N ⊂ M,
the canonical linearization Lj : Fp(N )→ Fp(M) of the inclusion map
j : N → M need not be an isometry for p < 1. The question of
whether it is an isomorphism is open as of today (see [3, Section 6]).
Since B(j) = Lj, an interesting consequence of Proposition 2.12 is that
the question reduces to bounded metric spaces; indeed, if the answer
were positive for bounded metric spaces M then the answer would be
positive also for unbounded ones.

Remark 2.14. It follows directly from the construction that if (M, d, 0)
is a metric space and 0 ∈ N ⊂ M, then B(N ) ⊂ B(M) via the
canonical isometry. It also follows from the proof of Proposition 2.12
that if f : M → N is a zero-preserving isometry and α = α(0), then
B(f) : B(M)→ B(N ) is an isometry as well.

Remark 2.15. Our construction also has a functorial behavior with
respect to the family of spaces that arise if p is allowed to take values in
interval (0, 1]: for any pointed metric space M and any 0 < p < q ≤ 1
the diagram

Fp(M)
Pp,M //

Ep,q,M
��

Fp(B(M))

Ep,q,B(M)

��
Fq(M)

Pq,M // Fq(B(M)).

(2.5)

commutes. Another open problem from [3] is whether the envelope
map Ep,1,M : Fp(M) → F(M) is one-to-one for any metric space M
and any 0 < p < 1. By (2.5), to address this question it suffices to
consider the case whenM is bounded. We recall that Ep,1,M is always
one-to-one on P(M), but this does not guarantee its injectivity on
its completion Fp(M) (see [5] for a discussion about the injectivity of
envelope maps).
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3. The metric space M versus the bounded metric space
B(M, α)

In this section we compare the Lipschitz structures and the topological
structures of the unbounded metric space M on one hand, and the
bounded metric space B(M, α) built fromM and a Lipschitz function
α with D(α) < ∞ on the other. We prove that M and B(M, α) are
topologically homeomorphic whenever 0 ∈M is an isolated point.

The assumption that 0 ∈ M is isolated is not so strong. Indeed,
if M does not have isolated points we add an isolated point ∗ to our
space M so that Fp(M∪ {∗}) ' Fp(M) for every 0 < p ≤ 1 (see e.g.
[4, Lemma 2.8]). This way we obtain a homeomorphism between M
and B := B(M∪ {∗}, α) \ {0} such that Fp(M) ' Fp(B).

Everything that follows in this section holds for both real and com-
plex spaces, because we are using exclusively the properties of Lipchitz-
free spaces summarized in Subsection 2.1.

Lemma 3.1. Let (M, d, 0) be a metric space, and let α be a map from
(0,∞) into (0,∞).

(i) Let d > 0 and x ∈ M \ {0} be such that d(0, x) ≥ d. If α is
Lipschitz then

‖µ(x)‖F(M) ≥ min

{
1

Lip(α)
,
d

α(d)

}
.

(ii) Suppose that α is Lipschitz, that D(α) < ∞, and that either
α(0) > 0 or 0 is an isolated point ofM. Then there is a constant
C <∞ such that

‖µ(x)‖F(M) ≤ Cd(0, x), x ∈M \ {0}.

In fact, we can choose infx6=0 α(d(0, x)) = 1/C.
(iii) Suppose that α is Lipschitz and α(0) = 0. Then

‖µ(x)‖F(M) ≥
1

Lip(α)
, x ∈M \ {0}.

Proof. Note that ‖µ(x)‖F(M) = d(0, x)/α(d(0, x)) so (ii) easily holds.
To prove (i) we set u = d(0, x)− d, so that

‖µ(x)‖F(M) =
u+ d

α(u+ d)
≥ u+ d

Lip(α)u+ α(d)
≥ min

{
1

Lip(α)
,
d

α(d)

}
.

Finally, under the assumptions in (iii), we have α(t) ≤ Lip(α)t for
all t > 0, and the result is a consequence of this inequality. �
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Proposition 3.2. Let α : (0,∞) → (0,∞) be a Lipschitz map with
D(α) < ∞ and let (M, d, 0) be a pointed metric space. Set B =
B(M, α). Let µ be as in (2.2). Then:

(i) µ is one-to-one.
(ii) µ|M[r,R]

is bi-Lipschitz for all choices of 0 < r < R <∞, where

M[r,R] = {x ∈M : r ≤ d(0, x) ≤ R}.

(iii) If 0 is an isolated point of M or α(0) > 0, µ is Lipschitz, and
µ|M[0,R]

is bi-Lipschitz for every R <∞.

