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Abstract

In this paper we continue our research from [I4] on continuous dependence
on a parameter k of solutions to linear integral equations of the form

o) =5+ [ A+ 0~ @), telatl, beR,

where —oo < a < b< oo, X is a Banach space, L(X) is the Banach space of linear
bounded operators on X, T € X, Ay :[a,b] — L(X) have bounded variations on
[a,b], fr:]a,b] — X are regulated on [a,b]. The integrals are understood as the
abstract Kurzweil-Stieltjes integral and the studied equations are usually called
generalized linear differential equations (in the sense of J. Kurzweil, cf. [§] or
).

In particular, we are interested in the situation when the variations varz Ay
need not be uniformly bounded. Our main goal here is the extension of Theorem
4.2 from [14] to the nonhomogeneous case. Applications to second order systems
and to dynamic equations on time scales are included as well.

2010 Mathematics Subject Classification: 45A05, 34A30, 34N05

Key words. Generalized differential equations in Banach space, continuous dependence,
time scale dynamics

*Mathematical Institute, Academy of Sciences of Czech Republic, Prague, Czech Republic (email:
gam@math.cas.cz). Supported by the Institutional Research Plan No. AV0Z10190503 and by the
Academic Human Resource Program of the Academy of Sciences of the Czech Republic

TMathematical Institute, Academy of Sciences of Czech Republic, Prague, Czech Republic (email:
tvrdy@math.cas.cz). Supported by the grant No. 14-06958S of the Grant Agency of the Czech Republic
and by the Institutional Research Plan No. AV0Z10190503



1 Introduction

In the theory of differential equations it is always desirable to ensure that their solutions
depend continuously on the input data. In other words to ensure that small changes of
the input data causes also small changes of the corresponding solutions. For ordinary
differential equations, in some sense a final result on the continuous dependence was
delivered by J. Kurzweil and Z. Vorel in their paper [10] from 1957. In fact, it was a
response to the averaging method introduced few years before by M. Krasnoselskij and
S.G. Krein [7]. The extension of the averaging method and the problem of the contin-
uous dependence of solutions on input data were the main motivations for J. Kurzweil
to introduce his notion of generalized differential equations in [§].

By generalized linear differential equations we understand linear integral equations
of the form

o) =5+ [ iAo+ () - fla), (1.1)

where —oco<a<b<oo, X is a Banach space, L(X) is the Banach space of linear
bounded operators on X, T€ X, A:[a,b] — L(X) has bounded variation on [a,b],
f:la,b] — X is regulated on [a,b] and the integrals are understood in the Kurzweil-
Stieltjes sense. By a solution of (I.1) we understand a function x : [a,b] — X such that
fab d[A] = exists and (1.1)) is true for all ¢ € [a,b].

For X =R™, such equations are special cases of equations introduced in 1957 by
J. Kurzweil (see [8]) in connection with the advanced study of continuous dependence
properties of ordinary differential equations (see also [10]). Linear equations of the
form (1.1) have been in the finite dimensional case thoroughly treated by S. Schwabik,
M. Tvrdy and M. Ashordia (see e.g. [17], [21] and [1]).

Basic theory of the abstract Kurzweil-Stieltjes integral (called also abstract Perron-
Stieltjes or simply gauge-Stieltjes integral) and generalized linear differential equations
in a general Banach space has been established by S. Schwabik in a series of papers
[18]-[20] written between 1996 and 2000. Some of the needed complements have been
added in our paper [L3].

Taking into account the closing remark in [19], we can see that the following basic
existence result is a particular case of [19, Proposition 2.10].

1.1. Proposition. Let A:[a,b]—L(X) have a bounded variation on [a,b]. Then, equa-
tion (1.1) possesses a unique solution x on |a,b] for every T € X and every function
f:la,b]— X regulated on [a,b] if and only if

[Ix — A~A@W)] ™ € L(X) forall te (a,b], (1.2)

where Iy stands for the identity operator on X. In such a case x is requlated on [a,b],
x — f has a bounded variation on [a,b] and

lz@®)llx < ca(IZllx + 21| fllsc) exp (cavarg A), ¢ € [a,b], (1.3)



where 0<cyg:= sup H[[X—A_A(t)]_lHL(X) < 00.
te(ab]

Primarily we are concerned with the continuous dependence of solutions of gener-
alized linear differential equations on a parameter. In particular, we assume that the
given equation (I.1) has a unique solution x for each f regulated on [a,b] and each
T € X and we consider a sequence of equations depending on a parameter k € N

where Ag:[a,b] — L(X) have bounded variation on [a,b], fi:[a,b] — X are regulated
on [a,b] and 7 € X for k€ N. We are looking for conditions ensuring that equation
(L.4) has a unique solution zj for each k large enough and the sequence {zj} tends
uniformly on [a,b] to z, i.e.

nll_{& |lzr — ]| = 0. (1.5)

In [14] we proved the following two theorems. The former one deals with the case
that the variations of A; are uniformly bounded.