(iv) µ|M\{0} is a topological homeomorphism onto B \ {0}.
(v) If 0 ∈ K ⊂ M, K is closed in M if and only if µ(K) is closed

in B.
(vi) If 0 is an isolated point of M or α(0) > 0, µ is a topological

homeomorphism.
(vii) Given a net (xi)i∈I in M\ {0} the following are equivalent:

(a) limi µ(xi) = 0 in norm.
(b) limi µ(xi) = 0 weakly.
(c) α(0) > 0 and limi xi = 0.

(viii) 0 is an isolated point of B if and only if either α(0) = 0 or 0 is
an isolated point of M.

(ix) The inverse of µ is continuous.
(x) A sequence (xn)∞n=1 in M\{0} is Cauchy if and only if either it

converges to 0 or (µ(xn))∞n=1 is Cauchy in B.
(xi) If 0 is an isolated point of M or α(0) > 0, M is complete if and

only if B is complete.
(xii) The norm and weak topologies coincide on B ⊂ F(M).

Proof. Let dα be as in (2.3). (i) is clear, because {δM(x) : x 6= 0} is
a linearly independent set. (ii) and (iii) follow from Lemma 2.6. In
turn, (iv) follows easily from (ii), (v) is a consequence of (iv), and (vi)
follows from (iii).

The equivalence between (a) and (b) in (vii) is a consequence of
Lemma 2.4 (i). Let (xi)i∈I be a net in M \ {0}. We infer from
Lemma 3.1 (ii) that limi µ(xi) = 0 whenever limi xi = 0 and α(0) > 0,
from Lemma 3.1 (i) that (µ(xi))

∞
n=1 does not converge to 0 whenever

(xi)i∈I does not converge to 0, and from Lemma 3.1 (iii) that (µ(xi))i∈I
does not converge to 0 whenever α(0) = 0. Thus, (a) and (c) in (vii)
are equivalent.

(viii) is a consequence (vii), and (ix) follows from (iv) and (vii). We
now prove (x). Let (xn)∞n=1 be a sequence inM\{0}. Suppose that it is
Cauchy and does not converge to 0. Then, infn d(0, xn) > 0. Applying
Lemma 2.6 gives that (µ(xn))∞n=1 is a Cauchy sequence. Suppose that
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(µ(xn))∞n=1 is a Cauchy sequence and assume by contradiction that
(xn)∞n=1 is not Cauchy. Then, using Lemma 2.6,

lim
k→∞

sup
m,n≥k

dα(xn, xm) = 0 < lim
k→∞

sup
m,n≥k

d(xn, xm),

which easily implies supn α(d(0, xn)) = ∞. Passing to a subsequence
we can assume that (α(d(0, xn)))∞n=1 increases to ∞. Then, if m ≤ n,

dα(xn, xm) =
d(xn, xm)

α(d(0, xn))
≥ d(0, xn)− d(0, xm)

α(d(0, xn))
.

Thus, by Lemma 2.7, for every m ∈ N we have lim infn dα(xn, xm) > 0
and so applying Lemma 2.6 we obtain

lim inf
n
‖µ(xn)− µ(xm)‖ > 0, m ∈ N.

This absurdity concludes the proof of (x).
(xi) follows from (x) and (vi). By (vii), in order to prove (xii) it

suffices to show that the norm and weak topologies coincide on B\{0}.
To that end, taking into accout Lemma 2.6, it suffices to show that
for every y ∈ M \ {0} and every ε > 0 there is a finite family (fi)

n
i=1

in Lip0(M) and δ > 0 such that dα(x, y) ≤ ε whenever x ∈ M \ {0}
satisfies |(µ(x) − µ(y))(fi)| ≤ δ for all 1 ≤ i ≤ n. But this fact is
immediate from Lemma 2.5 (ii). �

Roughly speaking, the following corollary of Proposition 3.2 (iii)
shows that applying our construction to an already bounded metric
space barely alters the original space.

Corollary 3.3. Let α be a Lipschitz map with D(α) < ∞ and let
(M, d, 0) be a pointed metric space. Suppose that M is bounded and
that either 0 is an isolated point of M or α(0) > 0. Then M 'Lip

B(M, α).

It is obvious that if two metric spaces M and N are bi-Lipschitz
equivalent, then the corresponding Lipschitz free p-spaces Fp(M) and
Fp(N ) are linearly isomorphic for all 0 < p ≤ 1. It is well-known that
the converse does not hold, i.e., a linear isomorphism between Fp(M)
and Fp(N ) does not imply the bi-Lipschitz equivalence between M
and N . Theorem 2.9 provides examples of this situation. With the
tools obtained so far, we next show how the bi-Lipschitz equivalence
between B(M, α) and B(N , α) stands in this comparison.

Theorem 3.4. LetM and N be pointed metric spaces, let α : (0,∞)→
(0,∞) be a Lipschitz function with D(α) <∞, and let 0 < p ≤ 1. Then
the following implications hold:

M'Lip N ⇒ B(M, α) 'Lip B(N , α)⇒ Fp(M) ' Fp(N ).
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Moreover, none of the converse implications is true even if the metric
spaces M and N are complete.

Proof. The implications follow from Proposition 2.12 and Theorem 2.9.
Let us show that there exist metric spaces M and N with F(M) '
F(N ) but such that B(M, α) and B(N , α) are not bi-Lipschitz. Pick
any compact metric space K and a non-compact metric space X such
that Fp(X) ' Fp(K) (e.g., by [3], it suffices to put K = [0, 1] and
X = [0,∞)). In particular, by attaching isolated points to both these
spaces, there are a non-compact metric spaceM with isolated 0 and a
compact metric space N with isolated 0 such that Fp(M) ' Fp(N ).
By Proposition 3.2 (vi), B(M, α) andM are homeomorphic. The same
is true for B(N , α) and N . Therefore B(M, α) and B(N , α) cannot be
bi-Lipschitz equivalent.

Finally, we find M and N such that M and N are not bi-Lipschitz
equivalent, while B(M, α) and B(N , α) are. Let M be a countable
bounded uniformly separated metric space. By Proposition 3.2 (ii),
B(M, α) 'Lip M. Therefore B(M, α) also is countable, bounded and
uniformly separated. Consider N = N ∪ {0} endowed with the metric

d(m,n) = |2m − 2n|, m, n ∈ N ∪ {0}.
For m, n ∈ N ∪ {0} with m 6= n we have

d(m,n) ≈ 2max{m,n} ≈ max{α(d(n, 0)), α(d(m, 0))}.
Thus, an application of Lemma 2.6 shows that B(N , α) is countable,
bounded and uniformly separated. Therefore, B(M, α) and B(N , α)
are bi-Lipschitz equivalent. On the other hand, since M is bounded
and N is not, these spaces are not bi-Lipschitz equivalent. �

In Section 5, we shall see how the Lipschitz equivalence between
B(M, α) and B(N , α) is tightly related to the algebraic isomorphism
between the algebras Lip0(M) and Lip0(N ), see Theorem 5.14.

4. Lip0(M) as a Banach algebra for M unbounded metric
space

In this section we examine the (real or complex) Banach space Lip0(M)
as an algebra over an arbitrary metric space M. Recall that we have
F(M)∗ ≡ Lip0(M) (the fact that this is the case even for the complex
field is explained in Subsection 2.1). In the case when the pointed
metric space (M, d, 0) is bounded, Lip0(M) is a Banach algebra in the
weak sense, that is, there is a constant C > 1 such that

Lip(fg) ≤ CLip(f)Lip(g), f, g ∈ Lip0(M).
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In fact, we can choose C = 2 maxx∈M d(0, x). These are called Gelfand
algebras in [21]. Note that the Banach algebra law requires that the
above estimate holds with C = 1. As it is discussed in [21, Chapter 7],
when M is bounded it is possible to define a submultiplicative equiv-
alent norm on Lip0(M) so that Lip0(M) becomes a Banach algebra.
As Weaver explains, the drawbacks of changing the natural norm are
the loss of the lattice structure of the unital ball of Lip0(M) as well
as the breakdown of several isometric results (see [21, Chapter 7] for a
discussion on this topic).

Here we keep the standard Lipschitz norm on Lip0(M). However, we
redefine the product by a simple natural formula so that the resulting
algebra is a Banach algebra for any (even unbounded) metric spaceM.
In doing so, some of the results of isometric nature are preserved.

In the case when M is unbounbed we shall use Theorem 2.9 as a
vehicle to define a multiplication on Lip0(M). Given a Lipschitz map
α : (0,∞)→ (0,∞) with D(α) <∞, let QF

α : F(B(M))→ F(M) and
P F
α : F(M)→ F(B(M)) be as in Theorem 2.9. QF

α and P F
α are linear

isomorphisms inverse of each other. Let QL
α : Lip0(M)→ Lip0(B(M))

and PL
α : Lip0(B(M)) → Lip0(M) be their respectivel dual maps via

the canonical isometries between Lipschitz spaces and the duals of
Lipschitz-free spaces. Since pointwise multiplication is a well-defined
operation on Lip0(B(M)), the operation

PL
α (QL

α(f)QL
α(g)), f, g ∈ Lip0(M).

is well-defined on Lip0(M). Nevertheless, let us define a multiplication
by a more transparent formula and show that it is equivalent to what
is displayed above.