1.2. Proposition. [14, Theorem 3.4]. Let A, Ay:|a,b] — L(X) have bounded variation
on [a,b], f, fr:]la,b] — X be regulated on [a,b] and T, T, € X for k € N. Furthermore,
assume (1.2),

o= sup (var) 4;) <oo, (1.6)
keN

Jim A, — Al = 0, (1.7)

i (£ flle =0, (19

klim |z, —Z||x =0. (1.9)

Then equation (1.1) has a unique solution x on [a,b]. Furthermore, for each k € N
sufficiently large there is a unique solution x on |a,b] to equation (L.4) and (1.5)
holds.

The second result from [I4] concerns the situation when variations of Ay, (1.6)) need
not be uniformly bounded and the equations (I.1) and (1.4) reduce to homogeneous
equations.

1.3. Proposition. |14, Theorem 4.2]. Let A, Ay:[a,b] — L(X) have bounded variation
on [a,b] and let T, T, € X for k € N. Furthermore, assume (1.2)), (1.9) and

lim (1+vard Ay) | Ay — Al|s = 0. (1.10)



Then the equation
t
x(t) = 5—{—/ d[Alz, te€la,b] (1.11)

has a unique solution x on [a,b]. Moreover, for each k € N sufficiently large, the equa-
tion

has a unique solution xj on [a,b] and (1.5) holds.

Let us recall the following observation.

1.4.Lemma. Let A, Ay:la,b] — L(X) have bounded variation on [a,b] and let (1.10)
be satisfied. Then (1.7) is true, as well.

Proof follows from the obvious inequality

[ Ak — Alloo < (L+vard Ay) |Ay — Aljoo for all k€N.

The only known result (cf. [14, Corollary 4.4]) concerning nonhomogeneous equa-
tions (L.1), (1.4) and the case when (L.0) is not satisfied requires that X is a finite
dimensional space. The aim of this paper is to fill this gap.

For more detailed list of related references, see [14].

2 Preliminaries

Throughout these notes X is a Banach space and L(X) is the Banach space of bounded
linear operators on X. By || - ||x we denote the norm in X. Similarly, || - ||(x) denotes
the usual operator norm in L(X).

Assume that —oo <a <b< oo and [a, b] denotes the corresponding closed interval.
A set D={ag,,..., )} C [a,b] with v(D) € N is said to be a division of [a,b] if
a=ag<o < ...<aypy=b. The set of all divisions of [a, ] is denoted by Dla,b].

A function f:[a,b] — X is called a finite step function on [a,b] if there exists
a division D = {a, a1, ...,y p)} of [a,b] such that f is constant on every open interval
(aj_1,04), 7=1,2,...,v(D).

For an arbitrary function f:[a,b] — X we set || f||oc = sup;¢ (o) [|f(f)[|x and

v(D)
varh f= sup > [ f(ay)—f(e-1)llx
Deplab] 42

is the variation of f over [a,b]. If var’ f < oo, we say that f is a function of bounded
variation on [a,b]. BV ([a,b], X) denotes the Banach space of functions f:[a,b] — X
of bounded variation on [a,b] equipped with the norm || f|| gy = || f(a)||x + var® f.



The function f:[a,b] — X is called regulated on [a,b] if for each t € [a,b) there
is f(t+) € X such that Slirngf(s)—f(t—i-)HX:O and for each t € (a,b] there is
f(t—) € X such that Slirtn |f(s)— f(t=)||lx=0. By G([a,b],X) we denote the Ba-
nach space of regulated functions f:[a,b] — X equipped with the norm || f||~. For
tela,b), s€(a,b] we put AT f(t)=f(t+)—f(t) and A~ f(s)=f(s)—f(s—). Recall that
BV ([a,b],X) CG([a,b], X) cf. e.g. [19, 1.5].

In what follows, by an integral we mean the Kurzweil-Stieltjes integral. Let us
recall its definition. As usual, a partition of [a,b] is a tagged system, i.e., a cou-
ple P = (D,&) where D={ag, o,...,a,p)} €D[a,b], £ = (&, ..., &upy) € a, b P)
and a;_1 <& <a; holds for j=1,2,...,v(D). Furthermore, any positive function
d:la,b]—(0,00) is called a gauge on [a,b]. Given a gauge d on [a,b], the partition
P is called 0-fine if [a;_1, 5] C(§5—6(&;),&+0(&5)) holds for all j=1,2,...,v(D).
We remark that for an arbitrary gauge 6 on [a, b] there always exists a d-fine partition
of [a,b]. It is stated by the Cousin lemma (see e.g. [I7, Lemma 1.4]).

For given functions F':[a,b] — L(X) and ¢g:[a,b] — X and a partition P = (D, §)
of [a,b], where D = {ap, 01,..., 0}, £ = {&, -+, &y }s we define

v(D)

S(dF,g,P) = [F(a) = F(a;-1)] 9(&) -

j=1

We say that J € X is the Kurzweil-Stieltjes integral (or shortly KS-integral) of g with
b

respect to F' on [a,b] and denote [= / d[F] g if for every € > 0 there exists a gauge

d on [a,b] such that ’

HS(dF,g, P) — JH < e forall d-fine partitions P of [a,b].
X

b
Analogously, we define the integral / F d[g] using sums of the form

v(D)
S(F,dg, P F(¢ —g(aj1)].
Jj=1

Some basic estimates for the KS-integrals are summarized in the following propo-
sition. For the proofs, see [14, Proposition 2.1] and [13, Lemma 2.2].

2.1. Proposition. Let F:[a,b] — L(X) and g:[a,b] — X.
(i) If Fe BV([a,b], L(X)) and g€ G([a,b], X), then fab d[F) g exists and

b
| [ aiFv], < vk Py gl



(ii) If FeG(la,b],L(X)) and g€ BV ([a,b], X), then fab d[F] g exists and

|/ "AFYg| < 20Fle gl

For more details concerning the abstract KS-integration and further references, see
[18]-[20], [3] and [13].

3 Main result

Our main result is based on the following lemma which is an analogue of the assertion
formulated for ODEs by Kiguradze in [0, Lemma 2.5]. Its variant was used also in the
study of FDEs by Hakl, Lomtatidze and Stavrolaukis in [5, Lemma 3.5].

3.1 .Lemma. Let A, Ay, € BV (|a,b], L(X)) for k€N and assume that (1.2) and
(L.10) hold.

Then there exist v* >0 and ko €N such that

[yl <" <||y<a)||x + (vt ) sup [o(6) — o)~ | dMﬂy(&)

te€la,b]

(3.1)
for all yeG([a,b], X) and k> k.

Proof. Assume that (3.1)) is not true, i.e. assume that for each n € N there are k, € N
and y, € G(|a, b], X) such that

. (3.2

X) (32

We will prove that (3.2) leads to a contradiction. To this aim, first, rewrite inequality
(3.2) as

() — () —/ d[ A,y

||yn”oo >n <Hyn(a)||x + (1 —i—varz Akn) SFIZ]
te|a,

1 t
— > |lup(a)||x + (1 +var Ay,) sup ||un(t) —un(a) —/ d[Ay, | un, (3.3)
n t€la,b] a X
where
un(t) = ||Z/n(|7|f) for t€[a,b] and neN. (3.4)
Ynlloo

Then, by (3.3) and (3.4) we can immediately see that ||u,(a)||x < = for all n € N. Hence,

lim ||u,(a)|lx =0. (3.5)

n—oo



Now, denote

Un(t) = up(t) — uy(a) — /t d[Ag, | u, for t€[a,b] and neN (3.6)

and
Zp(t) = uy(t) —v,(t) for t€[a,b] and neN. (3.7)

By (3.3) we have

1 t
fonll = = (sup Jon® =) = [ alae )] )
[Ynlloo N ielap) . x
(3.8)
< ! < ! fi eN
— or n
n(l+vart Ay ) — n ’
and, in particular,
lim ||vn]lee = 0. (3.9)

n—oo

Moreover, the equalities (3.0) and (3.7) yield

t

2n(t) = un(a) +/ d[Ag,]u, for tela,b] and neN.
Consequently,
2, € BV ([a,b],X), zn(a) =un(a) and ||z,]|py < 1+var’ Ay, for neN. (3.10)
Now, let n €N be fixed. We have
t t
zn(t) = zp(a) —I—/ d[Akn]zn+/ d[Ax, ] vn