Definition 4.1. For f, g ∈ Lip0(M) and x ∈ M we define a new oper-
ation �α on Lip0(M) as

f �α g(x) :=
f(x)g(x)

ζ(x)
,

where ζ is as in (2.1).

A routine computation yields

PL
α (h)(x) = ζ(x)h(µ(x)), h ∈ Lip0(B(M)), (4.6)

and

QL
α(f)(µ(x)) =

f(x)

ζ(x)
, f ∈ Lip0(M). (4.7)

Hence for x ∈M,

f �α g(x) = PL
α (QL

α(f)QL
α(g))(x), (4.8)
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which immediately gives that f �α g ∈ Lip0(M). Moreover, using
that for Lipschitz functions on a bounded metric space N we have the
estimate

Lip(f ′g′) ≤ 2diam(N )Lip(f ′)Lip(g′),

combined with the fact that by Theorem 2.9,

‖QL
α‖‖PL

α ‖ ≤ 1 + 2K(α),

we get

Lip(f �α g) ≤ 2 D(α)(1 + 2 K(α))Lip(f)Lip(g).

The following result is aimed to improve the constant 2 D(α)(1 +
2 K(α)) in the last inequality.

Lemma 4.2. Let (M, d, 0) be an unbounded pointed metric space and
let α : (0,∞)→ (0,∞) be a Lipschitz map with D(α) <∞. Then

Lip(f �α g) ≤ D(α)(K(α) + 2)Lip(f)Lip(g)

for all f, g ∈ Lip0(M).

Proof. Let x, y ∈ M. If 0 /∈ {x, y}, using Lemma 2.4, we estimate
E := |f ⊗α g(x)− f ⊗α g(y)| by∣∣∣∣(f(x)− f(y))g(x)

ζ(x)

∣∣∣∣+

∣∣∣∣(g(x)− g(y))f(y)

ζ(y)

∣∣∣∣+

∣∣∣∣f(y)g(x)(ζ(y)− ζ(x))

ζ(x)ζ(y)

∣∣∣∣
≤ Lip(f)Lip(g)d(x, y)

(
d(0, x)

ζ(x)
+
d(0, y)

ζ(y)
+ Lip(α)

d(0, x)d(0, y)

ζ(x)ζ(y)

)
≤ (2 D(α) + D2(α)Lip(α))Lip(f)Lip(g)d(x, y).

If y = 0 and x 6= 0,

E ≤ Lip(f)Lip(g)d(0, x)d(0, x)

ζ(x)
≤ D(α)Lip(f)Lip(g)d(y, x). �

Note that the constant obtained in Lemma 4.2 is optimal, as shown
by the following trivial example.

Example 4.3. For M = R+, α(t) = 3t, f(t) = 1 − |t − 1| and g(t) =
−f(t),

Lip(f �α g) ≥ lim
ε→0+

|(f �α g)(1)− (f �α g)(1 + ε)|
ε

= (f �α g)′+(1)

= 1

= D(α)(K(α) + 2)Lip(f)Lip(g).
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Our next result is a ready consequence of our construction. Recall
that given a metric space M we have a natural ordering on Lip0(M),
namely, f ≥ 0 if f(x) ≥ 0 for every x ∈ M. Then Lip0(M) is an
ordered Banach algebra, i.e., if we put

Lip+
0 (M) = {f ∈ Lip0(M) : f ≥ 0},

the sets

R+ · Lip+
0 (M), Lip+

0 (M) + Lip+
0 (M), Lip+

0 (M) · Lip+
0 (M)

are contained in the positive cone Lip+
0 (M).

Let N be another metric space. A map T : Lip0(M) → Lip0(N ) is
said to be normal if whenever (fi)i∈I is a norm-bounded net in Lip0(M)
which increases pointwise towards f ∈ Lip0(M), then the net (T (fi))i∈I
increases pointwise towards T (f). Any normal operator is positive.

Proposition 4.4. Let (M, d) be an unbounded metric space, and let
α : (0,∞)→ (0,∞) be a Lipschitz function with D(α) <∞. Then, the
map QL

α : Lip0(M)→ Lip0(B) defined as in (4.7) is a w∗-w∗ continuous
normal isomorphism with QL

α(f �α g) = QL
α(f)QL

α(g) for all f and
g ∈ Lip0(M). Its inverse is the operator PL

α defined in (4.6).

Let us now investigate the existence of a unit for the Banach algebra
Lip0(M).

Lemma 4.5. Let (M, d) be an unbounded metric space, and let α be
a Lipschitz function with D(α) <∞. Consider Lip0(M) endowed with
the multiplication �α. Let ζ be defined as in (2.1). The following are
equivalent:

(i) Lip0(M) has a unit, in which case such a unit is ζ.
(ii) ζ is a Lipschitz function.