:zn(a)—l—/atd[A] zn+/atd[Akn—A] zn+/atd[Akn]vn for tela,b],

2n(t) = zp(a) + /t d[A] z, + h,(t) for t€la,b], (3.11)
where '
hn(t) = / d[Ag, — Al z, +/ d[Ag,]v, for te€la,b]. (3.12)

We claim that
lim ||h,]lee =0 (3.13)



Indeed, by (3.10) and Proposition 2.1 (ii) we have

t
sup || [ das, - 4z,
tefa,b] a X

wherefrom

< 2| Ak, —Alls |20l v < 2 || As, —Allso (14 varl Ay,)

-0 (3.14)

lim sup H/ [Ax, —
n—09 ycla.b]

follows due to (1.10). Moreover, using Proposition 2.1 (i) and (3.8), we get

1 var® A, 1
dAy v, < b A nlleg < = ——2" 8 < 2
s | o] Gt ) e < S <
and, hence,
t
lim sup H/dAkn wll =o. (3.15)
n00 te(a,b] X

Now, (3.13)) follows immediately from (3.14) and (3.15).
Finally, having in mind Proposition 1.1 (cf.(1.3)) and relations (3.11), (3.5) and
(3.13), we conclude that

lHm |2, ]l < lim ca ([|za(a)||x + 2 [|hnlloc) exp (ca varb A) = 0,
le.
lim ||zp]lec = 0. (3.16)

This, together with (3.7) and (3.9), implies that lim |lu,]|e =0, which is impossible

as ||unllec =1 for all n € N. The assertion of the lemma is true. O

3.2. Theorem. Let A, A, € BV ([a,b], L(X)), f € BV([a,b], X), fr € G([a,b], X) and
T, T € X for keN. Assume (1.2), (1.9), (1.10),

lim (1 +var? Ak> (ka - fHOO) ~0. (3.17)

k—o0

Then (L.1) has a unique solution x € BV ([a,b], X) on [a,b]. Moreover, for each k € N
sufficiently large, the equation (L.4) has a unique solution zy € G([a,b], X) on [a,b]
and (1.5) is true.

Proof. First, recall that, by Lemma [I.4] our assumption (1.10)) implies that (1.7) is true, as
well. Therefore, by [14, Lemma 4.2], there is kyp € N such that

[Ix — A~ A(1)] " € L(X) forall t€ (a,b] and k > ko



and equation (1.4) has a unique solution z € G([a,b], X) for each k > ko (cf. Proposition/1.1).
By Lemma 3.1l we may choose kg € N and r* € (0, 00) in such way that (3.1) holds.
Put ug =z —  for k> ko. Then ug(a) = 7, — = and

t t
w(®) - [ didn - @ -7 = [ dide- Ao+ (0 - £0) - (@) - @)
for t €[a,b] and k> kg. Using (3.1) we deduce that the inequality
Jualloo < 7 (15—l + (L4 varh 44) (214 — Alle [y + 211~ )

holds for all k£ > kg. Thus, due to (1.9), (1.10) and (3.17), we have klim ||uk|loo = 0, wherefrom
—00
(1.5) immediately follows. The proof of the theorem has been completed. O

3.3. Remark. The proof of Theorem [3.2] could be substantially simplified and also extended
to the case f € G([a,b], X) if the following assertion was true:
Let A, A, € BV ([a,b], L(X)) for keN and

Then

lim (1 +var® Ak> 144 — Aflso = 0. (3.18)
lim sup
k—oo \ ¢ ¢ [a,b]

k—oo
[ aar- [ d[A]fHX> =0 (3.19)
holds for each f € G([a,b], X).

Unfortunately, this is in general not true even in the scalar case as shown by the following
example that was communicated to us by Ivo Vrkoc.

3.4.Example. Let [a,b]=10,1]. For k€N put"

1 .
nk:[k:3/2]+1, Tmk = S m it me{0,1,...,n%},
2"k 1
= — (-1 Nk b = (=1 ne—1
aop,k k ( ) ) 0,k k’( ) )
2nkfm+1 3
U fy =~ (=)™ ™ by g = - (—1)™ =™ me{1,2,...,np—1}
and define
0 if tel0,74,
Ag(t) = (3.20)
m gk t+bmp it € [Togs Tme1k] and me{0,1,...,np—1},

and

H[z] stands, as usual, for the integer part of the nonnegative real number
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A(t)=0 for tel0,1].

It is easy to verify that

1 2 -1 1
VaréAk§—+M§—+2\/E<oo,
k k k
and
2n—1\ 1 1 2 1
1 k
(1+VaroAk)l|Ak—A||oo§<l+ ’ >k§k+k+k2

for all k€ N. In particular, (3.18) is true. However, if

(_41) if te (27,27 V] for some n €N,
fit)y=4 Vn (3.21)
0 if t=0

then f is regulated, var} f = oo and (3.19) is not valid since

/o1 /nk \42 dt = 3%( V (ni)? — 1), (3.22)

where the right hand side evidently tends to oo for k — oc.

Z

m=1

?v\m

Moreover, the functions (3.20) and (3.21) provide us with the argument explaining that
the condition f € BV ([a,b], X) in Theorem 3.2 can not be extended to f € G([a,b], X). In-
deed, consider the equations

:/td[A]erf(t), re0,1], (3.23)
0
and

xk(t):/o d[Ax] ok + fot), te[0,1], k€N, (3.24)

where fi(t) = f(t) for t € [0,1] and k € N. Obviously, z = f is a solution to (3.23) on [0, 1] and,
for any k € N, equation (3.24) possesses a solution xj on [0, 1]. Furthermore, conditions (1.10)
and (3.17) are satisfied. However, as we will see, zj does not converge to x.

Let k€ N be fixed. It is not difficult to verify that the solution to (3.24) on [0, 1] is given
by

f(t) if te [07 TO,/C] )
zi(t) =
Cme €xplamit) if t € (Tmi Tme1k] and me{0,1,...,n,—1},
where )
cok = f(Tk) exp(—aok 7o) = f(T1,k) exp (é (—1>nk+1)
and

Cm,k = Cm—1,k €XP ((am—l,k_am,k) Tm,k) + (f(Tm—l-l,k) - f(Tm,k)) EXP(—am,k Tm,k)
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form=1,...,np—1.

Since

(aop —ar k)T =—(—1)" and ajpmp=——(—1)"",

2
K

I

we have 4 5
Clk = Co i €XP (E (—1)nk) + (f(r20) — f(T1,6)) exp (E (—1)nk)-
Similarly, for m=2,3,...,nr—1 we have

6
(amfl,k - am,k) Tmk — 7.

_1 nk—m—i—l
51

(_1)nk—m )

N

and T g Gk =
and hence

Cm,k = Cm—1,k €XP (% (_1)nk*m+1> + (f(Tm—i-l,k) _ f(Tm,k)) exp (% (_1)nkfm+1> )

From these formulas we can deduce that

m+1 m
i =exp (2 (~1)" ) (con + Z Y f(r) +exp (7 (D)™) Y1 )
j=1
if m is even, while for m odd and m > 1 we get
4 9 m—+1 ‘
empe = exp (7 (=1 (cox+ Z DI f () +exp (£ (=10™) D2 (1) (7).
j=1

In particular, x5 (1) = ¢, —1,% exp(—4/k) for k € N. Using the above relations and the defini-
tion of f, we get

ng—1 - 1) k=it nk (—1)me—itl
Crp—1) = exp( )(Cok—i- 1) 7)+exp( ) ~—
ng Z /nk ]+1 321 /nk ,]+1

_exp( >(COk+ Z 1m) exp (2); {4/17”
= exp <%> (Co,k exp (%)—1)+exp <%> (exp <2>_1>T:Z::2 é/lm —oxp (%) 41nk

if ng is even, and

ni—1 n
s (o £ ) o () L
=o0 () cos1) en (e () S grer (D
’ | g K m=2 % k/

if ng is odd.
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Clearly, lim c¢gr=0,
k—oo

i o (2w (2) 1) =i o0 (2 1) =1
and

y 2y 1 . a1
i e () 7z = i, e () 7 =
On the other hand, like in (3.22)), we have

el exp (2/k) —1 2
exp (2/k) (exp (2/15)—1)7112222 % = exp (2/k;) 2/—k: -

exp(2/k:)—12 nkidt
2/k kJo WVt

= exp (2/l<:) exp(z//kk)—l 3% (\4/ (ng)® — \4/2?’)7

> exp (2/k)

where the right-hand side tends to oo when k& — co. Consequently, the sequence x(1) cannot
have a finite limit for k£ — oo.