(iii) ζ is continuous at zero.
(iv) Either 0 is an isolated point or α(0) = 0.

Proof. Suppose that e ∈ Lip0(M) is a unit. Then e(x) = ζ(x) for all
x ∈ N := ∪f∈Lip0(f)(M\ f

−1(0)). Since N = M\ {0}, e = ζ and so
ζ is continuous. This proves (i) ⇒ (ii), and the converse is clear. The
equivalence between (ii) and (iii) follows from Lemma 2.4 (ii), and the
equivalence between (iii) and (iv) follows from Lemma 2.7. �

We point out here that there are maps α : (0,∞)→ (0,∞) satistying
D(α)(K(α)+2) ≤ 1, so that, in light of Lemma 4.2, the space Lip0(M)
becomes a Banach algebra with the multiplication �α; take for instance
α(t) = 3t for t > 0. However, there is no choice of α for which Lip0(M)
becomes a unital Banach algebra (that is, a Banach algebra with a
norm-one unit). Indeed, if Lip0(M) had a unit e with Lip(e) = 1, by
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Lemma 4.5 it would have to be e = ζ. Then we would have α(t) ≤ t
for all t ∈ {(d(0, x) : x ∈M}. Therefore D(α) ≥ 1 and so D(α)(K(α)+
2) ≥ 2.

Remark 4.6. Given a Banach algebra X there is an explicit formula for
an equivalent norm |·| on X such that (X, |·|) becomes a unital Banach
algebra (see [13, Proposition 2.1.9]). However, as we mentioned above,
this renorming leads to the loss of the lattice structure of the unit ball
of Lip0(M).

Remark 4.7. Using Lemma 2.1 the multiplication �α on Lip0(M) is
w∗-w∗ separately continuous, or more precisely it is w∗-w∗ separately
continuous on bounded sets and then we use the Banach-Dieudonné
theorem (see, e.g., [1, Appendix G.8]). So in the terminology of [19,
Chapter 5], (Lip0(M),F(M)) is a dual Banach algebra. Moreover, in
the complex scalar case it is easy to see that the involution on Lip0(M)
defined by f 7→ f shows that Lip0(M) is also a Banach ∗-algebra (see
[13, Definition 3.1.1] for the corresponding definition).

5. From Lipschitz algebras over unbounded metric spaces
to Lipschitz algebras over bounded metric spaces

In this section we deal only with Banach spaces over the real field.
In [21, Chapter 7] there are many results about the algebra Lip0(B)
for bounded metric spaces B, which now easily transfer to the ordered
Banach algebra Lip0(M) over an unbounded metric space M. Note
however that in [21] the case of complex Banach spaces is not dealt
with, which is the reason why we deal here with real Banach spaces
only.

Troughout this section (M, d, 0) will be a pointed metric space,
α : (0,∞) → (0,∞) will be a map with D(α)(K(α) + 2) ≤ 1, and
µ and ζ will be the functions defined in (2.1) and (2.2) respectively.
We will not a priori assume that Lip0(M) has a natural unit, i.e., we
do not impose ζ to be continuous at 0.

Definition 5.1. Let (N , d, 0) be a pointed metric space and let Y ⊂
Lip0(N ) be a subalgebra.

(i) We say that Y is order complete, if it is stable under pointwise
convergence of norm-bounded increasing nets.

(ii) We say that Y is a linear complete sublattice if it is closed un-
der taking the supremum of an arbitrary, possibly infinite, set of
functions that are uniformly bounded in the Lipschitz norm.

Lemma 5.2. Suppose that Lip0(M) has a natural unit. Let f , g ∈
Lip0(M), and c ∈ [0,∞). Then, if 1M denotes the unit of Lip(M),
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and QL
α is as in (4.7), QL

α(f) ∨ (QL
α(g)− c 1M) ∈ Lip0(M) and, if PL

α

is as in (4.6),

PL
α (QL

α(f) ∨ (QL
α(g)− c 1M)) = f ∨ (g − c ζ).

Proof. It is a routine checking. �

Theorem 5.3. A subalgebra Y ⊂ Lip0(M) is order complete if and
only if it is w∗-closed. Moreover, if Y is order complete then:

(i) Y is linear complete sublattice.
(ii) If Lip0(M) has a natural unit, we have f ∨ (g− c η) ∈ Y for all f ,

g ∈ Y and all c ≥ 0.

Proof. (i) follows from combining [21, Lemma 7.6, Corollary 7.7 and
Lemma 7.9] with Lemma 2.1 and Proposition 4.4, which asserts that QL

α

is a w∗-w∗-homeomorphism that preserves multiplication and ordering.
To see (ii), we need to take into account also Lemma 5.2. �

Definition 5.4. A subalgebra Y of a Banach algebra X is said to be an
ideal if xy, yx ∈ I for every x ∈ X and y ∈ Y , and it is said to be
a complete band if it is a linear complete sublattice, and for every y1,
y2 ∈ Y and x ∈ X with y1 ≤ x ≤ y2 we have x ∈ Y .