3.5. Remark. Reasonable examples of sequences { fr} C G([a,b], X) that tend to a function
f of bounded variation are provided e.g. by sequences of the form f; = gp+ hg, where
{gx} € BV([a,b], X) tends to f € BV([a,b],X) and {hi}C G([a,b], X) tends to 0.

3.6. Remark. For F':[a,b] — L(X) and D={ag, a1,...,an} € D[a,b], define

V(f(FaD) :SUP{HZ[F(OLJ')—F(Oéjfl)]yjHX:ijX, HyjHXSl, j:1727-'-am}
j=1

and
SVL(F) = sup{V}(F,D); D € Dla,b]} .

Then SV8(F) is said to be the semi-variation of F on [a,b] (cf. e.g. []).? It is clear
that if F'e€ BV ([a,b], L(X)) then F has bounded semi-variation on [a,b] while the reversed

implication is not true in general (cf. [22, Theorem 2|, [12]). By [18] and [13], the Kurzweil-
b

Stieltjes integral / d[A] z is well defined when both functions, A and z, are regulated and A

a
has bounded semi-variation. Therefore, the study of generalized linear differential equations
has a good sense also when A is regulated and has bounded semi-variation instead of having

2Sometimes it is called also the B-variation of F on [a,b] (with respect to the bilinear triple
B=(L(X),X,X),cf. eg. [18]).
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AeBV([a,b], X), cf. [19] and [20]. However, the possible extension of Theorem 3.1/ to such
a case remains open.

Analogously to operator valued functions, the semi-variation of a function f:[a,b] — X
could be defined using

V2(f, D) = sup {H > Fi[f(ay) = Flog-)l|| B € LX), |Fillpoxn <1, j=1,2,.. m} :
j=1

However, it may be shown (cf. [12]) that, in this case, f has a bounded semi-variation if and
only f € BV ([a,b], X). Therefore, the possible replacement of the condition f € BV ([a,b], X)
in Theorem 3.1/ by the requirement that f has a bounded semi-variation is not interesting.

4 Some applications

SECOND ORDER MEASURE EQUATIONS.
Let Y be a Banach space, y,z € Y, P,Q € BV([a,b],L(Y)) and g,h € BV ([a,b],Y).
Consider the following system of generalized linear differential equations

t
w(t) =7+ [ APz +(0) - g(a)
at t e la,b]. (4.1)
A0 =7+ [ @y +ht) - o)
Put X =Y xY and |(y,2)x = |ylly + ||z]ly for (y,2) € X and define functions
A:fa,b] = L(X) and f : [a,b] — X by
A(t)(y, z) = (P(t) z,Q(t) y) € X and f(t)=(g(t),h(t))e X for y,z € Y and t € [a,b]. (4.2)
Clearly,
LA 200 = IPOllzery + Q) for £ € [a,b], and varbA < var’ P+ varlQ

and system (4.1) can be reformulated as equation (1.I), where z = (y,2) and x = (y, 2) is
a function with values in X. One can verify that condition (1.2) is satisfied whenever one of
the following conditions is true

Iy —A~Q(t)A~Pt)] ™' € L(Y) for t & (a,b], (4.3)
Iy —AP(t) A~ Q)] ' € L(Y) for t€ (a,b], (4.4)

where Iy stands for the identity operator on Y.

Indeed, assume e.g. that (4.3) holds and let [Ix — AT A(t)]z =0 for some x = (y,2) € X
and ¢t € (a,b]. Then

y—ATP(t)z=0 and z—A"Q(t)y=0,
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ie.

y=A"P(t)z and [Iy —A"Q(t)A™P(t)]z=0.

By (4.3) the latter equality can happen only if z=0. Consequently y =0, and hence = =0, as
well. Similarly, we would show that [Ix — A~ A(¢)]x = 0 implies =0 also in the case that
(4.4)) is satisfied. This shows that the operator Ix — A~ A(t) is injective.

To prove its surjectivity, assume first (4.3) and let (u,v) € X be given. Put

z=(Iy —A Q) AP ™) (v + A™Q(t)u) and y=u-+A"P(t)z.
Then, y — A~ P(t)z = u and

2= ATQ)y=2—A"Qt)A"P(t)z— A" Q(t)u
= Iy ~A"QU) A" P() 2 ~ AQU)u = v
thatis, [Ix — AT A(t)]z = (u,v) for x = (y, z). Similarly, we can show that for each (u,v) € X
there is z € X such that [Ix — A7 A(t)] 2 = (u,v). The operator Ix — A~ A(t) is surjective. To
summarize, according to the Banach theorem, the operator Ix — A~ A(t) possesses a bounded
[Ix — A-A(t)] L.

Now, consider the systems

u(®) = G + / A[P] 24 + gr(t) — gi(a),
¢ t€la,b], ke N. (4.5)

() =z, + /t d[Qr) yr + hi(t) — hi(a),

where Ui, 2 € Y, Px,Qr € BV ([a,b], L(Y)), gk, hr € G([a,b],Y) and k € N. Assume that
(4.3)) or (4.4) is true and

tim [ -l =0, lim 5 - 2y =0, (46)
klim (1 + varb P, +var?Qp) (|1 Py — Plloo + @k — Qlloc) =0 (4.7)

and
klim (1 + varb P, +var? Q1) (lgx — glloe + |hk — hlls) = 0. (4.8)

Define Ay :[a,b] — L(X) and fi:[a,b] — X for k € N like we defined A, f in (4.2) (however
replace P, Q, g, and h by Pk, Q, gr and hy, respectively). It is easy to see that then
the assumptions of Theorem [3.2 are satisfied. Therefore, we can state the following assertion.

4.1 . Corollary. Assume that (1.3) or (4.4) holds and that (1.6)—(4.8) are satisfied. Then
system (4.1) has a unique solution (y,z)€ BV ([a,b],Y XY on |a,b]. Moreover, for each
k €N sufficiently large, the system (4.5) has a unique solution (y,zr) € G(la,b],Y xY) on
[a,b] and

A gk = ylloo + [l21 = 2fle0 = 0.
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In [L1], Meng and Zhang investigated continuous dependence on a parameter k for second-
order linear measure differential equations of the form

dy. + d[ﬂk(t)] y=0, le [07 1]7 y(O) = ga y.(O) =2, keN, (49)

where py, are normalized measures on [0, 1] (generated by functions of bounded variation on
[0, 1] and right-continuous in (0,1)), 7,z € R and y* stands for the generalized right-derivative
of . The main result of [I1] is Theorem 1.1 which states that the weak™ convergence p; — u
implies the uniform convergence yr = y of the corresponding solutions, the weak™ convergence
yr — y* and the ending velocity convergence yy (1) — y*(1).

Notice that our systems (4.5) reduce to (4.9) when [a,b]=10,1], X =R, Py(t)=t and
Qr(t) = pi(t) for t € [0,1] and both gi and hy are constant ([L1, Definition 3.1]). Similarly,
if, in addition, P(t)=t and Q(t)=pu(t) for t € [0,1] and both g and h are constant, then
system (4.1)) reduces to the second-order linear measure differential equation of the form

dy. + d[M(t)] y=0,te [07 1]7 y(O) =Y, y.(O) =z, keN, (410)
where p is a normalized measure on [0, 1] and g, z € R. Obviously, both existence conditions
(4.3) and (4.4) are now satisfied. In view of this, assuming that p and u; have a bounded

variation on [0, 1] and
klingo(l + vargug) || ur — plloo = 0,

it follows from our Corollary 4.1
m ([lyr = ylloo + Wk — ¥*lloc) =0
k—o0

holds for the corresponding solutions of (4.9) and (4.10).

Thus, in comparison with Theorem 1.1 in [L1], our convergence assumptions are partially
stronger. The reason is that our result includes also the uniform convergence of the sequence
{yz}. On the other hand, the weak™ convergence which appears in [I1] is equivalent to the
uniform boundedness of the variations varg y, which is not required in our case.”

LINEAR DYNAMIC EQUATIONS ON TIME SCALES.

Let us recall some basics of the theory of dynamic equations on time scales. A nonempty
closed subset T of R is called time scale. For given a,b € T, we put [a, bt = [a,b]NT. For
t € T, we define

p(t) :=supla,t)NT and o(t):=inf(¢,b]NT.

The point ¢ € T is said to be right-dense if o(t)=t, while it is left-dense if p(t)=t. A
function f:[a,b]r —R™ is rd-continuous in [a,b]r if f is continuous at every right-dense
point of [a,b]r and there exists f(t—) for every left-dense point ¢ € [a,b]r (see e.g.[2]).