Definition 5.5. Given a metric space N and a subspace Y of Lip0(N ),
define the hull of Y as the closed set

HN (Y ) := {x ∈ N : f(x) = 0 for all f ∈ Y }.
Given a closed set K ⊂M, we put

IM(K) := {f ∈ Lip0(N ) : f(x) = 0 for all x ∈ K}.

The indices in IM, resp. HN , will be omitted if the metric space is
clear from the context.

Note that H(I(K)) = K for every closed set K ⊂ N as shown by
the Lipschitz map x 7→ d(x,K).

Lemma 5.6. Let PL
α : Lip0(B) → Lip0(M) be as in (4.6), where B =

B(M, α). Then,

PL
α (IB(HB(Y ))) = IM(HM(PL

α (Y )))

for any subspace Y of Lip0(B).

Proof. It is clear from Proposition 4.4 and the definition of PL
α . �

Theorem 5.7. Let Y ⊂ Lip0(M) be an ideal. Then the following
conditions are equivalent.

(i) Y is order complete.
(ii) Y is w∗-closed.
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(iii) Y is a complete band.
(iv) Y = I(H(Y )).
(v) There exists a closed set K ⊂M such that Y = I(K).

Proof. The equivalence between (i) and (ii) follows from Theorem 5.3.
(ii)⇒(iii) follows from [21, Lemma 7.16], where it is proved for bounded
metric spaces, and from Proposition 4.4. The implication (iii)⇒(iv)
follows from [21, Proof of Theorem 6.19] and Lemma 5.6. Finally,
(iv)⇒ (v) is obvious, and (v)⇒ (i) is immediate from the definition. �

Theorem 5.8. If Y ⊂ Lip0(M) is an ideal, then Y
w∗

= I(H(Y )).

Proof. The result follows by combining the corresponding result for
bounded metric spaces proved in [7, Proposition 3.2] with Proposi-
tion 4.4 and Lemma 5.6. �

Let N be another metric space. A map T : Lip0(M) → Lip0(N )
is an algebra homomorphism with respect to α if it is linear and pre-
serves the multiplication �α. If α is known, we simply write algebra
homomorphism

Proposition 5.9. If T : Lip0(M)→ Lip0(N ) is an algebra homomor-
phism then it is bounded (i.e., continuous) and preserves ordering.

Proof. It follows from [21, Proposition 7.29], where it is proved for
bounded metric spaces, and Proposition 4.4. �

By ∆(M) we denote the set of all nonzero algebra homomorphisms
from Lip0(M) into R, where R is of course equipped with its standard
addition and multiplication. By ∆0(M) we denote the set ∆(M)∪{0},
where 0 is the zero map. By ∆∗(M) and ∆∗0(M) we denote the set of
all members of ∆(M) and ∆0(M) respectively that are w∗-continuous.

A straightforward computation gives that, if we regard F(M) as a
subspace of (Lip0(M))∗, then µ(x) ∈ ∆(M) for all x ∈ M \ {0}. The
following lemma identifies the set ∆∗0(M).

Lemma 5.10. Let µ be as in (2.2). For ω ∈ ∆(M) the following are
equivalent:

(i) ω is normal.
(ii) ω is w∗-continuous.

(iii) ω = µ(x) for some x ∈M \ {0}.
In particular, we have ∆∗0(M) = B(M, α).

Proof. Just combine [21, Lemma 7.22] with Proposition 4.4. �

The following is an analogue to [21, Theorem 7.23].
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Theorem 5.11. Let N be another metric space, and assume that the
multiplication �α admits a natural unit in both M and in N . Let
T : Lip0(M)→ RN be a mapping. The following are equivalent:

(i) T : Lip0(M) → Lip0(N ) is a unital normal algebra homomor-
phism.

(ii) There exists g : N \ {0} → M \ {0} such that T = Dg and
Dg(Lip0(M)) ⊂ Lip0(N ), where Dg : Lip0(M) → RN is the map
given by

Dg(f)(x) =
α(d(0, x))

α(d(0, g(x)))
f(g(x)) =

ζ(x)

ζ(g(x))
f(g(x)), x ∈ N \ {0}.