Let us consider the linear dynamic equation

y2(t) = P(t)y(t) + h(t), yla)=7, te€lablr, (4.11)

3At the end, we didn’t find any good reference for this. Did we?
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where j € R™ and P:[a,b]r — L(R™), h:[a,b]r — R™ are rd-continuous functions and y*
stands for the A-derivative. By a solution of (4.11)) we understand a function y: [a,b|r — R™
satisfying the integral equation

y(t) = §+/ [P(s) y(s) + h(s)] As, tE€[a,b]T

where the integral is the Riemann A-integral defined e.g. in [2].

As noticed by A. Slavik (see [16, Theorem 5]), the Riemann A-integral can be regarded
as a special case of the Kurzweil-Stieltjes integral. More precisely,

Let f: [a,b]r —R™ be an rd-continuous function and

o(t) :==inf[t,b)NT for t € la,b],
:/ f(s)As for t€|a,b]y, and Fy(t /f a(s)] fortea,b].

Then Fy(t) = Fi(c(t)) holds fort € |a,b].
As a consequence, a relationship between the solutions of (4.11) and generalized linear
differential equations can be deduced.

4.2. Proposition ([16, Theorem 12]). If y:[a,b]r — R™ is a solution of (4.11)) then
x:yoa:[aab] — R™

is a solution of (1.1), where

:/}PG@»dﬁ@ﬂ and ﬂﬂ:/mMﬂﬂyﬂa@]ﬁthMﬁ] (4.12)

Symmetrically, if x:[a,b] = R™ s a solution of (L.1), with A and f given by (4.12), then
y:la,bly —R™ defined by y(t) =xz(t) fort € [a,b]r is a solution of (4.11).

It is important to mention that, thanks to the properties of 7 : [a,b] — [a, b]T, the functions
A:la,b]— L(R™) and f:[a,b] —R" given by (4.12) are well-defined, left-continuous and of
bounded variation on [a,b].

Using the correspondence stated in Proposition [4.2] and Theorem [3.2| we obtain the fol-
lowing result.

4.3.Theorem. Let P, Py :[a,b]y — L(R™), h, h:[a,b]r —R™ for k € N be rd-continuous
functions in [a,b]r and let y, y € R™, k € N, be given. Assume that

lim |5 — §llem = 0 (4.13)
k—o0

lim [1+ sup | Pe(t)|r@m)] sup
k—oo tefa,b]r tefa,b]r

/at(Pk(s) — P(s)) ASHL(Rm) —0
[ ) nisn s, =

(4.14)

lim [14+ sup [ Pe(t)||p®m)| sup
k—oo tefab]r tefab]r
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Then initial value problem (4.11) has a solution y, initial value problems
v (t) = Pe(t) ye(t) + hi(t),  wyi(a) =Gk, € [a,b]n (4.15)
have solutions yi for all k € N, and

Jim sup ye(t) — y(@)llwn = 0.
—X telab]r

Proof. For each k € N and ¢t € [a,b], define

Ay(t) = / Pu(3(s) d[5(s)] and fi(t)= / hi(3(s)) d[3(5)] (4.16)

It is not difficult to see that, if a <c<d<b, then

< < sup ”Pk(t)|L(Rm)) (varl5).
L(R™) tefa,b]r

d
/ Pu(3(s)) d[5(5)]

1A4(d) = Ap(©)]| m) = ‘

and, consequently,

varl A, < | sup | P ()] Lrm) (var’5), keN.
t€la,b|r

On the other hand,

/ Bl - Py A,

e(t)
/a (Px(s) — P(s)) ASH < sup

A — Alloc = sup ‘
| | LR™)  telablr

t€la,b]

and, analogously,

/:(hk(s) —h(s))AsHRm.

ka - f“oo < sup
tE[a,b]T

These estimates, together with (4.13)) and (4.14) imply that the assumptions of Theorem [3.2
are satisfied. Therefore, the uniform convergence of solutions xj of equations (L.5) to the
solution x of (1.1) follows. Since by Proposition 4.2 the solutions of (4.11) and (4.15) are
respectively obtained as the restriction of x and xj, to [a,b]T, the proof is complete. O

4.4 . Remark. It is worth to mention that Theorem [4.3| given above encompasses Theo-
rem 5.5 from [I4]. This is due to the fact that the weighted convergence assumptions in [14]

Theorem 5.5] involves not only the supremum  sup || Px(t)||z®m), but also sup ||hg(t)][rm.
t€la,b|r tela,b]r
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