Proof. The implication (ii)⇒(i) is straightforward. Let us assume that
(i) holds. Let ζ ′ and µ′ be the maps defined in (2.1) corresponding
to the metric space N . Fix x ∈ N \ {0}. Since µ′(x) ∈ ∆(N ) and
T (ζ) = ζ ′ (because T is unital and ζ, ζ ′ are the units), we obtain
µ′(x)◦T 6= 0 and so µ′(x)◦T ∈ ∆(M). Since µ′(x) is normal, µ′(x)◦T
is normal. Applying Lemma 5.10 yields g(x) ∈ M \ {0} such that
µ′(x) ◦ T = µ(g(x)), i.e.,

δN (x) ◦ T =
ζ ′(x)

ζ(g(x))
δM(g(x)). �

The following is an analogue of [21, Theorem 7.26]. It seems this is
actually interesting even outside of the framework of Banach algebras.

Theorem 5.12. The norm and weak∗ topologies of (Lip0(M))∗ coin-
cide on ∆∗0(M). Moreover, if Lip0(M) has a natural unit, then 0 is an
isolated point of ∆∗0(M).

Proof. The first part follows from combining Proposition 3.2 (xii) with
Lemma 5.10. Combining Lemma 4.5 with Proposition 3.2 (viii) yields
the ‘moreover’ part. �

Theorem 5.13. Suppose Lip0(M) has a natural unit. Then the spec-
trum of the Banach algebra Lip0(M) verifies

∆0(M) = B(M, α)
w∗

⊂ Lip0(M)∗∗,

and
∆(M) = B(M, α) \ {0}

w∗

⊂ Lip0(M)∗∗.

Proof. By Lemma 5.10 and Theorem 5.12, B := B(M, α) = ∆∗0(M),
and 0 is an isolated point of ∆∗0(M).

By [21, Lemma 7.28] the set ∆∗0(B) is dense in the w∗-closed set
∆0(B) ⊂ Lip0(B)∗∗. Let QL

α be as in (4.7). By Proposition 4.4,

(QL
α)∗∗(∆∗0(B)) = ∆∗0(M) and (QL

α)∗∗(∆0(B)) = ∆0(M).
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Therefore, Bw
∗

= ∆0(M). Moreover, since {0} is a closed and open

set, we have 0 /∈ B \ {0}
w∗

and B \ {0}
w∗

∪ {0} = Bw
∗

. Thus,

∆(M) = Bw
∗

\ {0} = B \ {0}
w∗

. �

The following result is an interesting analogue of [21, Corollary 7.27].
In particular it shows that the linear topological structure of Lipschitz-
free spaces is completely determined by the purely algebraic structure
of their duals.

Theorem 5.14. Let N be another metric space. Then there exists
an algebra isomorphism between Lip0(M) and Lip0(N ) if and only if
B(M, α) 'Lip B(N , α).

Proof. Suppose first that B(M, α) 'Lip B(N , α). Then it is clear that
Lip0(B(M, α)) and Lip0(B(N , α)) are algebraically isomorphic with
their standard pointwise product, which in turn implies that Lip0(M)
and Lip0(N ) are algebraically isomorphic with the product �α.

Conversely, suppose that there exists an algebra isomorphism

T : Lip0(M)→ Lip0(N ).

By Proposition 5.9, T is an isomorphism between the Banach spaces
Lip0(M) and Lip0(N ). Since T preserves multiplication and its dual
map T ∗ is w∗-w∗ continuous, we claim that T ∗(∆∗0(N )) = ∆∗0(M).
Indeed, it suffices to check that for every m ∈ ∆∗0(N ) the map

T ∗(m) : Lip0(M)→ R
preserves multiplication and is w∗-continuous, which is routine using
the properties of T . By Theorem 5.12 we obtain that B(M, α) and
B(N , α) are Lipschitz isomorphic. �

An immediate consequence of Theorems 5.14 and 2.9 is the following.

Corollary 5.15. If there is an algebra isomorphism between Lip0(M)
and Lip0(N ), then F(M) ' F(N ).

6. Simplifications of existing proofs using our
construction

There are several results on Lipschitz spaces and on Lipschitz free-
spaces that work for unbounded metric spaces but whose proofs are
much easier for bounded ones. This section is devoted to exhibiting
that our methods permit to circumvent the technicalities that one en-
counters when proving some of this results for unbounded spaces. Our
choice of the known results below is rather arbitrary and non exhaus-
tive. We believe there are many more applications of our techniques
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in this direction and encourage the reader to further exploit them. In
this section we deal with real Banach spaces only (the complex-scalar
case is not considered here).

6.1. Normal functionals. The main result of [6] consists of extend-
ing to any ω ∈ (Lip0(M))∗ the equivalence between (i) and (ii) in
Lemma 5.10, that is, in proving that every normal functional φ ∈
F(M)∗∗ is w∗-continuous. The proof carried out by the authors of
[6] is easy for bounded metric spaces but for unbounded metric spaces
the authors need [6, Lemma 4] and [6, Lemma 5] (in particular a very
deep analogue of “Kalton’s decomposition”) which reduces the result
to investigating Lipschitz-free spaces over annuli.

Let α = α(0), so that 0 is an isolated point of B(M, α). Since by
Proposition 4.4 the isomorphism QL

α defined as in (4.7) preserves nor-
mality and w∗-continuity, it suffices to prove the result for bounded
metric spaces B with d(0, x) = 1 for all x ∈ B\{0}. Thus, our construc-
tion would allow the authors to make the reduction to the investigation
of Lipschitz-free spaces over annuli much easier. In order to appreciate
this reduction let us briefly sketch the most important simplifications
in this special case when compared with the much more technically
involved proof from [6].

Theorem 6.1. Let M be a pointed metric space such that d(x, 0) = 1
for all x ∈ M \ {0}. A functional φ ∈ F(M)∗∗ is normal if and only
if it is w∗-continuous.

Sketch of the simplifications of the proof from [6]. We refer the reader
to [6, proof of Theorem 2]. Simplifications of the proof in this special
case are the following:

• We circumvent [6, Lemmas 4 and 5]. Moreover, in this particular
case we have r = 1 = R.
• Our assumptions yield ‖f‖∞ ≤ Lip(f) for all f ∈ Lip0(M) and

Lip(1M\{0}) = 1, so instead of the functions e and e′ we would use
simply the function 1M\{0} which would further simplify several com-
putations. �

6.2. The Intersection Theorem and supports. For Lipschitz-free
spaces there is a well-defined notion of support developed very recently
in [8]. Let us recall that the support of γ ∈ F(M), denoted by supp(γ),
is the smallest closed set K such that γ ∈ F(K ∪ {0}). Note that if
L is the smallest closed set with γ ∈ F(L), then supp(γ) = L \ {0} in
the case when 0 is an isolated point of L, and supp(γ) = L otherwise.
The existence of the support is ensured by the following theorem.
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Theorem 6.2 (cf. [7,8]). Let {Ki : i ∈ I} be a family of closed subsets
of M with nonempty intersection. Then

∩i∈IF(Ki) = F (∩i∈IKi) .

To properly understand Theorem 6.2, called the Intersection The-
orem, we must take into account that for every subset N of a met-
ric space M there is a canonical isometric embedding of F(N ) into
F(M). This crucial property does not transfer to the case p < 1 (see
Remark 2.13).

The Intersection Theorem was proved for bounded metric spaces
in [7] and extended to its full generality more recently in [8]. Our
construction shows that the theorem for bounded spaces immediately
implies the general case. Moreover, the notion of a support is preserved
by our construction (see Proposition 6.3). Recall that µ : M → B is
the map from (2.2) and P F

α : F(M) → F(B) is the isomorphism in
Theorem 2.9.

Proposition 6.3. If the Intersection Theorem holds for bounded metric
spaces, then it holds for all metric spaces. Moreover, for any metric
space M and γ ∈ F(M),

P F
α (supp(γ) ∪ {0}) = supp(P F

α (γ)) ∪ {0}.
Proof. Let M be an arbitrary metric space and let {Ki : i ∈ I} be a
family of closed subsets of M with non-empty intersection. Without
loss of generality we may assume that 0 ∈

⋂
i∈I Ki. By Lemma 3.2 (v),

each µ(Ki) is closed in B, and so is the set µ(∩i∈IKi) = ∩i∈Iµ(Ki).
By the Intersection Theorem for bounded spaces, ∩i∈IF(µ(Ki)) =
F(∩i∈Iµ(Ki)). Since

P F
α (F(Ki)) = F(µ(Ki))

and
PK
α (∩i∈IKi) = F(∩i∈Iµ(Ki)),

we are done. The proof of the ‘moreover’ part is similar. �

Remark 6.4. Our construction actually shows that the proof of the
Intersection Theorem, which works for bounded metric spaces, also
works for unbounded metric spaces: we need only Theorem 5.8 instead
of [7, Proposition 3.2]; the remainder of the proof is exactly the same
as in the proof presented in [7, proof of Theorem 3.3].
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[4] F. Albiac, J. L. Ansorena, M. Cúth, and M. Doucha, Lipschitz free spaces
isomorphic to their infinite sums and geometric applications, arXiv e-prints
(2020), available at 2005.06555.

[5] F. Albiac, J. L. Ansorena, and On a ‘philosophical’ question about Banach
envelopes, Lipschitz free spaces isomorphic to their infinite sums and geometric
applications, Rev. Mat. Complut., posted on 2020, DOI 10.1007/s13163-020-
00374-8.
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